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PREFACE 


The author’s aim has been to produce a book suitable to the 
beginner who wishes to acquire a sound knowledge of the more 
elementary parts of the subject, and also sufficient for the 
candidate for a mathematical scholarship. The syllabus for 
Honour Moderations at Oxford has been taken as a maximum 
limit. 

The main principles observed in its construction are : (1) to 
utilize the previous knowledge of the student ; (2) to make the 
subject self-dependent; (3) to arrange the bookwork in such 
logical order that any portion can be readily found ; (4) to 
illustrate difficulties by worked-out problems, each selected with 
a definite object ; (5) to graduate the exercises and to select 
only those which can be done by the preceding bookwork. 
The solutions of illustrative examples are not always the most 
elegant possible ; the probable capacity of the student at each 
stage has been carefully considered. 

During twelve years’ daily experience of teaching this sub- 
ject the author has not^ the difficulties common to students. 
For example, the avera^ student has no idea of ‘ the form of 
an equation ’ : thus, asked to find the equation of a line through 
a given point perpendicular to a given line, he begins, ‘Let 
y = mx + c be the line, then its “»)/”, &c., whereas, if he had 
a clear understanding of form, he would readily write such an 
equation down. 

In order to give the reader confidence in analytical methods, 
familiar properties are used as illustrations and well-known 
facts are noted wherever they arise naturally out of the analysis. 
Thus the circle is fully dealt with; methods and ideas are 
thereby illustrated earlier than usual. A large number of 
exercises are given in this part of the work so that the pupil 
can make the foundations sure ; the reader with special mathe- 
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matical ability can omit many of these. Some of the work on 
the circle, especially that dealing with the circles of the triangle, 
is, the author believes, new. 

The author has tried to avoid obtaining analytical results by 
quoting geometrical results with which the reader may be 
acquainted in Geometrical Conics. This process makes some 
pupils Ipse confidence in Analytical Geometry ; others welcome 
it as a dodge enabling them to avoid a real understanding of 
the principles of the subject ; in either case the result is bad. 
All properties of the conic are developed by analytical processes 
Following on definitions. Thus, for instance, the equation of 
the axes of the general conic, either in Cartesian or Areal 
coordinates, is obtained from the simple definition of an axis 
as a straight line about which the conic is symmetrical : the 
foci are subsequently shown to lie on the axe.s. This equation 
of the axes is uol deduced from those giving the foci by making 
the statement that the foci lie on the axes, a statemejit which, 
most probably, the reader would fail to justify except by an 
appeal to Geometrical Conics. 

Briefly, this book attempts to answer the question, ‘ What do 
the general equations of the first and second degree represent ? ’ 
rather than, ‘ What equations represent certain known curves ? ’ 
The chapter on the circle, however, comes before the general 
discussion of the equation of the second degree; the purpose 
being to familiarize the student with the work before the more 
serious attack, and to cater for those examinations which limit 
their syllabus to the line and circle. 

A few details may be noted : abridged notation is insisted upon 
as probably the best inti'oduction to tjuite general coordinates. 
The author’s treatment of the paral »ola Vax-^ V b ;/ = 1 is original, 
and will, he hopes, commend itself to teachers who have realized 
the difficulties boys find with the usual work. Parametric co- 
ordinates are given their rightful prominence. In the first draft 
of this book point and line coordinates were treated concurrently : 
convinced, however, of the relative importance of the former, the 
author changed his scheme : it is hoped that the introductory 
chapter on line coordinates will prove useful. Special care has 
been given to the introduction of imaginary points, points at 
infinity, and the line at infinity. The last chapter, is devoted 
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to Areal coordinates, and here tangential equations are freely 
used ; many of the proofs given are new. 

The author’s firet and unlimited thanks are to Mr. A. E. Jolliffe, 
M.A., Felldw and Tutor of Corpus Christi College, Oxford ; when- 
ever a difficulty, either of arrangement or of method, has arisen 
he has given most) helpful advice, and it is largely due to his aid 
and encouragement that this work has been completed. 

Mr. Jolliffe also read through and thorcmghly criticized both 
the manuscript and the proofs. The author is entirely responsible 
for the form and accuracy of the work, but it is right to state 
that Mr. Jolliffe most generously placed a (juantity of his own 
work at the author’s disposal ; thus the practical methods of 
drawing conics and some of the best paragraphs in the later 
cliapters are adapted from his manuscript. Chapter IV was 
inserted at his suggestion, and he kindly submitted this part 
of the work to other mathematical authorities for their criticism. 

Mr. P. H. Wykes, M.A., spent much time and care reading the 
manuscript, and his suggestions were often adopted. 

Miss Isabella Thwaites, scholar of Girton College, Cambridge, 
and Mr. W. E. Paterson, M.A., have kindly read the proofs. 

The author is glad also to recognize the unfailing courtesy 
and kindness extended to him by the Clarendon Press. 

The author hopes he has produced a book that will not only 
make the subject interesting to schoolboys, but will be a valuable 
companion to which later on the undergraduate will often refer 
and from which he will not readily part. 


Bbadford, 1912. 


A. C. J. 
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CHAPTER i 


THE POINT 

§ 1. The method of algebraical analysis involves three distinct 
processes : — 

(a) The conditions of a geometrical problem are represented by 
algebraical expressions and equations. 

(h) The processes of algebra are applied to these expressions and 
equations to obtain new results. 

(c) These new results are translated back into geometrical lan- 
guage. 

The object of the bookwork given is to enable the student to 
perform readily the first and third operations. The tendency in this 
subject is to lose sight of the geometrical significance : the student 
should take the greatest pains to acquire the habit of connecting 
every algebraical detail with its geometrical interpretation. 

One of the most elementary relations between Geometry and 
Algebra is the expression for the area of a rectangle. The number 
of square units in the area of a rectangle, whose sides are a and h 
units of length respectively, is the product ah. The algebraical ex- 
pression ah may thus be said to represent the geometrical quantity, 
the area of a rectangle. 

Algebraical proofs of the propositions in Euclid, Bk. II, are based 
on this idea. The logic of the process is here illustrated. 

^ b A C B 


b 



b 


Jf a straight line he divided into any two parts the square on the 
whole line is equal to the sum of the squares on the two partSf together 
ivith twice the rectangle contained by the hvo parts. 
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If AB is the straight line divided at (7, let ACj CB be a and b 
units of length respectively. 

(а) The area of the square on AB is represented algebraically by 
the product (a + 6) X (a + 6). 

(б) Now (a + 6) X (a-f 6) = (a + bf 

= a^ + b^ + 2ab. 

(c) But this result represents the square on AC -{-the square on 
CB + twice the rectangle contained by and CB. 

Hence ^ the square on AB is equal to &c. 

The algebraical idea of sign is represented geometrically by direc- 
tion; thus if the length of CB measured from C to JB is +b, the 
length measured from JB to (7 is — fc. 


(i) 


A" 


& 


(h) 


KZc 

b 


Thus in Fig. (i) AB is of length (a + 6), in Pig. (ii) of length (a — Z?). 
The absence of this idea in Euclid accounts for the number of pairs 
of propositions which are algebraically equivalent: e. g. II. 4 and 
IL 7 ; II. 5 and II. 6 ; II. 12 and II. 13. 

For instance, in the example given above, if b were negative 
proposition II. 7 is derived. Using Fig. (ii) 

(a) The square on AB is represented by (a — b) {a—Vj. 

(b) {a-by = a^-^h'^-2ab. 

(c) This represents the sum of the squares on AC and BC less 
twice the rectangle contained by AC and BC. 

The drawing of graphs is a further useful step towards connecting 
the subjects of Geometry and Algebra. Graph drawing is how taught 
in all schools, and we assume that the reader has some knowledge 
of the process. 


§ 2. Cartesian Coordinates. Bectangular and Oblique Axes. 

The position of a point P in a plane is indicated by its distances 
measured in fixed directions from two chosen intersecting straight 
lines Oxy Oy (the coordinate axes or axes of reference) ; the axes 
are called rectangular when OXy Oy are perpendicular, otherwise 
oblique. In both cases, if BN be drawn parallel to Oy (the axis of i/), 
the lengths ONyNP are called the x and y coordinates. Thus, if 
ON = h and NP = ifc, P is the point (A, 

The same convention with regard to sign is made as in trigo- 
nometry; lines measured upwards (NP) are positive, downwards (N'P') 
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negative, and again to the right {ON) positive, to the left (ON'') 
negative: e. g. the point P' is (—a, — i^) where ON'=a and 
N'P'=^ K The angle xOy is usually called w. 



The a;-coordinate of a point is called its abscissa^ the ^/-coordinate 
its ordinate* We shall refer to ^ the point P whose coordinates are 
a, & ’ as ‘ the point P (a, b) \ 

Note. In the majority of problems it is more convenient to use rect- 
angular axes, especially when the lengths of lines or the magnitude of 
angles (i. e. metrical properties) are involved, because the expressions for 
these quantities are much simpler when w is a right angle : it may happen, 
however, that the solution of a problem is so much simplified in other 
ways by the use of oblique axes that the inconvenience due to the. more 
clumsy formulae is outweighed; consequently the student should make 
himself familiar with the formulae in the more general case. It may be 
well to note here that as a rule the student has free choice of axes of 
reference in any problem ; the first step is to decide what lines in the 
figure will make the most convenient axes of reference, the only lestriction 
being that they must be fixed ; a variable line must not be chosen for an 
axis nor a variable point for origin. 

§ 3. Polar Coordinates. 



The position of a point P is indicated by 

(i) its distance OP (r) from a fixed point 0, called the pole, 

(ii) the angle (d) which OP (the radius vector) makes with a fixed 

axis OZ. 
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When 0 is positive, to find the position of P, the radius vector 
must start from the position OZ and revolve about 0 in a direction 
opposite to that of the hands of a clock through the angle 0 ; the 
distance r, if positive, is measured along this radius from 0 ; if 
negative, in the opposite direction. It should be noted that with 
this convention of sign the points indicated by (r, 0), ( — r, 7r-{-0), 
( — r, — TT-f-d), (r, 0— 27r) are identical. 

§ 4. 27te polar coordinates of a point referred to the line OZ are 
connected hy simple relations with the Cartesian coordinates referred 
to rectangular axes through 0, along and perpendicular to 0Z» 



Let P be the point (r, 0) or (x, y) : 
then X = ON = r cos 0 ; y ^ NP = r sin 0. 

Conversely r = ; and 0 = tan“^ £• 

Thus with these lines of reference the graphs of 

X = 2^ — 1 and r cos 0 = 2r sin 0— 1 

are identical. 

Examples I a. 

1. With rectangular axes mark the positions of the points (2, 1*5), (0, 3), 
(4, 0), (8, -3) (-2, 4-5). Note graphically that they arc collinear. What 
equation do they all satisfy ? 

2. With axes inclined at 120^ note the positions of the points (0, 0), 
(6,1), (-2, -3), (5, 4), (2, ~1)(~8,4). 

Which of these points are collinear ? 

3. Mark the positions of the following points : — 

(«. i"-), (o, §«■), (o, - Jjt), (-a, -Jjt), 

and find their Cartesian coordinates referred to rectangular axes through 
the pole, one of which coincides with the polar axis. 

4. Find the polar coordinates, referred to Oo?, of the following points, 
whose Cartesian coordinates referred to rectangular axes are : — 

(3, 4), (5, 5), (2 A 2){-2v^3, 2), (-2^3, -2), (2V3, -2). 
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5. The sides of a square are 4 units long ; choose coordinate axes so as 
to make the coordinates of the cornei*s as symmetrical as possible, and 
state their coordinates. 

6. The sides of a parallelogram are 4 and 6 units of length ; find the 
coordinates of its corners referred to suitable axes. 

7. The diagonals of a rhombus are 2 and 4 units of length; find the 
coordinates of its corners referred to suitable rectangular axes. 

8. Draw the graphs of (i) a? = 4, (ii) = 3, (iii) a? = y, (iv) ar-fa = 0, 
(v) 1 / = 4 a?, (vi) a: + ^ = 0, referred to (a) rectangular, (h) oblique axes. 

9. Draw graphs of (i) r cos d = 1, (ii) r sin d + 2 = 0, (iii) 3r-sec d = 0, 
(iv) d = Jtt, (v) 2r+5 cosec d = 0. 

10. The polar coordinates of a point are {a, a), its Cartesian coordinates 
referred to rectangular axes through the pole, the a;-axis making an 
angle 30° with the polar axis, are (a?, y) : prove 

(i) + — cf ; (ii) tan (X ~ (y v/3 + a;)/(.Tv/3-y). 

§ 6. To find the distance hetiveen two points whose coordinates are 
given. 


I. Cartesian Coordinates, Oblique axes. 



Let the points be P and Q y._>). Draw P.V, QBl parallel 

to O//, and QL parallel to (h\ 

then LPLQ = tt — (o ; QJj = OA' — OM = rj — 

LP = yP-MQ = 7/i - ?/, ; 

therefore in the triangle PLQ, PQ'^ = LP^ ^-QIJ^—2LP. QL cos PLQ. 

/. PQS ^ (.r, -.r.^)- + (^ 1 -^ 2 )“+ 2 (.ri-.r.) (yi-y..) cos to, 
or pq = { (r, - .ig- + (//i -//i)- + 2 (.Ti - .rii) (i^ - cos a- ] . 

Note i. When ihc nxes are rectangular, since « = ?;Tr. 

PQ = \(x^ - a-j) ' + 0/, - i/j)'; . 
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Note il. If the point P (a?, y) is always at a distance c from a fixed point 
(a, &), then the coordinates of P always satisfy the equation 
{x — aY ^■(y — hY+2{x — a) iy - b) cos co = c* 

(oblique axes) and {x — ay + (ij — hy=c^ (rectangular axes). The equations 
therefore represent a circle whose centre is the point (a, 6), and whose 
radius is c. 

11. Polar Coordinates. 


P(Ki.ei) 



Let the points be P(^’i, and Q (rg, d.^), then the ^POQ = 0i 0^, 
and from the triangle POQ 

PQ ' = n ~ 2 )\ cos (dj - d^), 

or PQ= s/\ 4 * ^2- - 2 }\ Vo cos (dj — dg)} . 

Note. If the point (r, d) moves so as to be always a distance c from 
the point (a, a), then its coordinates satisfy the equation 
+ 2 m cos (O—oc) = 

which equation therefore represents in polar coordinates the circle 
whose centre is (a, cx) and whose radius is c. 

§ 6. To find the coordinates of a point which divides the distance 
between two given points in a given ratio. 



The method and result are the same for rectangular and oblique 
axes. 
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Let the given points be P{x^yi) and and let the point 

J? (x, y) divide FQ internally in the ratio I : m. 

Now draw PL, QM, JRN parallel to Oy, 

then Pit _ LN . I _ x—x^ 

Ix^ — lx = mx—mx^. 

IXo 4 - mx^ 

— . 
l + m 

By drawing parallels through P, It to Ox^ we can show similarly 
that 

l-hm 

H.DC, n is th« poini(fc’”3 , ’>!i±JSs). 

^ I 1 \ m 


Note i. The mid-point of PQ is + ^(yi + y2)l- 

Note ii. When the point R lies outside PQ, i. e. when it divides PQ 

externally in the ratio //m, this ratio must be considered negative, and m 
written negative in the result. For in the ratio PR/RQ the length RQ is 
measured in the opposite direction to the length PR, 

Note iii. If the points C, D divide a straight line AB internally and 
externally in the same ratio, the points CD are said to be Harmonic conju- 
gates of yl, P : also the four points P, C, D are said to form a Harmonic 
Range. From Note (ii) it follows that the points 

/ Ix^ 4 mx^ hj 2 + mg^ \ — nix^ ly^ — my^ \ 

\ / f ?/t ’ / -f /n / ’ \ / - ni ’ I - m ' 

are harmonic conjugates of the points (x^^ y^), these four points 

form a harmonic range. 

Note iv. If (x, y) is a point dividing the distance between P {x^y t/j), 

Q (a?2, 2/2) 1*^® ratio I : w/, we have shown that 

m x^-x ^2-//’ 

This is true for all values of the ratio I : m provided the point (x, y) is on 

the line PQ. Therefore, provided (a?, y) is on the .straight line joining P, Q, 

its coordinates satisfy the equation 

X2-X ih-y' 

or X (y^ - )/j) - y {.r^ - a?,) + - x^^ = 0 : 

this equation is then the condition that the point (a?, y) should lie on the 

straight line PQ^ and is called the equation of the straight line PQ. 

Note V. An investigation of the problem in this paragraph in the case 
of polar coordinates will well illusti-ate how inconvenient a particular 
system of coordinates may be in any special case. 
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Illustrative Examples. 

^ Ex. 1. 'Eie base of a triangle is fixed and its vertex moves along 
a fixed straight line : find the locus of Us centroid. 



Take the fixed base produced as axis of x and the given fixed line as axis 
of \j. Let the coordinates of the fixed points B, C be (/, 0), (m, 0), and sup- 
pose the variable vertex is (0, X). 

The coordinates of E, the mid- point of BCy are -jl- (?+;/?), 0}. 

The coordinates oi’G which divides AE in the ratio 2 : 1 are {1 4 m), J X}. 

Hence for all positions of A, the ^r-coordinate of G is constant and equal 
to J (?4-w), i. 0. G lies on the line* x = + which is parallel to the 

f/-axi8, i.e. to the given fixed straight line. 


Ex. 2. Show that the points P(2, —1), Q(4, -2), 7*^(7, 1) lie 
on a straight line, and find (i) the ratio PQ : Qll (ii) the harmonic 
conjugate of Q tvith respect to P and Jl. 


If Q lies 0^ the line P/?, its coordinates must be of the form 


7 / 4 ' 2 ;/^ 
1 4 ni 


( 7 / 4 2 w / — 4 I 
1 / 4- /y/ ’ 1 4- m ) 

4, then - 2 m, 


Also if 7-^ ^ -2, then ?>1 2m ; 
i.e. Q lies on PB, and l\) : QP ^ 2 : 

The harnioiiic conjujjfite of Q with inspect to /' ;ukI A’ divi.les I’H in the 
ratio 2 ; -:i ; its coordinates are therefoic 

'lt-6 2 s 12! 


The ahbreviiitioii ‘the line . . is used tliiuuyliout for ‘llie line whose 
t^quatit)!! 
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Examples Ib. 

(The axes are rectangular unless otherwise stated.) 

1. Find the coordinates of the centroid of the triangle whose vertices 
are (1, 5), (-3, 7), (5, -9). 

2. Show that the points (2, 4), (2+ v^3, 5), (2, 6) are the vertices of an 
equilateral triangle. 

^^8. Show that the point {2 a cos® 2a cos® (i7r + ^ d)} is at a constant 
distance from the point (a, a) for all values of B, 

4. The distance of a point (a?, y) from (12, 8) is double its distance from 
(3, 2). What equation must the coordinates x, y satisfy ? 

5. Find an equation satisfied by the coordinates of all points distant 5 
units from (4, 3). 

6. Find the ratio in which the point (2, — 3) divides the distance between 
the points -4 (—7, IJ), -B ( — 14, 5), and find its harmonic conjugate with 
respect to A and J5. 

7. Find the coordinates of the mid-point of the line joining (4, 3) and 
( — 2, 1). Where is its harmonic conjugate with respect to these j)ointB 
iituated ? 

V 8. Straight lines are drawn from a fixed point to meet a fixed straight 
line. Show that their points of trisection lie on one of two fixed straight 
lines. 

' 9. Show that the point (1, 5S) lies on the line joining (5, 3) and (-2, 7). 
In what ratio does it divide this distance ? 

What is the harmonic conjugate of this point with respect to the 
other two? 

’►.10. Find the sides of the triangle whose vertices are (1, 3), (3, 1), (6, 4), 
and its greatest angle. 

11. Find the coordinates of the centre of gravity of five equal particles 
situated at the points (2, 4), ( -1,7), (8, 11), (-8, -^5), (4, 8). 

12. Find the distance of the mid-point of the line joining (a, —6), (b, a) 
from the origin. 

13. Prove that the points (1, 1), (4, 4), (4, 8), (1, 5) are the corners of 
a parallelogram, and find the lengths of its diagonals. 

14. Prove algebraically that the joins of the mid-points of the sides of 
a quadrilateral form a parallelogram. (Take the diagonals for axes.) 

. 15. Find the condition that the points (a^, fc^), (aj, b.^) should lie on a 
straight line through the origin. (Oblique coordinates.) 

16. Find the polar coordinates of the six vertices of a regular hexagon 
(side a) taking one vertex and side as pole and initial line. 

•s* 17. Points X, F are taken in the side BO of a triangle and in BC pro- 
duced respectively sq that BX: XC ^ BY: YC ^ AB : AC, Show that 
XA F is a right angle. 

1267 B 
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§ 7. To find the area of any rectilineal figure^ given the coordinates 
of its vertices. 

I. IfA,B be the points (x^y yj, (x 2 , t/ 2 ), to find the area OAB. 



Let ZAOx = Oiy BOx = 02 } A L, BL' parallel to Oy ; AM, BM' 

perpendicular to Ox- Then since /.AOB = 


area OAB = J OA . OB sin — dj) 

= f { OB sin O 2 . OA cos 6^ — OA sin 9 ^ . OB cos $2 } 
= I {B3r. OM^AM. OM'} 

= Y { ^2 sin 0 ) (u’l + yi cos w) —yi sin w (^^2 + ^2 ^ns w) } 
= i sin w ; 

or in determinant notation 


area 0-4iy = ^ sin co 


Xi yi 

2/2 


Note. So many results in analytical geometry are Bimplified by the 
determinant notation that the student is recommended to acquaint him- 
self with it before proceeding with the subject : sufficient knowledge of 
determinants for this purpose can be acquired in two or three hours. 
Vide Hall and Knight’s Higher Algebra, Chap. XXXIIl. 

Cor. If the points 0, A, B are collinear the triangle OAB has zero area : 
hence the condition that the points (0, Oj, {x, y), should be collinear 

is xy^-x{y^ 0. 

This condition must be satisfied by the coordinates (a?, y) of any point 
on the straight line joining (0, 0) and {x^, yj : and conversely any point 
whose coordinates satisfy this equation lies on this straight line. Hence 
xyi-x^y=0 is called the equation of the straight line joining the origin 
and (a?!, y^). 

In the above method of finding the area of the triangle OAB no question 
of sign arises, because the angle 0^ taken greater than 0i in the figure. 
But when the coordinates of two points A, B are given in a general form 
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such as (a?i, (arj, y^), we do not know which of the angles AOx^ BOx is 
the greater, and the result for the area will differ in sign according to 
which angle is chosen the greater in the figure. 

We adopt the following convention : — 

When the expression for the area of the triangle GAB is written down, 
the first term contains the j?-coordinate of A. Thus A and B being the 
points (a;,, y,), (x^, y^\ 

area GAB = i sin w {x^y^ — x^y^ ; 

area DBA = ^ sin w {x^^—x^j^ ; and consequently 

area GAB = —area BOA. 


II. To find the area of the triangle whose vertices are 



Let ABG be the points ; join OAy OB, OC, then remembering that 
as drawn in the figure the area OAO is positive and therefore 
area OCA negative, 

AAjBC= AOAB+ AOJ?C+ AOCA 

or in determinant notation 


i sin (o 


Vi 1 

Tjj 1 /.^ 1 

*a Vz 1 


Note. This expression gives the area positively if, as we go round the 
triangle in the order A, B, C, the rotation is positive in accordance with 
the convention used in trigonometry, and vice versa. 

Cor. i. When the axes are rectangular the area of the triangle whose 
vertices are (xj, i/^), (x^, i/j), {x^, y^ is 

I 2/1 1 
i V2 f 
I -*^3 I/s 1 

B 2 
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Cor. ii. If (. 1 ', //) arc the coordinates of any point P on the straight line 
joining the points ^(a",, y,), Kix^, y^), then the area of the triangle PQR is 
zero. Hence 


X y I 
ar, y, 1 
a;, y, 1 



or a- (yi - ys) - y (a-j - a?,) + x^y^ - a-jy, = 0. 

This is therefore the condition that the point (x, y) should lie on the 
straight line joining yj (x^, 1 / 2 ) » other words, it is the equation of this 
straight line. (Cf. § 7, Cor.) 


III. The method applies similarly to the area of a figure of any 
number of sides. Thus a pentagon, for example : — 



Area ABODE = A OAB + A 0 BC+ A OCD + A 0 DE+ A OEA. 

= -i siiiw{(a’iy2-a;2yi) + (a'2ya-a^ay2) + (*32'4-«42'j) + (»^4y5-^ol'4) 

+ {Xiyi-rXiy^)]. 

IV. The case when the polar coordinates (/ j, di), (r^ , 62), (^3, O3) of 
the vertices are given is left as an exercise for the student : the 
consequent formula is of no value : particular cases should be worked 
out from first principles. 


§ 8. We have seen that the coordinates of a point lying on the 
straight line joining two given points satisfy a certain equation, and 
conversely that all points whose coordinates satisfy the equation lie 
on the straight line. This straight line is called the locus of points 
w’hich satisfy the equation. .Any equation containing the vai-iables 
X and y represents a locus. To every value of x definite correspond- 
ing values of y can be found, one value if y occurs only in the first 
power, two values if y occur in the second power. Thus the coor- 
dinates of any number of points can be found which can be indicated 
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on a graph. If .r is made to increase continuously, the corresponding 
values of y will as a rule change continuously ; a line can be drawn 
which passes through all these points, and the curve so drawn is 
called the locus of the point whose coordinates satisfy the given 
equation. In the present work all forms of equations of the first 
and second degree are examined, and the properties of the corre- 
sponding loci found. At present, when the student is asked in 
examples to find ‘the equ.ation of the locus* of a point under given 
conditions, the equation is all the answer required ; the student is 
not of course at this stage expected to recognize the locus which the 
equation represents : its form can be roughly found by drawing its 
graph. We may also note that when the coordinates of a point are 
given in some special fomi, this is equivalent to giving an equation 
satisfied )>y the coordinates (cr, y). Thus the point (acosd, « sin d), 
for different values of d, is on the locus 

Again, points whose coordinates are of the form (cA, c A) lie on 
the locus ory = c-, whatever value A may have. Tlie idea conveyed 
by the word ‘'form * is of the highest importance. 


Illustrative Examples. 

Ex. 1, The joins of flic mid-pohds of the opposite sides of a quadric 
lateral and the join of the ndd-points of its diagonals hisect each other. 

Choice of axes. It is an advantage in 
this case to indicate the four vertices by 
quite general coordinates: for, if A /(CD is 
the qiiadriliitenil and /*, (>, It, S are the mid- 
points of tlie sides, and (.rj, (a? 2 , ^ 2 )* 

y.i)i !U) Ihe vertices ABCD, then, 
having found the coordinates of the mid- 
point of PR, those of QS follow by changing 
the suffixes 1, 2, 3, 4 in cyclic order. 

The coordinates of Pand R are 

{ 0 {xi + a’j), (yj + ^2)} > + 

Therefore those of the mid-point of PR arc 

{-J -f ^ 4 )^ I ^U\ -t ^2 Ih ; • 

The same result is therefore true for the mid-point of QS. 

The coordinates of L and M are similarly 

{^(ar, + «,), i fy, + ;/,)}, 4 .r^}, ■^(y, -f yj}. 

Therefore those of the raid-point of L^^ are 

(i (*i + + a-3 + -J <?/i + ’A + '/s + ) : 

lienee the raid-points of PR, QS, LM arc identical. ^ ^ 
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Bj£. 2. Tiro sides OP, Oil of a quadrilateral OPQP are fixed : if 
the area of the quadrilateral is consiaut, find the equation of the locus of 
the mid-point of OQ. 



Take OP, OR as axes of .r and y and let, P be-Uie point (a, 0), 7? the point 
(0, h). If the coordinates of the mid-point of OQ be (x, ?/), those of Q are 
(2 X, 2y). 

Area OPQ = \ sin w . 2 oy = ay sin o». 

Area OQR = ^ sin w . 2 = bx sin w. 

Hence ay-\ bxis constant, and the equation of the locus is hx+ay= c, 
where c sino) is the area of the quadrilateral. 

Ex. 3. ABCI) is a parallelogram whose diagonals meet at 0 : if 
P is any point, prove that PA^ + PB^ -I- PC^ + PT)^ = AB^ -V BC^ -i A POl 



We give two solutions of this question to illustrate the effect of the use 
of dift'event coordinate axes 

(i) Take the diagonals for axes of reference ; since the diagonals of 
a parallelogram bisect each other, the coordinates of the vertices are 
(a, 0), (0, Z>), ( -«, 0), (0, -h) ; let P be the point (rr, y), then 
FA^= «^’ + 2y(ir~o)cosa), 

PJ9®= ir® + (f/-&)H2ic(t/-fe)c08a), 

PC® = (a? + f/)® + t/H 2y (a; -f a) COSO), 

P7)®= a;®H‘(y + t)®'t2a?(;/ + b)cosa). 

P^® + PP® + PC'® + i^P® = 4 (a;® cos ©) + 2 (a® + V). 

= 4 (,r® + f/® ’\-2xy cos o) + (a® -f 2^® -f 2 ah cos «) -f (a® -f l»® — 2«l^ cos w) 
«4PO* + J[P® + PC®. 
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(ii) Take lines through the intersection of the diagonals parallel and 
perpendicular to a side respectively as axes. The symmetry of the figure 
gives for the vertices (h, fc), { — I, k), ( — h, —k), {I, —k) 
PA^^^ix-hY+iy-kY, 

PS‘ = {x+iY-^{y-kY, 

P(? ^{x^hY-^-iy+kY, 

P2)»= (*-/)» + (y + fc)’. 

P^’ + PB’ + P(? + P2)* = 4(a:* + y®) + 2feH2P+4fc* 

= 4 (»» + y*) + (A + Q* +{(h-lY+ 4fc’} 

= 4P0» + ^P* + BC». 



Examples I o. 


(The axes are rectangular unless otherwise stated.) 

'^1. Find the coordinates of the points of trisection of the straight line 

joining the point P(l, 2) to ^(3, -2). 

Also the coordinates of a point li dividing PQ externally so that 3i P = VP- 
''-2. The straight line joining the points (-2, -4), (3, 1) is divided into five 
equal parts. Find the coordinates of the points of division. 

3. The coordinates of three points P, Q, Ii are (1, 1), (3, 5), and (6, 11). 
Show that V is a point lying between P and P on the straight line PP. 
Find also the coordinates of a point S on the straight line between P and 

P such that PQ = 3 SR. . 

4. Find the coordinates of the six vertices of a regular hexagon referred to 
rectanMlar axes through its centre, one of the axes lying along a diagonal. 

'-{trSquares are described on the sides AB, AC, BC of a triangle right- 
angled at A. Find the coordinates of the corners of these squares and the 
points of intersection of their diagonals when AB, AC are axes of reference. 
= AC = b. 

v6. Find the polar coordinates of the six corners of a regular hexagon, 
when the centre is the pole and a diagonal the initial line. 

7. Find the area of a triangle whose vertices are the points (5, 7), 


(-2, -1).(0,8). .-w , 

8. Find the area of the quadrilateral 


whose vertices are (4, 5), (2, - 6), 


(-14, 6), (-5, -7). 
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v./O. Find the cosine of the angle which the straight line joining the points 
(ff, 6\ (a\ V) suljtends at the origin. 

10. The coordinate axes being inclined at GO'’, prove that {a, 0), (0, 2a), 
(2 a, a) are the corners of an equilateral triangle. 

11. The centre of a circle is (3, 5), one end of a diameter is (7, 3) ; what 
are the coordinates of the other end of this diameter? Find the radius. 

12. Prove analytically that the three straight lines joining thti vertices of 
a triangle to the mid-points of the opposite sides have one point of trisection 
in common. 

13. Find the coordinates of a point which is equidistant from {a, h) and 
(2a, b), and whose distance from the origin is |a. 

' 14. Find the coordinates of a point which is equidistant from (0, 0), (0, a), 
and (3 a, 4a). 

15. Draw the graphs of the equations (i) a: = 5, (ii) y = -7, and find the 
distances of the point (8, 8) from them. 

IG. Prove that the point (acosd, asind) is at the same distance from the 
origin whatever value S may have. 

Show that the point (a-frcosd, /;-f rsind) lies on a fixed circle whoso 
centre is (a, b) whatever value 6 may have. 

What equation is satisfied by coordinates of this form, a, />, and ;• being 
fixed ? 

s, 17. Show that the distance between the points | a -1 5, 5 + 9 ] , { a 2, 5 -f 5 ] 
is the same for all values of a and h. Find the distance. 

18. Draw the graphs of (i) x^ — 2x\j + y = 0 ; 

(ii) rcos(d -f- Jtt) = 2. 

19. The coordinates of three points Ay //, C are (8, 6), (7, 7), (0, G) ; show that 
they are equidistant from the point (4, 3), Find an equation satisfied by 
the coordinates of any point on the circle ABC. 

20. Find the distance of the point (atan'^d, 2 a tan d) from (a, 0), and from 
the locus represented by a: -I- a = 0. 

What equation will the coordinates in this form satisfy, a being a constant? 

21. Find the ratio of the distances between the pairs of points 

(i) (asind, fecosd),(0, 0); (ii) (acosd, hainS), {(a*--i#7a) cos d, 0}. 

22. Express algebraically that the point (xy) is equidistant from (a, h) 
and ( — a, b), 

23. What angle does the line joining (a-v/3» ^0 {by subtend at 
the origin ? 

24. AVrite down an equation satisfied by the coordinates of a point which 
moves so that the difference of its distances from two intersecting straight 
lines is constant. 

(Take the lines as axes : if they are inclined at BO"" trace the graph of 
the locus.) 

«s/25. Tbs polar coordinates of two points are (?’i, (Xj), (? 2 , Ofg) : the line 
through the pole bisecting the angle which they subtend at the pole iiu'ots 
their join in P. Find the polar coordinates of P. 

26. The distances of the collinear points P, P, Q from the origin form 
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a harmonic series. If the coordinates of P, Q are (</, 0), {h, 0), find those of 
7?. Prove that P, Q divide* OR internally and externally in the same ratio. 

27. P and Q are two points whose coordinates are 2om), (anr\ 

and S is the point {a, 0). Prove (i) that PSQ are collinear, 
(ii) 1/SP+ l/SQ is constant for all values of m. 

28. Choose the most convenient axes to represent the vertices of an 
equilateral triangle ARC, and find the coordinates of the centre (P) of its 
circumcircle. If is any point in the plane, find the ratio of 

Q]f-\ to QP\ 

29. Find the area of the triangle whose vertices an* (^7, 70'), {2a, 40°) and 
the origin. 

Also of the triangle whose vertices are (a, 10"), (3a, 40'), (5a, 100°). 

30. Show that the points (a, a), {hi, —hi) subtend a right angle at the 
origin. Prove also that the triangle whose vertices are (3, -2), (-5, +4), 
(9, Gj is right-angled. 

81. Prove that the point (a-f atan^d, 2 a tan is equally distant from the 
point (2a, 0), and the axis of y for all values of 

32. Show that the middle points of the non-parallel sides of a trapezium 
and the middle points of its diagonals lie on a straight line parallel to the 
parallel sides. 

33. Find the equation of the locus of a point P which moves so that the 
area of the r<‘ct angle formed by the axes and the perpendiculars from P 
to them is of constant area. 

34. Prove that the distance of the point (a cos d, 5 sin d) from the point 
(ae, 0) is a 4 ac cos 0, if cr — IP' — aPeP. 

35. Find the condition that the coordinates of the middle point of the 
straight line joining (a, h), {2h, 2 a) should satisfy the equation 2a: + 2y = 3 c. 

3G. Find the equation of the locus of the middle point of straight lines 
drawn from a given point to any point in a given straight line. 

37. In any triangle ABC, if I) is the mid-point of BC, prove analytically 
that AB^ + AC^= 2AI)^ + 2PP2 

38. Find the coordinates of the centroid of the triangle ABC whose 

vertices are (a^j, i/^), (a’j* 1 / 2 ^ !/j)f hence prove 

A/P 4 BC^ 4 CA2 = 3 (AC^A BG^ 4 CG^). 

39. The sum of the squares on the diagonals of any quadrilateral is double 
the sum of the squares on the lines joining the middle points of the 
opposite sides. 

40. The diagonals of a trapezium are drawn and the mid-points of the 
parallel sides arc joined: show analytically that there is a point common 
to these straight lines which divides each of them in the same ratio. 

(Take the third line and one parallel side for axes.) 

41. A variable line cuts any two lines intersecting at 0 in the points 
P, Qso that OP-^OQ = 21 Find the equation of the locus of its middle 
point. 

42. If P, Q are two points (.r,, y,), (a-,, y,), and PL, QM be drawn parallel 
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to the axis of y, find the area of PQLM when (i) the axes are rectangular, 

(ii) oblique. 

43. P, Q, R are the points (a?i, y^), yj), ys), and PL, QM, RN are 
drawn perpendicular to the axis of x. Find the areas PLMQ, RNMQ, 
PLNR, and deduce an expression for the area of the triangle PQR. 

44. Show that the three points ( — 1, -2), (4, 1), (9,4) lie on a straight 
line, and find the ratio of the distances of the second from the other two. 

45. Find the condition that the point (rr, y) should lie on the straight line 
joining (3,4) (-5,2). 

46. ABCD is a rectangle, P any point in the plane. 

Prove PA'^ + PC* = PP* + PD\ 

47. The coordinates of two points P, ^are (2, 3), (10, 15). 

Show that the straight line PQ passes through the origin. 

Find the cooi-dinates of a point R such that RQ = 3 QP and the ratio 
PR/RQ. 

48. The points C, D divide the line AB harmonically. 

Show that (i) the lengths AC, AB, AD are in H,P; 

(ii) if 0 is the mid-point of AB, OA^ = OC . OD ; 

(iii) 2/(7/)= \IBD^\/AD. 

49. The coordinates of four points are (1, 3), (3, 5), (4, 6), (7, 9). 

(i) Prove they are collinear. 

(ii) Prove they form a harmonic range. 

(iii) In yrhat ratio is the line joining the first and third divided by the 
second ? 

(iv) Find the equations of the straight lines joining the origin to the 
points. 

(v) Find the coordinates of the points on each of these straight lines 
whose abscissae «are 10, and prove that these points form another harmonic 
range. 

50. Find the condition that the three points whose polar coordinates are 

^i)» (^2> ^2)1 (^3» ^3) should be collinear. 

51. Find the ratio of the areas of two triangles whose angular points are 

(i) (a\^, 2aX), (a/x^ 2(i/i), 2av) ; 

(ii) {aX^, a(X-f /i)}, {(ifiv, rt(fi + >')}, a(v + >^)}. 

52. Express algebraically that the distance of the point {x, y) from (3, 4) 
is 5 units. 

What is the graph of the equation ? 

53. A, B are fixed points on the axes : find the equation of the locus of 
a point P such that 20P® = ^P«-t PP®, given that OA == 0 , OB = b. 

54. Two sides of a quadrilateral OP, OR are fixed, and the diagonal OQ is 
of constant length c : find the equation of the . locus of the middle point 
of the join of the mid-points of the diagonals, given that OP = (r, OR = b. 

55. Two vertices of a triangle are (a?i, i/j), (x 2 ,i/ 2 ) and the centroid is (x, y ) : 
find the coordinates of the other vertex. 

, 56. Find two points C, D which are harmonic conjugates of the points 

yi)> y*) ’• perpendiculars are drawn from the four points to the 
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axis of X, prove the feet of the perpendiculars form a harmonic range. 
What general propeity can you deduce from this result ? 

-^7. ABCD is a parallelogram : show that D, a point of trisection of 
and the mid-point of AB, are collinear. 

58. The vertices of a triangle are (acos^, ftsind), (eTCOSd^ + ^Tr, 

h sin d +^7r), (a cos 6 + Itt, h sin 6 + ^tt). (i) Prove its centroid is the origin, 
(ii) Find its area, (iii) If a = 6 show that the triangle is equilateral. 

59. A straight line of length 21 has its ends on the axes of reference: 
find the equation of the locus of its middle point. 

Draw the graph when ? = 3. 

^^^0. A point Phas coordinates which satisfy the equation x + ^/Zy - 2 r = 0, 
and its distance from the origin is r : find the angle FOx. 

61. Find the distance between two jioints whose polar coordinates are 

( 6 , (- 3 , 

62. P is a point inside a parallelogram ABCD such that the area FBCD is 
double the area FBAD\ find the equation of the locus of P. 

63. A point moves so that the ratio of its distances from the points 
(-«, 0), (fl, Oj is 2 : 3 : find the equation of its locus. 

Where does the locus meet the axis of a: ? 

V 64. -4, P, C ,,,K are n points whose coordinates are (a?i, y,), (x^^ f/ 2 ), 
(^ 3 > 2/3) ••• (^n) yn)* 

AB is bisected at Pj, P^C is divided at Pj so that 2PyP2 = P^C, P^D is 
divided at P 3 so that ZP.J\ = P^D, and soon until Pn-^J^ is divided at 
so that (n- 1 ) Pn^^Pn-i = coordinates of P„.j. 
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THE EQUATION OF THE FIRST DEGREE 

§ 1. When two points on a straight line are known, the straight 
line is completely determined. We have shown in Chapter I, § G, 
that the coordinates [x, y) of any point on the straight line which joins 
the points (.rj, yj, ^ 2 ) satisfy the equation 

Hui -y^-y («i - 32) + (■*•! Vt - ^2 yi) = 0, 
or in determinant notation 

a; y 1 

x^ 1 =0. 

^2 ^2 1 

This equation is of the first degree in the variable coordinates (.r, y ) : 
we proceed to show conversely that every equation of the first 
degree in x and y represents a straight lino, or, in other words, 
that every pair of values of x and y which satisfy a given equation 
of the first degree represents a point on a definite straight line. 

The most general form of the equation of the first degree is 

Ax-\-By-\‘ C = 0 , 

where the coefficients or constants of the oquatioji I, 7A C can have 
any values, positive or negative. 

§ 2. life equation Ax-^By^^- C = 0 reimsents a straiyld line. 

Method I. Let ?/i), (.x’ 2 , ?/:i) three points whose 

coordinates satisfy the ec^uation : then 

Ax-^ "h By I -f" U — 0, 

Ax^^By.^-\-C =0, 

A .^3 -f By^ C = 0 . 

Eliminate the constants A, Z?, and C, then 

y\ 1 

^2 2^2 1 = 0. 

1 

Hence the triangle formed by joining three points on the locus 
represented by Ax^By+C = ^) 
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Note. If k were negative and P in some other quadrant, say the fourth, 

c 

then the length of OQ is + ^ since the ^‘Coordinate of P is negative, 


> 

N 

0 



Q 


< 



A 


the numerical value of the length NP is — y, hence the length AP is 
^ ^ + y and QA « x. 


But, as above, 


lit = 

X 


A , AP 


The student should go through the proof with the point P in the other 
quadrants, remembering that the geneml coordinates (a?, y) contain the signs : . 
thus (x, y) might represent, for example, ( — 3, 4) or ( — 5, —6). 

Cor. Let the straight line PQ make an angle B with the axis of x ; 
i. e. LP^^A = 0 ; then ^QPA = w-d. In the triangle PQA 
/s QA sin(a> — ^) h 

A:P^ 8mir~ ^ '^A' 
hence sin d (.4 cos « - JE^) = A sin a > . cos B, 

Therefore ■ '' 


tan B = 


+ A cos (o-B' 


or {&) in rectangular coordinates 


. . AP A 

tan B- ^ . 

It should be carefully noted that the value of tan B does not contain the 
constant C : hence the direction of the straight line 

^x + 5y + C= 0 

is independent of C, and depends only on the ratio of the coefficients of x 
and y. Hence if A and B are kept constant while different values are given 
to C, the resulting equations will represent a series of parallel straight 

lines all making an angle tan"' (" 5 ) position of 

any particular line is fixed by the value of C, for this determines the 
position of Q» 
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Examples II a. 

(The axes are rectangular except in questions marked with an asterisk.) 

1. "‘Find the equation of the straight line joining the points (a + 1, 6 + 3), 

2. ♦Find the equations of the straight lines joining the following pairs 

of points: (a) (1,1), (5, 5); (b) (-2, 3), (-7, -9); 

(c) (0, 1), (1, 0) ; id) (0, 0), (6, 3) ; 

(e) (0, 0), (0, a) ; (/) (0, 0), 0). 

3. ♦What are the equations of the coordinate axes ? 

4. Draw the graphs of: 3a: + 4y = - 12, 

3a: + 4t/ = -6, 

3a: + 4y = 0, 

3a: + 4y « 6, 

Sir-f 4y = 12 ; 

and show that the distance between each pair of consecutive lines is 
the same. 

5. What angles do the following lines make with the axes of x and y 

respectively ? _ 

(a) 7; 

(Z#) = 6 ; 

(c) aj-y = -9; 

(d) x^y ^ -8. Diuw these lines. 

6. ♦If the axes of coordinates are inclined at GO'', what angles do the 
following lines make with the a:-axis ? 

(a) y-a: = 0; 

{b) y + a;= -2; 

(c) 2a: + y = 1 ; 

(d) (y3-l)y-2a- = 7. 

7. What is the equation of a straight line parallel to 2a: + 3y = 6 which 
passes (i) through the point (0, 4) ; (ii) through the origin ? 

8. Find the angle between the pairs of lines 

(a) y- ^^30: = 0, 

y^Sy-x = 0; 

(b) y+j/Ba? = 5, 

>v/3y — a; = 1. 

§ 3. Some special forms of the equation of a straight line. 

Special attention should be paid to the results found for rectangular 
axes: as before stated, oblique axes are not often necessary in the 
more elementary parts of the subject. The results for oblique axes 
are, however, worked out for future reference. 
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Form I. Th6 equation of the straight line in terms of the lengths 
which it intercepts on the coordinate axes. 



Let the straight line PQ out the coordinate axes in A and B so 
that OA = a, OB = h. Now the points (a, 0), (0, i) are on the 
straight line ; its equation therefore is 

bx + ag= db, 

or « 

The usual convention with regard to sign must bo observed ; thus 
the equation of the straight line A'B' making intercepts -4 and 3 on 
the axes is — Ja; + y «/ = !• 

N.B.— This result is true for rectangular and oblique axes. 

Form II. 'llie equation of the straight line in terms of the per- 
pendicular on it from the origin and the angle this perpendicular mpUs 
with the x-axis. 


(Rectangular Coordinates.) 



Let the length of the perpendicular be p and the angle made by it 
with the x-axis be a. This angle must be measured from Ox as 



THE EQUATION OF THE FIRST DEGREE 33 

initial line as in polar coordinates : thus the polar coordinates of the 
foot of the perpendicular on the straight line are (p, 0(). 

Let the straight line meet the axes in A and B. 

Hence OA = p sec a, 

OB = p cosec o. 

Therefore by (i) the equation is 

psecoL cosec a 

or ircosa + ^sina = p. (ii) 

In this form of the equation p is supposed to be positive and oc to 
vary from 0 to 277. 

If the line does not lie in the positive quadrant, as in Fig. (ii), it will 
be found that the signs of the intercepts are given correctly by the 
signs of the sine and cosine of (X : thus in the third quadrant sin oc 
and cos oc are both negative, and the intercepts OA, OB are both 
negative. 


Cor. i. In the case of oblique axes, if the perpendicular makes angles 
OC, j3 with Ox and Oy, it can be shown in exactly the same way that the 
equation of the line is a? cos a + y /3 = p. 


Cor. ii. The general equation + + C= 0 can be put in this form. 
Let A ==: r cos OC, 

B = rsin OC, 


then 

consequently 

Hence 


A 


cos oc = 


sin OC = 


y/A^-hB^ 

B 


A B 

a?4- — ■■ — - 


y = ~ 


is in the required form, if the sign of the radical is chosen so as to make 
the right-hand side positive. 


Note. It follows that the length of the perpendicular from the origin 
to the straight line + C = 0 is 

C 
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Form III. The equation of the straight line in terns of the angle 
which it mal'es tvith the x^axis. and the length of the intercept on the 
axis of y. 

Let the angle be 0 and the intercoi^t c. 


(a) 


Oblique Coordinates. 



Let P (Xj y) be any point on the straight line, Q the point where it 
cuts the ?/-axis ; therefore OQ = c. 

Now AP = y—c, QA = .r, 

hence in the triangle APQ, 

y—c ^ sin 0 
X sin {(0—0)^ 

or the coordinates of any point (x^ y) on the straight line satisfies the 
equation sin 0 

y ~ 

sin(w — 0) 

Cor. The equation y—n\x-\-c represents a straight line cutting off 
a length c from the axis of y and making an angle 6 with the axis of .r given 
by sin 6 = m sin (w — 0), 

(b) Bectangular Coordinates. 

Since co = in this case, the 
equation becomes y x tan ^ + c, 
*and y = mx -f c represents a straight 
line inclined at an angle tan ^ m 
to the axis of x and cutting off a 
length c from the axis of y. The 
angle 0 is that formed by a straight 
line starting from the initial posi- 
tion Ox and revolving in the 
positive direction about 0 until it 
is parallel to the given line. Thus P'Q in the figure is the straight 
line y = x tan -h e. 
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Cor. i. If the straight line make an angle 6 with the axis of y an<l cut 
off a length c from the axis of .r, its equation is 
== y tan S-\ Cj 

and conversely the equation 

X == 7nfj + c 

makes an angle tan“^m with the axis of i/, and 
cuts off a length c from the axis of .r. This angle 
must be measured in a similar way : a straight 
line starting from the position Oij and revolving 
in the negative direction until parallel to the given 
line moves through the angle B, 

Cor. li. The straight lines 

y = X tan B -\^c ] 

y = X tan (d + 1 tt) -f r/ ) 
are evidently perpendicular to each other. 

These can be written 

y = X tan d + c ) 
y := —X cot d + f? ) ' 

or, with the notation of this paragraph, 

y = mx + 0 I 



2/ = - - + d 
m 


Thus, for example, the straight lines 

aa? + + < 

hx ~ ay + d 


aa? + + c = 0 1 

-0) 


are perpendicular. 

This can be expressed otherwise thus : the straight lines 

y =s mx + c ) 
y = ni x + d ) 
mm* = ~ 1 , 


are perpendicular if 
or the straight lines 
are perpendicular if 


.4a; + ^2^ + C = 0 1 


^'a;+Z?y + C' = 01 
AA'^^BW 

It should be noted, as in § 2 of this chapter, that the diiection of the lines 
depends only on the ratios of the coefficients of .r and y. 


Examples II b. 

1. Find the equation of a straight line which passes through the origin 
and makes an anghi (i) 45°, (ii) 80°, (iii) 120°, with the axis of x, 

2. Draw the straight lines 

^a;+ly = l, 

In what points do they intersect ? 

3. What angles do the straight lines + y == 2, a?~ // = 4 make with the 
axis of X and with each other ? 

4. Find the lengths of the perpendiculars from the origin on the stiaight 

c 2 
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lines 8a;-f4// = r), 12.r — 5f/=10, .r + i/ + 4=0, 3ir-rt = 0, 2f/~5ft=0. 
Draw the line in each case. 

5. Find the equation of the straight line which makes intercepts on the 
axes twice as long as those made by 7y~9a7 = 63. 

6. Find the equations of the sides of an equilateral triangle referred 

(i) to a pair of sides, (ii) to the bisectors of one angle as axes. 

7. Two straight lines make intercepts a, h and ka^ kh respectively on the 
coordinate axes. Show that they are parallel. 

8. Two straight lines make intercepts a, h and 6, —a on the axes. Show 
that they are perpendicular. 

9. If the axes are inclined at 120'", what angle does a? = 2y + 3 make with 

the ic-axis ? _ 

10. A straight line makes intercepts -v/3 and 1 on the axes of x and y ; what 
angle does it make with the axes? also if the intercepts are and 5? 

11. The angle ^ of a triangle is 75'', the perpendicular from A on the 
base BC is of length 3, and divides the angle A in the ratio 2 : 3. Find 
the equation of BC referred to AB, AC as axes. 

12. Prove that the straight lines y = 3a;+7, 5// = 8 a? + 35, and x = 0 
are concurrent. 

13. Put the equations (i) 3a? + 4y = 12 ; 

(ii) 2y-a? + 4 = 0 
into each of the standard forms I, IT, and III. 

14. For what value of m are the straight lines y = 3a? + 7, y= w?a?+5 

(i) parallel, (ii) perpendicular ? 

15. Find the equations of the straight lines making an intercept 3 on the 
axis of y and inclined at an angle 30° to y = ^3x + 4. 

16. Draw the straight lines 

(i) ojcos jTT + y sin Jtt = a ; 

(ii) 07 cos J TT + y sin § TT = a ; 

(iii) 07 cos^ TT + y sin = a, when a = 2 and -2 respectively. 

17. Di-aw the lines (i) y ~ 07tan ^7r4 c ; 

(ii) y = X tan fir Ac; 

(iii) 07 = y tan Jtt + c ; 
when c = 3 and - 3 respectively. 

What intercepts does each make on the axes ? 

^ 18. Show that the straight line 

X A y tan 0( == 3 sec a 

touches a fixed circle, whatever value (X may have. 

19. If the straight lines 3o7 + 4;//y + 7 = 0, 

Swiy — 9 o7 + 8 = 0, 

are perpendicular, find the value of m. 

20. Find the equation of the straight line perpendicular to 

y = 0? + 5 

which (i) cuts olF a length 4 units frcTtn the 07 -axis ; 

(ii) cuts off —4 units from the y-axis ; 

(iii) is distant 5 units from the origin. 
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y/ § 4. The coefficients or constants, A, B, and C, in the general 
equation of a straight line = involve only two 

independent quantities, viz. two of the ratios A : B : C, for the 
equation represents the same straight line if each term is multiplied 
or divided by the same quantity. 

Thus 3iP+4y + 6 = 0, 

15^ + 20^+25 = 0 

represent the same straight line. 

We have seen that when certain pairs of conditions are given the 
equation of the straight line can be formed. Thus 

(a) If two points (.Ti, (.^ 2 , ^ 2 ) straight line are given, its 

equation is \xyl\ 

: ;/•! 1 I = 0- 

, -’a y-i 1 I 

(b) If one point and the direction of the line, i. e, the angle it 

makes with some given straiglit line such as the axis of x 

are given, the equation is of the form y = mx + r. 

(c) If the direction of the line and its distance from the origin are 

given, the equation is then of the form x cos a + y sin a =p. 

In each of these cases there are two independent constants in the 
equation of the straight lino corresponding to the two given con- 
ditions. 

The form Ax-\-By-\-(J ^ 0 is used for a general discussion of the 
straight line. Any one of the equations 

te+w«?y+l=0, (i) 

.r+m^+w = 0, (ii) 

?^’+ y+w = 0 (iii) 

represents a straight line and contains two independent constants. 
No one of them, however, is suitable for a general discussion ; the 
first cannot represent a straight line through the origin, the second 
cannot represent a straight line parallel to the axis of ^r, the third 
cannot represent a straight line parallel to the axis of y. 

It is evident then that two conditions are necessary to fix a 
straight line, and further that in the cases above given these two 
conditions are sufficient: we shall see later that two conditions are 
not always sufficient. 

When one condition (e. g. a point on the line, or the direction of 
the line) is given, a relation between the constants can be found. 
Thus if we know that the point (a, h) lies on the straight line, we 
have Aa + R& + C = 0. 
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It is then possible to find the value of one of the independent 
ratios or constants in terms of the other, and the equation of the 
line can be found in a form which involves only one unknown or 
undetermined constant. Thus, in the example given above, since 
C' = —Aa—Bh, the equation 

Ax-^By-\-0= 0 

can be written Ax-]rBy—Aa—Bh=-0, 

ju 

or x — a-\‘j^{y — h) = 0, 

which involves only the one undetermined constant ~ . A second 

condition is necessary in order to find the value of this constant and 
so fix the equation of the straight line. 

We have seen that the gencr.al equation Ax-\-By + C=^ 0 can be 
made to represent any straight line by giving suitable values to the 
constants. When one condition is given, and therefore only one 
undetermined constant is left in the equation, tlie equation can no 
longer be made to represent any straight line, but only one of 
a definite group of straight lines. Thus, in the example given 
above, the equation A (x — a) + £(?/— 6) = 0 must represent one of a 
group or system of straight lines all of which pass through the 
point (a, 6). 

By giving definite values to the remaining constant the 

equation can be made to represent any one of this system of 
straight lines. Hence we see that if an equation of the first 
degree contains only one undetermined constant, this equation for 
different values of the constant represents some definite group of 
straight lines ; a further condition, if sufficient, will determine any 
particular line of the group. In the following work we shall for 
convenience use the Greek letter for the undetermined constant. 

Two conditions are not always sufficient to determine a straight 
line. If a point on the line be given together with the condition 
that the line touches a given circle, there are two straight lines 
which fulfil both conditions. If a single insufficient condition like 
the latter is given, it will be found that the corresponding equation 
in the constants representing this condition algebraically contains 
one constant in the second or a higher power, so that more than one 
value of it in terms of the other constant can be found : such cases 
will be fully discussed at a later stage. 
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roups or Systems of Straight Lines. 


(i) Straight lines ivhich pass through a given point (/?, h). 

The equation y — fc = /x(.r— /^) represents a straight line, and is 
satisfied by the coordinates (/«, h) of the given point, whatever the 
value of p may be: it therefore represents for different values of p 
the system of straight lines which meet at the point (//, 4). 

Such an equation is said to be of a particular form ; thus, for 
instance, an equation of the form y = p{x—^) represents a system 
of straight lines through the point (3, 0). 

(ii) Straight lines inclined at a given angle (ot) to the x-uxis. 

The direction of a straight line depends only on the ratio of the 
coefficients of x and y. The equation y ^ x tan a + jui represents for 
different values of p the system of parallel straight lines which make 
an angle a with Ox, 

In particular, y=^mx + p represents a system of straight lines 
lei to a given straight line y = mx. 

^^Straight lines pcrpendimlar to a given straight line. 

Let the given straight line be y = mx + c, then (p. 35) the equa- 
tion my-\-x-\-p^ 0 represents a straight line perpendicular to it: 
it therefore for different values of p represents a system of parallel 
straight lines all perpendicular to the given straight line. 

If the given line is au; + ty + c = 0, the required form of the 
equation is bx--ay + p = 0. 

System of straight lines 2)assing through the intersection of the 
two given straight lines Ax + By-\-G = 0; A'x^i-B'y i-C' = 0. 

The coordinates of the intersection of these straight lines satisfy 
simultaneously both the equations 

Ax + By + C^O, + + = 

Hence they satisfy also the equation 

Axi-By'^C-\-p{A'x+ R'y-h C') = 0. 

This equation is of the first degree in x and y and represents 
a straight line ; it therefore rej^resents a straight line through the 
intersection of the given lines ; x-\- py = 0 represents a system 

of straight lines through the intersection of x = 0 and y = 0, i. e. 
through the origin. 

(v) System of straight lines distant p from the origin. 

The equation x cos a + y sin a = p represents a. straight line whose 
distance from the origin is jh whatever value ol may have ; a is in 
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this case the undetermined constant. The equation can be written 
rr (cos^|a— sin^ia)+y . 2siniJ acos^-a = (cos^ a a + sin^ a) 
or X (1 — tan^ ^OL) + 2y tan ^ (1 + tan^ \ a). 

Put jui for tan \ oc and we obtain 

lx^{xA-p)—2fiy+‘p--x = 0 , 

i. e. the undetermined constant appears in the second degree. 

The method illustrated in this section is generally convenient for 
numerical examples ; the use of the single constant fi does not, 
however, give quite satisfactory results. For example, we have 
shown in (iv) that 

Ax-^- By fx{A' B'y C^) ^ 0 (i) 

represents, for different values of //<, a pencil of lines passing through 
the point of intersection of the straight lines Ax+By+0=^0 and 
A'x+B'y+C' = 0. If we give /x increasingly large values, the 
straight line represented by (i) approaches the position of the straight 
line Ax + By-\- C'= 0. It is sometimes said that for an infinite 
value of it coincides with this straight line. It is safer and more 
correct, however, to write equation (i) in the form 

\{Ax + By+C) + H. {A'x + B'y+ C') = 0. (ii) 

This equation contains only one independent constant, viz. the ratio 
A//X or the ratio /x/A ; but the equations of every straight line in the 
pencil can be found by giving finite values to A and /x. When A is 
zero, the equation reduces to A'x+B'y^ C' = 0, and when /x is zero 
it reduces to Ax-\-By+ C 0. This method of writing the equation 
is preferable for two reasons ; we avoid the- necessity of giving an 
infinitely large value to the constant, and we get a more symmetrical 
equation. 


Examples II c. 

Write down the equation of the straight line in the form in which it 
represents 

(i) A system of straight lines intereecting at (2, 1). 

(ii) A system of straight lines parallel to 3a: + 4y = 6. 

(iii) A system of straight lines perpendicular to (a) 7«-.V = 6, (b) 

« 0 . 

(iv) A system of straight lines concurrent with 3:r + 5 — 0 and x = 0, 

(v) Straight lines touching a circle of unit radius whose centre is at 
the origin. 

(vi) A group of parallel straight lines making an angle of 30'' with the 
straight line y i V'3a7+ 12. 
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§ 6. Determination of the equation of a straight line tvhen two conditions 
are given. 

I. TIw straight line passing through the two points 

This equation has been already found in the form 

X y 1 

x^y^l = 0 , 

^2 2/2 1 

but is given again as an example of the present method. 

Since the line passes through {x^ y^) its equation is of the form 
x-x^- fx{y^y^). 

The second condition, viz. that {x^^ y.^) lies on the line, fixes the 
value of /X. Thus we have x.^—x^ = M(y2~2/i)* 

Substituting for /ut, the required equation is 

_ y-V) . 

^2-^1 2 / 2 - 2 / 1 * 

II. The straight line parallel to c = 0 and passing through 

the point (a;i, 

Since it is parallel to a^ + i>^ + c = 0, the straight line is one of the 
group ax ■\‘'by IX ^ 0. 

The point {Xi, y^ lies on it ; hence the value of fx for the particular 
line of the group required is given by axi -f + /bt = 0. 

With this value of fx, a(x—Xi) + h{y—y^)=^0 is the required equation. 

This equation is instructive : it should be noted that (§ 4. i) its 
form implies that it passes through yi) and (§ 4. ii) its form also 
implies that it is parallel to a^ + /^Z/ + c = 0. 

When the student is familiar with the forms of the equation 
corresponding to given geometrical conditions, such results can be at 
once written down. 

III. The straight line perpendicular to ax^hy + c^O and passing 
through the intersection of the straight lines 

px-Vqy + r^O, /a;+2V + >'' = 0. 

The second condition gives that the required equation is in the 
form (pX'\-qy‘{-r)'\-lx(p'X’\-q'y-\-r') = 0, and since it is perpendicular 
to ax + ty + c = 0, the ratio of the coefficients of x and ?/ is 6 : — a ; 

0 —a 

or IX (qp' + bq') = — (ojj + bq), 

and the required equation is 

(a/ + bq') (px + qp + r)~ (ap + bq) (p'x + q’l/ + r') = 0. 
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IV. To find the equation of the straight line through the point {h, k) 
which makes an angle oc with the straight line a.r + by+ c = 0. 

The straight line ax + hg + c = 0 makes an angle tan"^ 

the ::^>axis, hence the required line makes an angle tan ^ — 

with the a;-axis ; it is therefore parallel to 

g = X tan {tan“^ ^ j ± Of 1 > 


i. e. 


-f tana 
b ~ 

~ ^ . a. . 

1 -f 7 tan y. 
~ b 


i e . {b± a tan or) // + x (a T b tan a) = 0 . 

And since the line passes through (//, k) its equation is (vide II) 

{g — A’j (b±a tan a) + {x — h) (a T b tan a) = 0 . 

There are evidently two siniiLlit lines which satisfy the coud itions 


V. The straight line throiuj * ?/i) distant ]) from the origin. 

Since the distance of the line from the origin is the equation of 
the straight line is in the form (§ 4. v) 

= 0 . 

Since (Xi^ gi) lies on this, to determine the value of /x we have 

+ = 0 . 

This is a quadratic equation in p, hence there are two straight 
lines which satisfy both the given conditions : these conditions are 
therefore not sufficient to determine one definite straight line. 


\y!^ote . The above results are not to be regarded as formulae ; each 
numerical example should be worked out on similar lines. 


Examples II d. 

Write down the equations of the straight lines which satisfy the following 
conditions ; — 

1. The straight line passes through the point ( — 2, 3) and is (a) paralkd, 

(b) perpendicular to 3a;~y = 6. 

2. The straight line passes through the origin and is perpendicular to 
4a; + 7y = 8. 

3. The straight line joining the points (a) (3,2), (1, 1), (b) (-4, 5), (-2, -3), 

(c) (a, 6), («~G, &~6), (d) (acosd, asind), (acos(/), asin<^), (e) (awr, 2 am), 
(an*, 2 an), (f) (a, 6), (a + rcosd, & + r sind). 

4. The straight line cuts off a length 5 from the axis of x and makes 
an angle of with it. 
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5. The straight line cuts off a length 10 from the y-axis and is perpen- 
dicular to 11 ~ 10 = 21. 

6. Find the equation of the straight line drawn through the point 

j)erpendicular to the straight line joining the points y^). 

7. Find the equation of a straight line passing through the intersection of 
ax 4 hy 4 c = 0, ax 4- h'y 4 c 0 which is parallel to px-^qy + r = 0. 

8. What is the length of the perpendicular from the origin on the 
straight line 3^:4 4y = 2 ? 

Find the tangent of the angle this perpendicular makes with the axis of .r. 

The centre of an equilateral triangle is at the origin, and one side of the 
triangle lies in the straight line 3a? + 4y = 2. Find the equations of the 
other two sides. 

9. What angle is formed by the straight lines whose equations are 

X cos Oi-hy sin = j), 

X cos ^ 4 y sin ^ = g ? 

/lO. Find the equation of a straight line inclined to the straight line 
./■ cos OK 4 2 / sin (X — at an angle Of, whose distance from the origin is 2p. 

11. Find the equation of the straight line joining the point of intersection 
of the lines ax 4- -F r = 0, a' x b'y + c — 0 to the origin. 

12. A square has its centre at the origin : one side of the square is the 
straight line x — V^Sy-4: = 0; find the equations of the other three sides. 

13. Find the equation of the straight line which passes through the points 
of intersection of each of the pairs of straight lines 

ax 4~ % 4- (• = 0 I ax + ?>i/ 4 d = 0 1 

ax - by ^ c — 0 I * ~ ax 4 by 4 — 0 j 

14. The perpendicular from the origin to a straight line meets it at 
the point‘(/f, k) : show that the equation of the straight line is 

hx 4 ky — 4- 4:“. 

15. .Show that the straight lines joining the i^oints (1,1), (2, 2) respectively 
to the i)oint of intersection of the straight lines 

1 9 a: + 3 // - 2 9 = 0 , 1 3 .r 4 1 1 1/ - 2 7 - 0 

are at right angles. 

16. Find the equations of the medians of the triangle whose vertices are 
(2,1), (3, -3), (-5. 2). 

17. The sides of a quadrilateral taken in order are 

a;4 2y = 5, 3a;4y — 10, rr-F 6^4- 8 = 0, 4a?-y + 7 = 0 ; 
find the equations of its diagonals. 

18. Find the equation of a straight line through the intersection of 
^X’\-hy-l = 0 and 4^*4 6// -5 = 0 parallel (i) to the axis of x, (ii) to the 
axis of//. 

19. Show that the two straight lines a?4-y4-c = 0, V^3a; + i/4d = 0 are 
inclined at an angle of 15°. 

20. Find the condition that the straight lines joining the origin to the 
points of intersection of the pairs of straight lines 

a:4^ny + c = 0\ /a: + ni//4- Z = 0| 

should be (i) perpendicular, (ii) coincident. 
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§ 6. : To find the coordinates of a point whose distance from a fixed 
point (a, /3) is r and which lies on a straight line through (oCy jS) inclined 
at an angle 6 to the x-axis. 



Let A be the point (o^, fi) and P {Xy y) the required point. 

Draw ANy PN parallel to the axes. 

Then a;— a = rcosd 

pj^ = y--fi =r rsin d, 

i. e. the coordinates of P are (r cos d -h a, r sin d -f /^). 

Note. The length r is measured from A in the positive direction ; if 
r is negative P lies on the other side of A. 

This result can be written 

cos a sin d ’ 

and if P be regarded as any point (Xyy) on the straight line AP, this may be 
regarded as the equation of the straight line. The equation in this form is 
often very useful, and the meaning of the constants should be carefully 
noted. {(Xy fS) is a fixed point on the straight line, d is the angle tlie 
straight line makes with the .r-axis, (.r, y) is any point on the straight line, 
and the distance of (x, y) from /3) is r. Two examples will illustrate the 
type of problems in which this form of the equation is useful: we shall 
refer to it again when equations of a higher degree are discussed. 


Ex. i. A straight tine is drawn through the point P{'ly 3) parallel to 
the straight liney = VSx to meet the straight line 2x^iy = 27 in the 
point Q. Find the length PQ. 


The straight line y — y/Zx makes an angle Jtt with the pr axis : hence the 
equation of the stiuight line through (2, 3) parallel to it is 

x—2 _ y— 3 _ 

. I ^ , 

sin 5 TT 

a; — 2 y — 3 

1 Vb 

2 2 ■ 

where r is the distance between the point (Xyy) and the fixed point 


cos 5 TT 


or 


r. 
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(2, 3). Now if r is equal to PQ, then (x, ij) must be the point Q which 
lies on the line 2x + 4y = 27; the coordinates of Q are therefore 


v/3 


- r+3 


Hence 
i. e. 

• 2V9 + 1 

which is the required length of PQ. 


where r = PQ, 

2(|^+2)+4(^r+3).27, 


(2v/34-l)r=ll, 


11 


= 2/3-1 = 2.46, 


Ex. ii. To find the perpendicular distance of the point (a, b) from 
the straight line = 0. 

The equation of a straight line through (o, h) perpendicular to the given 
line is Ii(x~a)-A (y-h) = 0, 

. ^ .r ~ a _ y~b __ V(x ~ a)* + (?/ — h)^ 

A ^ IT ~ ^ ^ + ~ 

r 


±VA^-¥TP 

where r is. the distance between (a, h) and {x, y). 

If r is equal to the . length of the required perpendicular, the point [Xy y) is 
on Ax 4- By A C — 0. 

Hence Al 1 + /^: — 


- +6 


1 . e. 


/• = + 


:VA^ + B'^ 
Aa + Bb- hC 


j + C= 0, 


Examples II e. 

1. Find the perpendicular distance of (2, 5) from Vlx^^hy = 40 and from 
3j? + 4y = 16. 

2. A, B, C, D is a pamllelogram ; A is the point ( -5, 2) ; BC, CD are the 
straight lines x-y — 7 and 3a; + 4// = 28. Find the lengths of the sides of 
the parallelogram. 

3. Through a point P{h, k) a straight line is drawn, making an angle 6 
with the axis of r, to meet the straight line (dc-\^hy = 1 at (?. 

Find the coordinates of a point on PQ distant PQ/n from P. 

Hence find the locus of such points when 6 varies. 

4. A straight line is drawn through the point A (a, h) making an angle 6 
with the axis of x to meet the locus represented by + y® = c®. Show 
that it meets it in two points P, Q, and that the rectangle AP.AQ is 
independent of 0. 

U A Py AQ are equal, prove that (a sin d - i cos = c*. 
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§ 7. To find the pcrpendictilar distance of any point from a straight 
line whose equation is given. 


(a) Oblique Coordinates. 

Let the equation of the straight line be given in the form 

xcosoc + ycos = p (i) 

and let the point be P (a?!, Pi). 

Through Pdraw a straight line parallel to .r cosa + ^ycos/3 

And from 0 draw OLM per- 
pendicular to these lines. Draw 
PN perpendicular to the given 
line: then PJV is the required 
length, call it q. 

Now by § 3 of this chapter 
OL = p, hence 031 =zp + q and 
^ the equation of P3I is 

' X cos oc + y cos :=z p^q. 

But (a"i, yi) lies on this, hence 

cos a 4" j/i cos /i = p -f 7 ; 
therefore 7 = cos a + y i cos — y). 

Hence, if the equation of a straight line is given in the form 
X cos 0( -^y cos = 0, 

the length of the perpendicular from any point on it is found by 
substituting its coordinates in the left-hand side of the equation. It 
follows from this result that if we can put the equation of any straight 
line in this particular form, the length of the perpendicular on it from 
any point can bo at once written down. 

Compare the equations 

+ (i| 

and .rcoso^-f//cos/i— p = 0. (li) 

If they represent the same straight line, 
cos a _ cos/j _ — p 

~ir " B 1 ; • 





lienee 


cos‘^ a _ cos^ __ cos a cos 


cos- oi + cos^ ft — 2 cos a cos ft cos (a -f 
cos (oc -f ft) 

_ sin- (oc + ft ) 

B'—2AB cos (oc-i- ft) 
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But a + /i = CO, therefore 

cos (V cos j-i —p sin o 

Hence equation (i) written in the form (ii) is 

A sin CO . x + B sin co . ?/ + 0 sin co __ 

— 2 vi i>* cos fo 

Therefore the perpendicular from (.rj, y^] on the lino Ax-\-By-\^ C is 
Ax^ + + C 

L_ — — . sin oj, 

-h I>*“ — 2AB cos OJ 
(b) Rectangular Coordinates. 

The student should work out in tlie same way the more simple 
case : the results are 

(i) The length of the perpendicular from {./’j, y^) on the straight line 

X cos :x-\- y sin a --p ~ 0 is cos y + Pi sin y— 

(ii) The length of the perpendicular from (.rj, y^) on the straight line 

.1 T* ^ + C 

Ax‘^By’\- (7= 0 IS — — — . 




In the two figures given P is placed on opposite sides of the line : the 
eqination of the straight line through P parallel to the given line is 
Fig. (i) X cos y-\-y si n a — ( jj? + q) = 0, 

Fig. (ii) .r cos y-\'y^u\y~(i) — q)— 0 ; 

and as above, since {,t\, y^) is on the line, 

Fig. (i) Xi cos > 'f ?/j sin > — ( y> -h 7) ~ 0, 

Fig. (ii) .>’1 cos ot + 7/1 sin i(-~ (p — f/) — 0. 

Hence the length q of the perpendicular is 

Fig. (i) 7 = ^ h Pi ^ —P » 

Fig. (ii) q =p^ x^ cos A — y^ sin y . 

and these results are of different sign. 
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The sign of the perpendicular changes as the point P crosses the 
line, being of zero length when P is on the line. When dealing 
with more than one perpendicular we must call those drawn from 
points on one side of the line positive and those from points on 
the other negative. It follows similarly that all points whose 
coordinates make + positive lie on one side of the line 

Ax-\-By-\-C = 0^ and those whose coordinates make Ax + By-VC 
negative lie on the other side. 

This can also be shown independently 

The result only gives us a means of discovering whether two 
points are on the same or opposite sides of a straight line : this 
question of sign arises in such problems as/ find a point equidistant 
from three intersecting straight lines’; there are four such points, 
the in-centre and the three ex-centres of the triangle formed by the 
lines. Thus, if the sides are 

the four points are given by the equation 

^ ^ + _ 4 . +f3 ^ 

To determine in any special case which solution corresponds for 
example to the in-centre, the student should draw the graph of 
the lines. 

Example. To find the in-centre of the triangle formed hy the straight 
lines (i) 3.r4-4^— 12 = 0, (ii) 5^— 12^— 20=0, (iii) 24^ — 7.r— 72=0. 



We see from the figure that the in-centre and the origin are on opposite 
sides of the line (i), and hence the perpendiculars from these points must 
be taken of opposite sign. 

Since the substitution of a: = 0, y = 0 in 3a;-f 4i/- 12 gives us a negative 
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value, the substitution of the coordinates (x, ij') of the in-centre will give 
a positive result : hence the perpendicular from the in-centre {x', y) on 
3a?-f 4y-12 = 0 is numerically equal to 

H3a;' + 4y -12). 

The origin and the in-centre are on the same side of the line (ii) : a; = 0, 
y = 0 makes 5:r — 12y — 20 negative, x = y ~ y will therefore also make 
it negative. 

The numerical value of the perpendicular from x\ y on this line is therefore 
~ ^ i^x' -12y- 20') == Jg {I2y' - 5x' -f 20). 

Similarly, the perpendicular from (x\ y) on 24y~7;r — 72 = 0 is 
(242/'-7 x'-72) =^1, \,lx^-2^y ^12), 

Hence the in-centre will be given by 

J (3a:-f 4y-12) = (12y-5:r + 20) = (7a;--24y + 72) ; 

i.e. 8a; — y — 32, and 2a;+ll?/ = 33, 

and the in-centre is (4^%, 2f). 

Examples II f* 

1. In the above example work out similarly the coordinates of each of 
the ex-centres, giving a reason for the signs chosen in each case, 

2. Find the centre of the circle inscribed in the triangle whose sides are 

a;-?/ + 1 = 0, a; + y-7 = 0, a’-3i/ + 5 = 0. 

3. The equations of the sides of a triangle are a; = 0, t/ = 0, 3aT + 4y = 12. 
Find the coordinates of the centre of the circle escribed to the side y = 0. 

§ 8. Eolations hctivcen two straight lines whose equations are given, 

(i) To find the coordinates of the point of interseetion of two straight 
lines. 

This is equivalent to finding a pair of values of the coordinates 
X and y wliich satisfy simultaneously the equations of both the 
straight lines ; in other words, to solving the equations simultaneously, 
e. g. to find the point of intersection of 

5a; +-4^ — 7 = 0, 

3.r— + 6 = 0, 

by cross multiplication 

the point of intersection is (f^, ^1). 

x> 


12ti7 



50 


THE EQUATION OF THE FIRST DEGREE 


(ii) To find the angle hetueen two stmight Vines tvhose equations are 
given in rectangular coordinates. 



Let the equations be X.r + 2?^+ 0=0, 

A'x + B'g + C'^O; 
these straight lines make angles 

. , / A \ , . . / A'\ 


'■(-b)”'"’'”" ‘(-f) 


with the axis of x ; the angle between them is therefore 




— tan 


1 ^ 

AA' 
^ BJi' 


AB'-A'B 

AA'+BB'" 


If the equations are given in the form 

?/ = m.r -I- r, ?/ = nix + c', 

nt ni^ 

the angle between them is tan ’ ^ — — ,• 

® 1 + mm 

It is clear that in the general case we cannot decide whether the 

fYff — fifi 

acute angle between the lines is tan ^ > or tan * 

” 1 + mm 1 + mm 

one value is positive and corresponds to the acute angle, one is 

negative and corresponds to the obtuse angle. 

Corresponding results can be obtained for oblique axes in the same 

way (§ 2) ; these results are 

tan-* iAB'-A'B)smw (m-m Osino, 

AA' + J3R'-(AR' + A'JS)cosa,* 1 +(m + m')cos(« + «iw'' 
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(iii) The condition that the straight lines should be perpendicular 
follows. Since the tangent of a right angle is infinite, in rectangular 
coordinates A A' + BB' = 0 or 1 + mm* = 0 , 

and in oblique coordinates 

A A' + BB'-— (AB' + A'B) cos w = 0 or 1 + (wi + ni*) cos o) + mm* == 0. 

(iv) To find the equations of the bisectors of the angles between the 
straight lines whose equations in rectangular coordinates are 

Ax^-By-\-C^ 0, + + 



H ^i) is any point on either of the bisectors, the perpendiculars 
from it to the straight lines are of equal length. It is evident 
(see figure) that for points on one bisector these perpendiculars 
are of the same sign, and for points on the other bisector they are 
of opposite sign. 

Axx + By^ -f G _ ^ A*x\ + B'y^ + C' ^ 

/A2+ 2?2 - yA'2-f 7y'2 ’ 


Hence 


and any point on a bisector lies on one of the lines 

Ax±Bjl±G ^ A*x-{-B*y + a ^ Ax + By + C ^ _ A*x^ B*y^-C* 

which are consequently the equations of the bisectors. 

(v) It has been shown in § 4 (iv) that the equation of any straight 
line through the point of intersection of the straight lines 
Ax + By^C^O, A'x-^B'y + C'^0, 

is of the form 

Aa; + %+C+A(A'a;+JBy4*C') = 0, 

whatever coordinate axes are employed. 

D 2 
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It is often convenient in order to save the constant repetition of 
such an equation as Ax + By^^G = 0 to refer to it in the following 
way: let u stand for the expression Ax-\-By-\-G, i.e. m = + 

then w = 0 represents the straight line, and for the sake of brevity 
we can refer to ‘ the straight line u \ This notation (usually called 
abridged) is of much greater importance than appears at first sight. 
There is a large class of problems in geometry of a purely descriptive 
character (i.e. not dealing with magnitudes such as length, or size of 
angle) which can be solved in a quite general manner : in such work 
it is quite sufficient to recognize that w = 0 represents a straight line 
where u is an abbreviation for any expression which, equated to zero, 
represents a straight line without any regard to the actual system of 
coordinates employed. 

This idea is introduced early in the work and will be developed 
when occasion offers, and it is hoped by this means to help the 
student at the later stages to pass to generalized coordinates more 
readily. 

If w = 0, i; = 0 represent two straight lines, any line through 
their point of intersection is w-f- = 0. 

If u' = + + then w'= 0 is the condition that the point 

(x\ /) should lie on the straight line w = 0 ; and similarly we 
interpret v' = 0, 

If the straight line w-f At;= 0 passes through some given point 
{x\ y')f then w'-f-Ai;' = 0, hence uv'—u'v = 0 represents the straight 
line joining the point {x', y') to the intersection of w = 0, v = 0. 

Again, w — m' = 0 represents a straight line through (x\ y^) parallel 
to u = 0. 

In the particular case when the equations of straight lines are in 
the form x cos a +y sin a — p = 0, 

if wEl rccosa+y sina— p, 

V E X cos fi+y sin 

then u' and v' are the actual values of the perpendiculars from {x', y') 
to the straight lines m = 0, t; = 0. 

Hence the equations of the bisectors of the angle between the 
straight lines m = 0, t; = 0 are w— v = 0 and w + v = 0. 

A point can be determined as the intersection of two given 
straight lines : if then m = 0, v = 0 represent straight lines, their 
point of intersection can be referred to as the point (w, v). 



THE EQUATION OF THE FIRST DEGREE 


53 


Example. If two triangles ABO, A'B'C are so placed that the 
points of intersection ofAB, A'B' ; BG, B'C' ; CA, C'A' lie on a straight 
line, then the joins of corresponding vertices AA\ BB', CO' tvill meet in 
a point (Coaxal triangles are also copolar.) 



Let CR, CB' meet at P; CA, O’ A' at y ; AB, A'B' at It, where PQR is 
a straight line. 

Let the sides of the triangle ABC be the straight lines = 0, t? = 0, 
w = 0, and the straight line PQR be 2 : = 0. 

Now B'C’ is a straight line through the point of intersection of w = 0, 
c == 0. Its equation is therefore of the form au-\ z = 0, where a is a con- 
stant which can be determined for any chosen system of coordinates ; for, 
when the axes are fixed, since BC, B’C are given straight lines their 
equations are completely known. Without reference to any particular co- 
ordinate axes, therefore, we can consider the constant a as known. Similarly, 
C'A' passes through the intersection of the given straight lines CA, PQ 
and its equation is hv->rz=^Q, where h is a known constant. AB' in the 
same way is represented by c7<7-f.c^ — 0. Hence the sides of the triangle 
A'B'C are the straight lines whose equations are 

a\i = 0, hv-{-z = i), civ-\-z = 0. 

Now the equation bv-{^z-{cw + z) = 0 represents a straight line through 
the point of intersection of the straight lines bv + z = 0t cw + z = 0, i. c. 
through the point A\ 

But {bv + z) — {cw + z) = 0 is equivalent to bv~~cw = 0, and this represents 
a straight line through the point of intersection of the straight lines t? = 0, 
w =0, i.e; through the point A, Hence A and A both lie on — = 0 : 
this then is the equation of the straight line AA, 

In exactly the same way civ-’au=^Q represents the straight line BB\ 
and ait-‘bv ~ 0 the straight line CO'. 
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Hence the equations of the three straight lines joining corresponding 
vertices, viz. AA', BB\ CC\ 

are hv - = 0 (i) 

CIV — an = 0 (ii) 

au — 6r = 0 (iii) 

But {bv — cw)-\ {cw — ciH) = 0, which represents a straight line through the 
point of intersection of (i) and (ii), is the same equation as ((M-&r=0, 

i. e. the straight line CC (iii) imsses through the intersection of and 
BB' ; in other words, AA\ BB\ CC are concurrent. 


Examples II g. 

1. Find the length of the perpendicular drawn from the point (2, 4) to 
the straight line joining the points (3, 1), (7, 4). 

2. Find the equation of the straight line which joins the intersection of 
the lines 3.r--4y + 1=0 and 5ir4 f/-l = 0 to the point (1, 3). Draw the 
lines and find the tangent of the angle between them. 

3. Find the coordinates of the feet of the perpendiculars drawn from 
the point (1, 1) to the straight lines a?~2j/-f2 = 0, 2ir~t/ + l = 0. Find 
also the length of the perpendicular drawn from the point (1, 1) to the 
straight line joining these feet. 

4. Find the length of the i)erpendicular from the origin on 

cosd)/a 4 (y sin = 1. 

5. Find the equations of the stmight lines through the intersection of 
the straight lines 2,/ -y + 5 = 0, a *4 3y — 6 = 0 respectively perpendicular 
and parallel to the straight line ^)x -[ 8// — 10 = 0. 

6. Prove that (2, - 1), (0, 2), (3, 0), (-1, 1) are the angular points of a 
parallelogram, and find the angle between the diagonals. 

7. Find the condition that the stmight line wy-\ « =0 should touch 
the circle whose centre is (a, h) and radius r. 

8. Find the equations of the sides of a rectangle which has (1, 2), (4, 3) 
as coordinates of the extremities of one diagonal, and whose other 
diagonal is parallel to .r4 3// = 0. 

0. Find the coordinates of the orthocentre of the triangle whose sides 
are y := 2 x, 2y — XjX-\y~^, 

10. 8how that the triangle formed by the straight lines whose equations 

are 4ir-3y-8 = 0, 3a: 6 == 0, a;4y - 9 = 0 is isosceles: find the 
length of the equal sides. _ 

1 1. One side of an equilateral triangle is the straight line a:- v^3y 4 4 = 0, 
and the opposite vertex is the point (2, 1). 

Find the equations of the other sides. 

12. Find the conditions that the straight lines ^iiC4 Ci = 0, 
U2-^;4 52y + C 2 = 0, a^x + h^y-^ € 3— 0 should form an isosceles right-angled 
triangle, the last line being the hyi>otenuse. 

Give, with numerical coefficients, the equations of three such lines. 



THE EQUATION OF THE FIRST DEGREE 


00 


13. The algebraical sum of the perpendiculars from the points 

(^ 2 > y 2 *> ^ 3*5 (^ 4 » on a straight line is zero: bhow that the line must pass 

through the mean centre of the four points. 

Extend your proof to the case of any n fixed points. 

14. A straight line is drawn through |5, 9; inclined at 45'’ to the axis of x. 

The straight line is cut in l\ Q, by + — 20, 120, which pair 

intersect at T. Show that 7’ is isosceles ; give the lengths of the equal 
sides and the tangent of the angle at the vertex. 

15. If the straight line VQ drawn through the point (8, 4t at right angles 
to the line joining (6, 2) (4, 1) intersects the axes in and Q, find the area 
of the triangle P0(?, and the distance of (4, 2j from VQ. 

16. Find the coordinates of the centre of the circle inscribed in the 
triangle formed by the lines x — Ij 3a; + 4// — 5 ~ 0, 5.r- 12^/4- 16 = 0 ; also 
those of the centre of the circle escribed to the side a; = 1. 

17. Find the coordinates of the foot of the perpendicular from (a, 0) on 

the line = + and show that when X varies all these feet lie on 

a fixed straight line. 

18. Show that the two straight lines 

(a? cos d)/n -f (>/ sin d)/5 = 1, (a;sind)/5 — (t/cosdj/a = (aesinS)/b 
are perpendicular, and that the distance of their point of intersection from 
the origin is independent of 6 if a“(l = 6”. 

19. Straight lines are drawm from the point (3, 2) to meet the straight 
line 6a’*i ly -- 30, and these straight lines are bisected: find the equation 
of the locus of the points of bisection. 

20. The product of the perpendiculars from (nc, Oh 0) on 

(a;cosd)/o4 iysn\d)/b = 1 
is b": prove Ir ~ a'^(l— e”). 

21. The equations of the sides of a triangle arc 

.r Jy — P — Oy X'h tny — iH‘ — {), x-\-Hy — n~ — 0. 

Find the coordinates of its ortliocentro. 

22. The connector of any point J*(x\ //') with the origin 0 meets the 
straight line r/.r 4- by + 1 ~ 0 in Q : show that : OQ ^ ax' 4 by' 1, 

23. If the sides of a }>aralle]ogram are the straight lines u — U, r - 0 , 
if a, V ~ h, find the equations of (i) the diagonals, (iij lines through the 
intersection of the diagonals ])arallel to the sides. 

24. Find the equation of the straight line which joins the point of inter- 
section of u — 0, v = 0, to that of u i'lr = 0, r i nur 0. 

25. The four sides of a quadrilateral have ecpiations n 4- r — 0, r i ir ~ 0, 
ft — v — 0, v~w — 0. Find the equations of its diagonals. 

26. Find the locus of the middle point of that ])ortion of a straight lino 
passing tlirough the fixed point (/t, /v) which is intercepteil hct\veen the 
axes of coordinates. 
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§ 9. Relations between three straight lines whose equations 
are given. 

(i) To find the condition that the three straight lines 
should he concurrent. 

If they are concurrent they have a common point ; let its coordinates 
be(ji,yi). Then 

Ax^ +%, = 0 , 

Eliminating (a’l, ij^ we find the required condition to be 
ABC 
I A' B' a = 0 . 

A" 7 /' C" 

Since any two straight lines meet in a point, one condition is neces- 
sary and sufficient that a third line should pass through the same point. 

(ii) To find the area of the triangle enclosed by the three straight lines 

AiX-\-Biy+ Cl -*=0, 7?2.^/ + ^2 = 0, 

Method i. The equations can be solved in pairs and the co- 
ordinates of the vertices of the triangle found, and hence, Chapter I, 
§ 7, the area. This method is often useful in the case of numerical 
examples. 

Method ii. The following method obtains the result in determinate 
form. 

Let the equations of the sides of the triangle be 

(iiX+biy + Ci — 0, (i) 

a^x-^h.^y-haj. = 0, (ii) 

+ + = 0. (iii) 

Suppose (ii) and (iii) intersect at {x^J f/,). (iii) and (i) at (./ 2 , // 2 ), 
(i) and (ii) at (x.^, y^). Then 

_ - . Pi _ _ J 

b.^ c,j ^2 ®j! ^>3 u-2 b.j 

or, let us say J , =;(,= ?, 

5^ _ _ i 

^2 C 2 

^ 

A, B, C, 


We have similarly 
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where Ag, &c., are formed from by permuting the suffixes in 
cyclic order. 

2 i -^1 (^1 I 

Then the area of the triangle = - \ A,^ Cg • 

The product of this determinant and of the determinant a 2 ^2 » 

^3 63 

which we denote by A, is 

Aj -f- -f Cj , “h "t" ^2 j ^,iAi-\-hjB^"\-c^Oi 

I ^ 1-^2 “i" ^^2 ■f' ^ 2 -^ 2 “l“ ^ 2-®2 ^2 ^ 2 » ^ 3-^2 "i" ^^ 3 -^2 "I" ^ 3^2 

! A^ + hi + Cj C3, cl-iA^ + h^B-^ + +b^B^ + C3 C3 

A 0 0 I 

or 0 A 0 ! ; so that its value is A^, and we have for the area the 
0 0 A 

^2 ! ^*1 i 

expression 7777777 . where A = a., ho and Ci^ C^j C-^ are the 

minors of C 2 , c-i in the determinant A. 

Here the coordinates have been taken to be lectangular. For 
oblifiue coordinates we multiply by sino^. 


(iii) I/AiX-i-Bi^’i- Cl = 0, A2^^B2f/i-02— 0, A;^x-hB^// ^ = 0 

are three straight lines which are not concurrent^ the equation of ang 
straight line can he expressed in the form 

I (Ai X + Biy Cl) + m {A 2 X -h B 2 I/ C 2 ) n (A.^x + B.yg-\-C^) = 0. 
Let A.r + 7?/y + C = 0 be the equation of the straight line which is 
to be put into the required form. 

Compare the coefficients with those of the above equation, then 

/Ai+ mA2+ nAn = A, 

lBi-\- w7>2 + 

l(\ -f mC2 + nC-i = C. 

This gives three equations to determine the three constants I, m. n: 
they are in general sufficient to find these constants. If the given 
straight lines are concurrent we have the relation 

Ai ^ 1-2 ^3 I 

Bi B 2 7?3 I = 0, 

Cl Co U 3 I 

in which case we do not find finite the values of I, m, and t?, and 
there is no solution. 
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Cor. If values of m, and n can be found so that the relation 
/ + m{A^x -{■ B^y n[A^x B^y + = 0 

is identically true, we must have 

I Ay ~f~ fttAi^ ^^A^ Oj 

1 By + niB^ -f nB^ — 0, 

7(71 + m 6*2 + nC^ — 0 ; 

and consequently ' Ay A^ | 

i ?3 j = 0 , 

c, a <-3 1 

i.e. the straight lines arc concurrent. 

Thus, for instance, we can see from their form that the straight lines 
(§ 8 ) ?/-r — 0 , r-?e — 0 , ic-n — 0 are concurrent. 


Proposition iii of this section can also be proved in the following 
manner. 


A 



Let the throe eipiatioiis in abridged notation be u = Oj i; = 0, 
w — 0, and let JSC\ CVl, A7> represent these lines. 

If is any other line, let AB meet it in P and join PC. 

Since PC is a straight line through tlie intersection of 0, i? = 0, 
its equation is of the form (p. 52) = 0. 

Hence PQ is a straight line through the intersection of the straight 
lines mv = 0 and w \ its equation is therefore of the form 

{lii-\-mv)-{-nw = 0, 

or = 0 ; 

hence if w = 0, = 0, = 0 are any three straight lines, the equation 

of any other straight line can be expressed in the form 

luA-mv-^-nw = 0 . 
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Cor. If w = 0, r = 0, w == 0, /w-f + = 0 are four straight lines, 

multiply the first three equations by I, m, and n respectively, and let 
U = lu^ V ~ wit»; W = ntt\ 

then 1/ = 0, F = 0, TF = 0 represent the three straight lines, and in this 
case the fourth line is represented by the equation 

F+IF= 0. 

This result is useful when descriptive properties of a quadrilateral are 
considered : the folloAving example illustrates the method, which will be 
referred to again later. 



If the four sides of a complete quadrilateral are represented by the 
equations w = 0, t; =- 0, w = 0, r-f iv = 0, to find the equations of its 
three diagonals. 

Let ABA'B' be the quadnlateral. 

Now the diagonal AA' passes through the intersection of the pairs of 
straight lines 

t = 0 ) , It = 0 ) 

ir = 0 .) 4 f + ?'’ = 0 ) 

but the equation r4 = 0 [straight line through -1'] 

can also be written (// -4 r + // — 0 [straight line through A] 

and therefore represents the straight line A A'. 

Similarly the equation nH n = 0 [straight line through C] 

can be written (u 4 r-| ir) — v — 0 [straight line through f’] 

and represents CC'. 

Also the equation iH r — 0 [straight line through B'\ 

can be written {ti -f tr) -w — 0 [straight line through B] 

and represents BB'. 

Hence v4t/^=0, tt' + w = 0, n 4 r = 0 arc the three diagonals of the 
quadrilateral. 

Examples II h. 

1. What is the value of a if the three straight lines a’4y-4 = 0, 
3 a; 4 2 — 0, :c~i/43a=0 are concurrent ? 

2. Find the area of the triangle formed by the three straight lines 
4 — 5 = 0, y 4 2 x — 7 = 0, a? - ;/ 4 1 = 0. 
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3. For what values of a are the three straight lines 2x + ij + l = 0, 
3a:-f-2ay + 4 = 0, x + y — Sc = 0 concurrent? 

4; The equations of the sides of a triangle are 3a: + 4y = 12, 5a: - 12// = 20, 
24y~7a: = 72 : find its area. 

5. Prove that the straight lines 

{h H c) X — hey = a (5^ + 5c + c*), 

(c -f a}x - eay = h(c^-h ca + a^), 

{a-i~b)x- ahy — c{a^ -f ab + 5^) 

are concurrent. What is the point of intersection? 

6. Find the condition that the three straight lines 

Xx + y = 2aX 4 aX^ 

^iX + y == 2«/z4a/x®, 
t'X + y = 2av + ap^ 

should be concurrent. 

7. Find the area of the triangle formed by the axes and the line 
X^x + y = cA, when the axes are inclined at an angle w. 

8. Prove that the perpendiculars of a triangle are concurrent. 

0. Show, using abridged notation, that the three bisectors of the angles 
of a triangle arc concurrent. 

10. Prove analytically that the bisectors of the vertical angle and the 
bisectors of the exterior base angles of a triangle are concurrent. 

11. The equations of three straight lines are 

1/ = 3a:4 4f/ — 7 = 0, t? ~ 4a:4 5y — 6 = 0, ~ -y 4 1 = 0, 

and that of a fourth line is 59a:4 7y — 21 — 0. 

Express the last equation in the form lu -f mv 4 n/r = 0. 

Find the equations of the three diagonals of the ([uadrilatcral formed by 
these four lines. 

12. The six vertices of a complete quadrilateral are AA\ BB\ CC\ and 
the diagonals form the triangle PQIt, If the equations of the sides arc 
?f = 0, t; = 0, w = 0, u4r4«’ = 0, find the equations of QB', liC\ and 
of iM, QBj RC, (See figure, p. 59.) 

Show that FA'j QB\ RC' are concurrent. 

13. If the sides of a quadrilateral are the four straight lines iM w 

“ n 4 r 4 tc = 0, U-V + iv = 0, u 4 v — ic = 0, find the equations of its 
diagonals. 


§ 10. Relations between four straight lines whose equations 
are given. 

Anharmonic Ratios. 

Definition. If A, By Gy D are four points on a straight line, 
then the value of the expression AC • DB/CB . AI), in which the 
signs as well as the magnitudes of the segments are taken into 
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consideration, is an Anharmonic Ratio of the four points A, R, C, 7). 
It is frequently denoted by (AJS, CD).* 

There are as many anharmonic ratios of four points as there are 
permutations of the letters A, D, C, D, that is 24 ; but if one ratio 
is known all the others can be completely and uniquely determined 
{vide Russell’s Treatise on Pure Geometry^ Chap. IX). For the sake 
of preciseness we shall refer to the above expression as the anharmonic 
ratio of the points A, B, C, D. 

Tt should be noted that, if C divides the segment AB in the ratio 
/ : m, and D divides the segment AB in the ratio V : m', these ratios 
having ^ sign ’ as well as ‘ magnitude ’ as in Chapter I, § 6, then the 

I V 

anharmonic ratio of A, D, C, D is — r - 

m m 

In Chapter I a harmonic range was defined as four points, two 
of which divide the distance between the other two internally 
and externally in the same ratio : i. e. 

AC_AD AC.BD_. 

CB ~ BD AD. CB ~ ’ 


which, with due regard to sign, gives 


AC.DB 

cb:ad 


= {AD, CD] = 


- 1 ; 


thus, when the range is harmonic, the value of the anharmonic 
ratio is —1. 


I. If any four concurrent straight lines OF, OQ, OB,^ OS (called 
a pencil of rays, vertex 0) aix cut hy any straight line (called a trans- 
versal) in four points A, D, C, D, the anharmonic ratio \AB, CD] 
is the same for all positions of the transversal. 



* This notation is not universal. Many writers use (ABCD) to denote the 
anharmonic ratio that we should denote by (-4C, 



02 


THE EQUATION OF THE FIRST DEGREE 


The ratio 

AG.BJ) /^OAC.d^OBB 
AI>.BC~ AOAD . AOBC 
_0A.0C. sin lAOG .OB. OB. sin IBOB 
OA . OB . sin lAOB .OB.OG. sin IBOC 

sin ^AOG . sin ABOB 

~ ain A AdB VsVnZWOG’ 

and this quantity is independent of the position of the transversal 
ABCD. 

This proves the proposition so far as the magnitude of the ratio 
is concerned ; it can easily be verified, by drawing transversals in 
different positions, that 0, 2, or 4 of the segments AC, CB, AD, DB 
change their sign ; the sign of the ratio is therefore unaltered. The 
constant anharmonic ratio determined on any transversal by the 
pencil is called the anharmonic ratio of the pencil. 

Cor. i. Since the anharmonic ratio of a pencil of four mys depends 
only on the sines of the angles between the rays, the anharmonic ratio of 
any parallel pencil is the same. 

Hence the anharmonic ratio of any pencil of four rays is equal to that 
of a pencil formed by four parallel straight lines through the origin : 
consequently we need only consider pencils with vertices at the origin. 

Cor. ii. The pencil formed by joining any point to four points forming 
a harmonic i*ange is a harmonic pencil. 


II. (a) To find the anharmonic ratio of the j^encil formed hy the 
four lines ^ = ^x, y ^ rx, y = sx. 


Let tlie pencil be cut by a transversal x = h in the points 



A, B, C, D. 

The coordinates of these points are 
[h, fih), {h, qh\ {li, rh), (h, sh ) : hence 


A C . BD _ (rh’- ph) (sh — qh) 
AD. BC ““ (sh—ph) (rh^-qh) 

_ (r -p) {s-q) 
(s-p) {r-qj 

_ {p-r){q-s) 

ip-s){q-r)’ 


(b) lfu = 0, V = 0 are any two straight lines, to find the anharmonic 
ratio of the pencil formed hy the lines u—h^v = 0, u-Te^v = 0, 
u—le^v=.0, u—JciV — 0. 
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C3 


Let the lines cut any transversal in the points A, R, U, D ; let 
A be the point (r|, 11 the point 2/A 

be the values of ii and v when the coordinates of these points are 
substituted in them. 

_ ,AC . AD I ^ 

CB ^ DB ^ ^ ^ coordinates of 


C are 


yy±}yA 

\ 1 + K l + A) 


and of dI V— ^ 

( 1+/X 




Now, since the points A, R, 0, D lie on the four given lines 
respectively, we have 

tei-A'ii’i = 0 (i), = 0 (ii), 

?<i-A-^Vi4-A(w 2~/»)3«^2) = 0 (iii), 

(?^i— A 4 ri) + /x(?^^— Ar 4 'i;.,) = 0 (iv). 

Substituting from (i) and (ii) in (iii) and (iv) we have 


(^l -b ^ (*2-^3) 

(Z\ — A;4) Vi + fx (A;^ — A:4) V2=^ 0» 


Hence 


fj. {Jc 1 — A;4 ) (A "2 “* 



^ . ad 

CB^DB 


= the anharmonic ratio of the four lines. 


This result is a complete analytical proof of proposition I of this 
section ; for the value of A//x found is independent of the position 
of the transversal. This proof, though more difficult, is preferable 
because it deals simultaneously \vith the magnitude and the sign 
of the ratio. 


Cor. i. An important result follows from this : the anharmonic rntio of 
the penoil formed by the four lines « = 0, 0, + X r — 0, a + A'y = 0 is 

For a harmonic pencil = -1, hence the four straight lines w = 0, 

A A 

V = 0, w-t At’ =0, u-\r := 0 form a harmonic pencil. But given any four 
concurrent straight lines, if = 0, r = 0 are two of them, the equations 
of others can be put in the form lu -f mv = 0, I'u 4 - tnv = 0. 

Hence the equations of the rays of any harmonic pencil are of the form 
w = 0, t? = 0, /<« + niv = 0, 111- ffiv = 0. 

Cor. ii. The condition that the four straight lines y = px, y = 
y = rar, y = sx should form a harmonic pencil is 

(/) - r) (q - s) + (2> - A') (q - f*) = 0, 

(p + g) (r-hs) = 2(p^ + ns). 


or 
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Ex. i. Find the locus of a point P which is such that the lines joining 
it to the points (a, 0), ( — a, 0) are harmonic conjugates of the lines 
joining it to the points (0, fc), (0, — &). 


Let P be the point (^, »;), then the equations of the four straight lines are 
X -a _y X -¥ a _y x _y-h x _y + h 

These are parallel to 


y = y = y = y = - 


Hence, Cor. ii above, 


{ + \ {’Lz} + ’l±^\ -of ' 

\f--a ^ + f f 


i.e. = 

i. e. the locus of ($, rj) is + ay = 


Ex. ii. Fach diago.M of a complete quadrilateral is divided har- 
monically by the other two. 


Let the sides AB\ B'A', A'B^ BA 1)6 w = 0, v = 0, w = 0, a + vAiv = 0. 



Then it was shown in § 9 that the equa- 
tions of AA\ BB\ CC are 

D -f tr = 0, w -h r — 0, li + \v = 0. 

Now CR is a straight line through the 
intersection of AB* and BA\ i. e. of = 0 
and to = 0. 

It also passes through the intersection of 
AA BB\ i.e. of v4-a’ = 0, ?« + v~0; 
its equation is therefore u — iv — 0, for this 
can also be written {u + v) — (v -i w) = 0. 

Hence the pencil CA^ C'A\C'R, CC' is 
It = 0, = 0, a — w = 0, It + it? = 0, which 

from its form is seen to be harmonic. 


Examples II i. 

1. Find the equation of a straight line which is the harmonic conjugate 
of wa: = 0 with respect to the axes. 

2. Find the anharmonic ratio of the pencil a: + = 0, a; 4 my = 0, 

a? + ny = 0, x Apy = 0. 

3. Find the condition that the four straight lines joining the point 
(a?, y) to the four corners of a square whose centre is the origin, and whose 
sides are parallel to the axes, should form a harmonic pencil. 

4. Find the fourth harmonic of the pencil y —px = 0, y ~ ga? = 0, y — ra? = 0. 

5. The equations of two intersecting straight lines are X = 0, F = 0 : 

find the value of the anharmonic ratio of the pencil formed by l^X m^Y = 0, 
l^X + m^Y=-0, l^X-¥m^Y=0. 
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§ 11. Polar Coordinates. 

We have shown in Chapter I that if the initial line and a per- 
pendicular through the pole are taken as axes of Cartesian coordinates, 
then (r, y) and (r, 0) being the same point 

X* = r cos 0 and y r sin 0 . 

Since the equation of a straight line is linear in x and y, the 
general equation of a straight line in polar coordinates is 

Arcos0-f l?rdn0-f-C=: 0. (i) 

(i) To find the equation of a straiglii line in polar coordinateSj given 
the length p of the perpendicular to it from the pole and the angle oc which 
this perpendicular maizes with the initial line. 


Let P(r, 0) be any point on the line, ON the perpendicular to 
the line. 

Then 

rOZ=0, N0Z^% PON={0^oc); 
hence in the triangle OPN 

r cos(0— 0 ^) = jp, (ii) 

and this equation, being true for 
the coordinates of any point on the 
line, is the equation of the line. 

Expanding cos (0--O() the equation becomes 

r cos 0 . cos a + r sin 0 . sin a— = 0, 
which is of the form (i) found above. (Cf. § 3, II.) 



Cor. i. The equation of any straight line parallel to (ii) is of the form 

rcos (0 — 0() = 

Cor. ii. The equation of any straight line perpendicular to (ii) is of the 

rsin (0-a) = g, 

since (X is in this case increased or decreased by irr. 


Cor. iii. The equation of any straight line through the pole is of the 
form 0 -- Of, for any point (r, Of) lies on it whatever value r may have. 

Let PQ be any straight line 

-4rcos 0 + Rrsin 0+ C= 0, (i) 

and on a straight line through the origin parallel to it. 

Since the equation (i) is equivalent to 

Ax'^By+C = 0 , 

the straight line PQ makes an angle tan~' f ^ ) with the initial line OZ» 
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The straight line OR, parallel to it, makes the same angle with OZ\ 
consequently its equation is 

tf=tan->^-^j, (ii) 

which may also be written 

A cos 6-\ BbiiiO = 0. (iii) 

In the same way we can show that the equation of* the straight line 
through the pole, making an angle (X with 

^rcos^-f B/'sin 4 (7= 0, 

is -4cos(^ + 0()4^8in(^i^) = 0 (iv) 

according as the angle is made towai*ds the initial line or away from it. 


Example. 


and 


To find the angle between the two straight lines 

- = cos^-f COS0— a 
r 

- = cosd + cosd— /i. 
r 


(i) 

(ii) 


These straight lines are parallel to the lines 

cos d 4 cos 0( = 0, 
cos^4cosd-^ = 0, 
which pass through the pole. 

These can be written 



2 cos JiX. 068 (^- 551 ) = 

and 

2co 9 J/3. C08(^- j|3) = 

i.e. 

6 = |ir + ja, 

and 



The angle between these straight lines is — ^), and this is also the 

angle between the given lines which are parallel to them. 


§ 12. Envelopes. 

The equation lx 4- awy + w = 0 can represent any chosen straight 
line provided that the values which can be assigned to ?, m, and n 
are unrestricted. If, however, there is some given relation between 
If m, and n (e.g. Z = m--2w) the equation Z^ + m^-f-n can represent 
only one or other of a group of straight lines. 

In the simple case Z = m— 2w, we can replace Z by its value in 
terms of m and n and the equation then becomes 

m{x^g) — n{2x--l)f 

and this represents for different values of m and n any one of a pencil 
of lines passing through the intersection of = 0 and 2a;— 1=0, 
i.e. the point — J). 

The equation Zjc + m^ + n = 0 contains only two independent con- 
stants {vide § 4) ; for the sake of simplicity we will discuss the 
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equation in the form ^1, which can represent any straight 

line which does not pass through the origin. 

A relation then between I and m means that 1 represents 

a definite system of lines : if we take a series of values for I, gradually 
increasing by small quantities, and find the corresponding value or 
values of w, the line represented by 

Ix + my ~ 1 

for these, values of I and m will take up a series of different positions, 
each differing slightly from the one before. 

Compare the case of a point whose coordinates [x^ y) are connected 
by some given equation (e.g. = 1); if series of values are 

given to x^ increasing by very small quantities, and. the correspond- 
ing values of y are found, the corresponding point will take up a series 
of positions each differing slightly from the one before. 

If a point continuously changes its position, a cuive is formed on 
which all the points lie ; the more points we plot the more clearly 
this curve is indicated. So if the line continuously changes its 
position, a curve is formed which all the lines envelope or touch ; 
the more lines we draw the more clearly this curve is indicated. 
The curve thus formed by a moving line is called an envelope, 
the curve formed by a moving point is called a locus. It should 
be clearly understood that the envelope of a line moving under 
a constraint or condition is as simple an idea as the locus of a point 
moving under a constraint or condition. 

y| 



(ii) 

The figures illustrate (i) the locus of a point whose distance from 
the origin is constant, (ii) the envelope of a line whose distance 
from the origin is constant. 

V. 9 
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In (i) two points of the series lie on any given straight line, and in 
(ii) two lines of the series pass through any given point. 

Ill (i) the line joining two consecutive and very near points is said 
to touch the locus, and in (ii) the intei*section of two consecutive and 
very near lines is said to lie on the envelope. 

To consider this algebraically : if the coefficients I and m are 
connected by any relation, we can in general find I in terms of m and 
substitute in = l ; we thus obtain an equation containing 

only one arbitrary constant. 

We shall consider only the two cases, where the undetermined 
quantity occurs in the equation (a) in the first degree only, (b) in 
the second degree at most. 

For case (a) we have alieady shown that all the straight lines meet 
at a point, i. e. the envelope is a point. 

The most general equation in case (b) is 

+ c) “H \{u'x 4" b'p 4“ c^) + {ct>"x 4* 4* c'^) ~ 0, 

where all the coefficients except A are supposed known. 

Now through any point (iCi, yi) two lines of the system pass, the 
values of A being given by the equation 

A2 {axi 4- 6^1 4- c) 4- A {a'xi 4- h'yi + c') 4- 4* h'^yi + c") = 0 . 

These two lines will be coincident if 

{a'xi 4- Vy^ 4- o'f = 4 (ax^ 4- bj/i + + c") ; 

but in this case the point {xi , is on the envelope ; thus the equation 
{a^x 4- b'y + c')^ = 4 (oo; 4- + c) {a'^x 4- 4- c") 

is satisfied by the coordinates of all points on the envelope, i. e. is the 
equation of the envelope. 

Note. In abridged notation the envelope of the line A*w + Ar + w^ = 0 
is I?* = 4 um^. 


Ex. i. 'To find the envelope of a line whose distance from the origin is 
constant 

The equation of the line can be written 

xcosOr + yBina— p = 0, 

where p is constant. 

This can be written A*(a?4-p)—2Xy + (p-a:) « 0, 
where X = tan 

Hence the envelope is y^ ^ (x+p)(p -a?), 
or a;*4p* = p*. 
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X V 

Ex. ii. To find the envelope of the straight line - + ^ = 1 when 

the coefikknts are connected by the amiKtion a + 6 = c, where c is 
a constant. 

Since a + h = e, the equation of the straight line can be written 

1 , 

n C’-a 

or a^-a(;»-y + c) + ra? = 0, 

where a is an undetermined constant. 

The values of a for lines of the system which pass through a particular 
point {x\ y') are given by a® - a (x* -y* + c) + ex' = 0. 

This is quadratic in a ; hence two lines of the system pass through any 
point {x\ y'). If these are coincident, {x\ y') lies on the envelope. 

The condition for this is {x' ~ y' + c)* = ^cx\ 



Hence the equation of the locus of {x\ y\ i.e. the envelope of the 
given system of lines, is 

(a?“-y + c)**«4ca:. 

This is shown in the figure. 
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Illustrative Examples. 

x>(i) A straight line parallel to the base BC of a tria/ngle meets the sides 
AC, AB in P and Q respectively. Show that the area of the Mangle 
formed by the straight lines BP^ CQ, PQ bears to the area of the triangle 
ABC the ratio X® : (X + (2X + 1), where X is the ratio of AP to PC, 


Take AB, AC for axes of x and y and let B, C be the points (6, 0), (0, c). 

^ Then the coordinates of P and Q are 

Hence BP is the line 

X (X + l)y 



6 + 

and CQ is the line 


Kc 


= 1 , 


(X + D* . y , 


(i) 


(ii) 


2\ + l’ 


The coordinates of their point of intersection are given by these 
equations : by subtraction ~ ^ ~ f ^ 

Substitute in (i) to find I, hence 

7 . ^ + ^ 1 7 ^ 

/ + - 4=1 or I ! 

A 

X is the point 

The area of the triangle PKQ is then 

\c 
X + 1 

0 

\c 


1 . e. 


^sin^ 


\b 
X-f 1 

\b 

2X+1 2X+1 


i 




X’5csin^ 

(X + 1)*(2X + 1) 

X’hcsinul 


0 1 
1 0 


X + 1 
X + 1 


1 1 2X + 1 


(X + 1)* (2X41) 

A PJTQ : A - X* : (X + 1)* (2X + 1). 
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(ii) The area included by the lines 

bx cos a + ay sin a = a&, 
bx cos jS + ay sin = a&, 
bx cos y + ay sin y ab 

is ab tan \ (/?— y) tan ^ (y— a) tan i (a—,:). 

ft cos a a sin (X ab 
The area = J ft cos 0 a sin ^ aft j 
ft cos y a sin y ab 

^ ftcosa asina ^ iftcos/S asin^j ^ jftcosy asiny / , c q\ 
ft cos /3 a sin jS | ft cos y a sin y i ft cos X a sin (X ‘ ^ 
cos a sin OK 1 * 

cos^ sinjS 1 -r a*ft*Bm(|9~0K) sin ( 7 —^) sin (OK — y) 
cos y sin y 1 I 

cos OK sin OK 1 ® 

— \ah 2sin|O-0K)8in^O + 0K) 2sin J (OK-^) cos J 0 + a) 0 
2sin J(y-Of)sin^(y + a) 2Bin^ (a-y) cos i{0( + y) 0 

4- 88in^(i3-0K)co85{i3-0K)sin^(y-i9) 

cos I (y -/9) . sin i{OC-y) cos J (OK -y) 

= rtftsinl O--a)8in.}(y-0() 1 . " . | 

^ M 8 mi(y + 0 ()co 8 i(^ + y) I 

-r sin i (y- /3) cos |(y -^) cos i (OK -y) cos i 0 - Ck) 
= aft tan i (^ * >) tan J (y - a) tan J (OK - 0), 
for sin J(i3 + 0K)cos|(0K + y)-sin^(y + a)coB|(i3 + a) = sinj(3-y). 


• (iii) If straight lines draim through the x^oints A, 2?, G parallel 
respectively to the lines MN, NL, LM are concurrent^ then straight lines 
through LMN parallel respectively to BC, CA, AB are concurrent. 

This is a good example of the advantage of using quite general coordinate 
axes in dealing with a general proposition. 

Let Ay By C be the points (a?i, t/j), (^ 3 » ^s) and Ly My N the points 

(fi» *?i)» {$21 Vi)i ((sf Va)’ 

The line MN is a? (i/a - 1;,) - y ($2 “ $a) = * 7 a ?3 ~ 7sf 2 - 
Hence the line through A (Xit parallel to^this is 

^ (72”'7s)""y (fQ^^s) ^i( 72""73) ~yi(f2‘"fs)' (^) 

From symmetry the equations of the lines through B and^ C parallel to 
NLy LMy are 

^ ins - 7i) - y (f s - $1) = ^3 (73 - 7i) - ya (^s - ?i)» 

« (7i - 7a) “ y I - $ 2 ) == ^8 (7i - 7a) *“ tfs i$i - la)* 

The condition that (i), (ii), and (iii) should be concurrent, is 

7a ”78 la” Is (7a”78) ”yi(la ~l8) 

7i ” 7i 1 8 ” li ^a (73 ” 7i) “ ya (Is ” li) = 

7i”7a li”la i*^s(7i”7i)”y8(li”la) 


(ii) . 

(iii) 
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Add the second and third row to the top« then 

0 0 

^3 "" fl ^2 (% ““ '^l) “ ^2 (fs fl) *= 0* 

^l”"f2 ^3 ('/l “* *?2) “* ys(fl“"f2) 

Hence either 2 (i/j - ijg) - (f j - fg) = 0, 

or (»/3 - m) Ui - ^ 2 ) “ (^1 ” ^ 2 ) (^s “ fi) “ 0 ; 

which cannot be true unless X, J/, K are collinear: therefore the required 

condition is 

2 (i/a - 1/3) - 2 yi (f g ~ f s) = (iv) 

From symmetry the condition that the lines through L, 3f, N parallel 
to BCf CAy AB should be concurrent is 

2|i(y2*“!/3)~2»;i(a72~a?3) = 0. (v) 

But the conditions (iv) and (v) are identical ; this can be at once seen by 
expanding the terms. 

Hence the required proposition is established. 




J \(i^ A point P divides a fixed straight line AB in the ratio 
p + m:p — my and Q divides another fixed line CD in the ratio p + n:p--n 
where m and n are constants and p is variable. Find the locus of the 
middle point ofPQ. 



Take AB, CD for coordinate axes and let A, B, C, D be the points 
(a, 0), (b, 0), (0, c), (0, d). The coordinates of Pand Q are 

(a{p-m) + b(p’\-m) \ c(p-n) ’^d(p‘^n)\ 

I 2p 2p r 

Hence if It, the mid-point of PQ, is (x, y), 

_ g-hfe m(a-h) ^c-¥d n (c-d) 

^ 4 Ap ' 4 \p 

By eliminating we get 

Ax—a—h Ay—c—d 
m (a - b) n (c — dj ’ 

the equation of a straight line. 
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’ (v) A straiffh* line moves so that the sum of the intercepts made hj it 
on the axes is constant and equal to c. 

Show that the locus of the point of intersection of two stich lines at 
right angles to each other is the straight line {x-\-y) (1 + cos <o) = c cos < 0 , 
the axes of coordinates containing the angle u>. 


Let the equations of the two straight lines be 
a c-a o c — 0 

or (c-a)a: + ay — a(c-a) = 0, (i) 

+ = 0. (ii) 

Cross multiplying to find the coordinates of their point of intersection 

, X f/ 1 

we get — 


or 


ab(h-a) (c-a) (c — h) (b--a} c(b-a)' 

— « y ^ 1 

ab (c“-a) (c—b) c 
But since (i) and (ii) are perpendicular 

(c — a) {C‘-b) + ab •= {&(c — a) + a (c — h)} coso), 


(iii) 


i.e. {(c- a) (c— 6)+oJ} {l + co8»}= c*cob<». 

Hence (iii) (sc + y) ( 1 + cos a) = c cos 

which is the required locus. 


[Ch. II, § 8 (ii).] 


(vi) A straight line OP is drawn through the origin maJcing an angle 6 
with the axis of x; a straight line AP is drawn through the point 
A {h, It) making an angle 26 {in the same sense as 6) with OA produced. 
Prove that the locus of P, the intersection of these straight lines, is 

k 

x^+y^ X y' 

the axes being rectangular. 



so that tan d = - . Then the angle OPL — $+<{>, 

SC 
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and 

OA sin ZOPd 

sin ZOP£ 8in(d + ^) 

OP “ sin ZOAP 

"" sin Z.Oz4P*™ sin 2d ’ 


OA sin 

dcosi^ + cosdsin^ 

e. 

OP~~ 

2sin d cos d ' 


.OA 

cos d) sin <h 

i. e. 

®OP 

cos d sin d 


or 


^ OA cos 0 OA sin <#> 

^ ~ OP cos ^ OP Bind' 

h 

*a?* + y* ~ a? y 


(vii) Fmd the equations of two straight lines which make equal angles 
with the lines y = rrtan/3 + c; y ^ x tan y + c and /om triangles with 
them whose areas are the axes of coordinates l eing rectangular. 



The given lines AA\ BB' pass through the point (0, c), and make angles 
/3, 7 respectively with the a?-aiis Let ABy AB’ be the required lines 
inclined at an angle B to the a^axis and equally inclined to AAy BB\ 

If p be the pei*pendicular from the vertex C on these lines, the area 
of the triangle CAB or CAB* is 

y)Han|(^-7). 

Now e^fi^lCAB 

= j3 + 7 + »r — d. 
d = -Jtt + 1(0 + 7). 

Hence v4P is the straight line 

a?co8 J(j8 + 7) + y8in|(0 + 7)-^ = 0, 
if the perpendicular from (0, 0) on it is equal to 
i. e. ±p = c8in|0 + 7) — g. 

But c* = p* tan J(0 -7) or p = c V'cot ^(0-7). 
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Hence 3 = + + c ycofc|(/3-y), . 

and the required equations are 

a;coBiO + y) + y 8in|(j3 + y)-C8in|0 + 7) = ±c-v/cot^O-y). 

There are two other straight lines perpendicular to these, which satisfy 
the conditions of the problem. 


• (viii) If Pj and P^^cndiculars drawn from the 

point 0 {x\ y') to the straight lines l^x + m^y + = 0, l^x + m 2 ^ + n^ = 0, 
find the value of OP^^+OPg^— PiP 2 ^; hence show that 0 lies in the 
obtuse or acute angles bettveen the straight lines according as the ex- 
pressions {lixf + + x (?2^3^^+^2/ + ^ 2 ) Zi ?2 + ^^i ^2 

same or opposite signs. 

Since the question is one of sign, it is better to proceed in the most 
straightforward manner possible, and thus avoid any unnecessary complica- 
tion of signs. Let the straight lines 
intersect at A, 

The equation of AFy^ is 

Zia? + Wjy + ni *=0, 

so that the equation of OP^ is 

The coordinates of P| are therefore of 
the form x' I + and since 
Pj lies on APi we find that h is 

- {^1 x’ + Wi y' + Mi)/(V + m,*). 



We shall use the following abbreviations : 

L2 = ?aa:' + mjy H-nj. 

Then the coordinates of P^ are 

Jlh. and 


y - 


ll + Wli* 


Similarly, the coordinates of Pj are 

Ml- y'- \ . 

\ V + ^ V + mj®) 

v+»h*’ * «»’+»•»* 


Now 


T * 

OPi» = 


Hence OPi»+OP,»-P,F,* 

_ V V _ (JiA_ _ iJ!hh. _ )* 

+ V + *»*1* + + Ui* + »»1* V + wij*) 

~ (V + »»!*) (V + »»»*) 

Now the angle Pi OP, Is obtuse or acute, and consequently Pi-dP, is 
acute or obtuse according as OPi* + OP,* — PiP*’ is negative or positive, 
i. e. according as and mim, have different or the same signs. 
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(ix) A straight line moves so that the pivduct of the perpendiculars on it 
from two fixed points is constant: find the equation of its envelope. 

Let the two fixed points be (a, 0), (~a, 0), and the equation of the 
straight line lx-^my-¥\ =0. (i) 

The condition gives us that 

= constant = c® (say), 


i.e. + 

or P(c^ + a*) + c*w* 1. (ii) 

Now the values of I and m for those straight lines of the system which 
pass through some particular point {x ^ , y^) are given by 

1 = 0 (iii) 

and + == 1. (iv) 

The values of I (and note that from (iii) to any one value of I there 
corresponds one and only one value of m) are thus given by 
^"y,McHa») + c*(7ari + l)* = yi», 

i.e. P{(c® + a*)i/,* + (j^iCi*} + 2c^7jpj + c*-yi* = 0. 

If the two values of I given by this equation are coincident, two 
coincident straight linee of the system intersect at (x^^ yO, and (xj, yj) 
is on the envelope. 

The condition for this is 

e'xi ^ {(c» + o*)yi* + c*ar,*} 

i. e. 0 = c* (c* + «*) y,’’ - (c* + a*) y,‘ - c’a-,*y,’, 

or c*a?i’ + ((^ + o*) y,* = c* (^ + a®). 

Hence the equation of the envelope is 

+ (c* + a®) y’ = c* (c* + a^). 


• (x) ABG is a triangle, and any straight line cuts the sides BC, CA, 
AB in the points P, Q, B. 0 is any other point, and OP cuts AB, AC 
in D and E, OQ cuts BG, BA in F and G, OB cuts CA, CB in J, H. 
The straight lines JG, HJD intersect in 0\ Prove that C, 0, O' are collinear. 



No special details of any of the lines in this question are given : there 
is nothing metrical ; this property of the triangle is purely descriptive ; 
we shall therefore use the abridged notation. 
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Let FQR be the straight line j? = 0, and let the sides RC, CA, AB of the 
triangle be « = 0, r = 0, tv == 0. 

Now DE^ GF, JH are straight lines through the intersection of the pairs 
of lines (ti^ x), (v, a?), (u?, x) : let their equations be 

/u -f a? = 0, 
ntv + x 0, 
nw + a? = 0 . 

Now the equation mv + niv + a? = 0 

can be written in either of the forms 

mv + {nw + a?) = 0, 

+ (mi? + ar) = 0 ; 

it therefore represents a straight line through the points of intersection of 
V = 0 and nM? + a? = 0, and also of = 0 and wt?-f a; = 0, i. e. through the 
points J and G, 

Hence the equation of JG is wi? + ni€>+ar = 0. 

In the same way the equation of HD is n<£? + a: = 0. 

Now the equation (/i4 + nM> + a?)~(mi? + nie>4 a:) =0 represents a straight 
line through the intersection JG and HD, i.e. through 0\ But it reduces 
to lii — nw^ 0 , i.e. it represents a straight line through the intersection 
of w = 0 and t* = 0, i. e. through C, Hence the equation of CO' is 

lu^mv = O’. 

But 0 is the point of intersection of DE and GFy 
i.e. of /u-f ar = 0, wit>4 a: = 0, 

and therefore (lu 4 a:) - {mv 4 a?) = 0 

is a straight line through 0, 

But this equation reduces to lu-mv^ 0, i. e. 0 lies on the straight line 
CO\ In other words COO' is the straight line Iti^mv = 0. 

Examples II j. 

'^l. Show that the feet of the perpendiculai-s from the origin to the straight 
lines a?4y~4 = 0, a:45y~26 = 0, 15 a? -27// -424 = 0 are collinear. 

^ 2. Through the origin a straight line is drawn making an angle of 30* 
with the axis of a?. A second straight line is drawn making intercepts 
3 and 5 on the -positive directions of the axes of x and y respectively. 
Determine the distance of their point of intersection from the origin. 

Find the locus of a point which moves in such a way that its distances 
from the straight lines 2a;-y 45 = 0, 4a:-2y-3 «= 0 are equal. 

4. Find the acute angle between the straight lines 12a:-5y-5 = 0, 

^ 0 and the equation of the straight line which bisects the 
obtuse angle between them. In which angle does the origin lie ? 

5. Through the origin three straight lines are drawn, making angles 30®, 
120®, 150® with the axis of.ar, of length 4 units. Find the coordinates of 
their extremities and those of the centroid of the triangle of which these 
extremities are the vertices. 



78 


THE EQUATION OP THE FIRST DEGREE 


6. Find the length of the perpendicular drawn from the point (2, 2) to 
the straight line joining (8, 1), (7, 4). 

7. Show that the straight lines joining (3, 0), (8, 4) to the point of 
intersection of the straight lines 19a? + 3y-29 = 0, 13a: + llj/-27 = 0 are 
at right angles. 

8. Find the equation of the two straight lines which jjass through the 
intersection of the lines a:— y + 2 = 0, 2a?-y + 3 = 0, and are such that the 
perpendicular from the point (-1, —1) on each is of length 6/5. 

9. Prove that the line joining (1, 1) and (23, 4) passes through the 
intersection of a?4-y — 7 = 0 and 2a: — 3y — 6 = 0. 

10. Find in what ratio the straight line 3a: + 2y = 7 divides the distance 
between the points (6, 5), ( — 3, 2). 

11. The coordinates of ABCD are (3, 4), (6, 3), (5, 7), and (4, 6). 

Find the equation of the straight line which joins the mid-points of 
AC and BD. Show that it cuts AD^ CB in F, Q respectively such that 
AP/PD = CQ/QB = 5. 

12. Find the area of the quadrilateral whose vertices are (2, 1), (4, -3), 
(2, -5), (-1, 4), the axes being inclined at 60'*. 

13. Find the polar coordinates of the foot of the perpendicular from 
(3, 0) on 2a;- v^3y + 1 = 0, the line Ox being the initial line. 

14. A straight line moves in such a way that the sum of the intercepts 
it makes on the axes is 4. Find the locus of either of the points of 
trisection of the portion intercepted between the axes. 

15. Find in their simplest form the equations of the straight lines joining 
the following paii-s of points : — 

(i) (am*, 2am), (an*, 2 an); 

(ii) (am, a/m), {an, afn); 

(iii) {acosB, bsind), (a cost/), ftsint/)). 

16. Find the equations of the straight lines from the vertices of a triangle 
pei'pendicular to the opposite sides/given the vertices (3, 4), (1, 5), (6, 7). 
At what point do they intersect? 

17. Find the equations of the medians of a triangle whose vertices are 
(3, -2), (-6, 5), (4, -7), and find the point where they intersect. 

* 18. A straight line is drawn from the point F(a, b) in a direction inclined 
at an angle a to the axis of x to meet the straight line x/a + y/fc = 1 at 0. 
Find the length of PQ, 

• 19. Show that the straight line 58in^(0( + ^) a; = aco8^(a + ^)y bisects 
the distance between the points (a cos a, 5 sin a), (a cos ft 5 sin 3). 

20; The equations of three lines are 5a;-y=7, y=7a;-5, y-f4a?**2; 
find the length intercepted on the third by the other two. 

21. Find the locus of a point {Xi, yj which is such that the straight line 
a;a;i4yyi = a* passes through the fixed point (/i, 4;) for all values of (a?!, y,). 

22. A straight line of given length slides between two lines at right 
angles ; find the locus of a point dividing it in a given ratio. 

23. Find the coordinates of the centre of the circle circumscribing the 
triangle whose vertices are (2, 3), (3, 4), (6, 8). 
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24. If Axi By =1, ax-^-hy are pamllel, find the distance between 
them, given a**f «= c* and A = ha, 

25. Determine the locus of the intersections of the straight lines given by 
txfa ~y/6 4 < = 0, x/a + ty/h -1=0, t being a variable. 

26. Two straight lines cut the axis of x at distances a and -a, and the 
axis of y at distances h and V from the origin. Find the point of intersection. 

27. If a number of such pairs of lines be drawn with a the same for all 
and hy = find the locus of their intersection. 

28. Find the area of OL3f, where LM are the feet of the perpendiculars 
let fall from the origin 0 on a; cos (Xj -f y sin = pj , 

X cos CXj 4 y sin 0(2^P2» 

• 29. Find the locus of the orthocentre of the triangle whose sides are 

\y = X a\\ y.y ^ x-k vy = 4 for different values of A, /i, v, 

30. Find the coordinates of the circumcentre of the triangle formed by 
the lines a; + 2y4-3 = 0, 2a?43y 4-1 = 0, 3a?4-5y4-2 = 0. 

31. Find the coordinates of a point which is such that the line joining 
it to the point (7, 4) is bisected at right angles by the line Zx-y = 1, 

32. Find the orthocentre of the triangle whose sides are 

xlm-\-ylp-\ - 0, xjn^-ylp-X =0, y = 0. 

• 33. Two straight lines have equal angular velocities w in opposite 
directions about two points 0, A. Find the polar equation of the locus 
of their intersection when 0 is pole, OA initial line, and OA « a, and each 
line is initially inclined at Jtt to OA. 

34. Find the angles which the straight lines 

(i) rsin (d-j3) = gcosa ; 

(ii) l/y «= cos d - cos (d - a) ; 

(iii) 0* = co8^4-ecos(^4-a) 
make with the initial line. 

35. Find the polar equation of the locus of the feet of the perpendiculars 
from the pole on a straight line which passes through the fixed point (p, (X). 

36. Find the polar coordinates of a point V which is distant d from a 
point Q (p, (X) when PQ makes an angle with the initial line. 

37. Find the polar equations of the straight lines bisecting the angles 
between the following pairs of lines : — 

(i) d-CX, d 

(ii) rcosd = p, r8ind = g; 

(iii) sin d — sin (d + (X) = 0, C08d4-C08(d--^) == 0 ; 

(iv) r cos (d — (X) = |>, rcos ^ = |?C 08 (X. 

' 38. The line joining the feet of the perpendiculars from a point P on the 
two fixed straight lines y = 0, y = a? is parallel to the line joining the feet 
of the perpendiculars from P on 3 a 7 + 4y — 12*0 and 4a? — 3y 4-8 ■* 0. 
Find the equation of the locus of P, 

39. Find the area of the triangle formed by the straight lines 
r cos (^— X) »= j;, ;• cos ^ == p sec X, r sin (d — X) =*= p. 
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40. The vertices of a triangle lie on the lines y = jjtan^j, y = a; tan 

f/ = a:tan^g, the circumcentre being at the origin: prove that the locus 
of the orthocentre is the right line icSsin^— yScos^ = 0. 

41. If Pbe two.points on Ox^ and B, Q two points on 0//, A and B being 
fixed, and P and Q varying in such manner that 1/0-4 - l/OP= 1/OB - 1/0^, 
show that PQ passes through a fixed point. 

' 42. The lines l(l-a)x + bli/ = I- a, 

hi {m — a)x + bmy = m — a 

make a constant angle oc with one another when I and m vary. 

Show that the locus of their intersection is 

(bx + ay)^ tan* (X — (ax — % + 1 y* — 4 ax. 

43. Find the pei*pendicular distance of the point (r , $') from 
(i) rcos (^- lX) = p, (ii) //;• = cosd4 ecos(^-*a). 

’44. If a straight line moves so that the sum of the perpendiculars let 
fall on it from two fixed points (3, 4), (7, 2) is equal to three times the 
perpendicular from a third fixed point (1, 3), show that this line passes 
through one of four fixed points. 

45. A straight line -4B makes intercepts OA, OB on the axes of x ami y 
of lengths 4, 3 respectively ; if P is the mid-point of AB^ find the equation 
of OP referred to BA as axis of a?, and the perpendicular from (7, 8) upon 
B-4 as axis of y. 

46. The vertices A,B of a given isosceles triangle ^IBC, right-angled at C, 
move one on each of two fixed perpendicular straight lines 0^1, OB. 
OC meets AB at X, and the feet of the perpendiculars from A^ B on OC are 
MN, Prove that (i) CO . CX is constant; (ii) OM = NC. 

47. P is any point on the straight line whose equation is p = mx^ and 
through Pany two straight lines are drawn meeting the axis of x in points 
*li and A^, and the axis of y in B,, B^* Prove that the point of intersection 
of A^B^, A^B^ lies on the straight line whose equation is y-\-mx == 0. 

48. The ends BC of the base of a triangle are (a, 0), ( — a, 0). 

Find the locus of the vertex when (i) -4B* — -4C* = c* ; (ii) AB* + AC* = 2 c*. 

49. If the coordinates of two points A and B be (2, 3) and (-1, 4), find 
the coordinates of the points P and ^ in AB and in AB produced respectively 
for which AP/PB = AqjQB = X. 

Hence find the ratio in which AB is divided by jr + y = 6. 

• 50. If (X = 0, B = 0, 7 = 0 represent in Cartesian coordinates three 
straight lines such that an identical relation Z(X-f + = 0 holds for 

all values of (x^ y), then these lines meet in a point. 

Hence show that the bisectors of the angles of a triangle meet by threes 
in four points. 

51. Find the equations to 

(i) The two straight lines through the point (~4, 3) which make an 
angle 45'" with 3a:"-y4-5 = 0. 

(ii) The straight lines through the origin, each of which forms with the 
two lines = 0, 2a?-3y = 4 a triangle whose area is 5. 
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. 52. Prove that (1, 2) is the centre of one of the four circles touching the 
three straight lines + 16 «= 0, 5a?--12y + 6 = 0, 4a?+3y-15 = 0, 

and find which of the four circles it is. 

63, Given two straight lines 3a?-4y+5 = 0, determine 

the equation to the straight line through their point of intersection 
making the same angle with the first straight line as the second does on 
the opposite side of it. 

54. A variable stmight line through the fixed point (/, g) meets the axes 

of coordinates in P, Q. Prove that the points of trisection of PQ lie on one 
or other of the loci whose equations are Zxy — 2gx —fy = 0, 3 — 2/f/ = 0. 

55. AB, CD are two finite straight lines : P, Q are their middle points. 
Prove that PQ divides AC and BD in the same ratio. 

56. Find the conditions that the straight line joining the origin to the 

intersection of the straight lines aa? + 6?/ + c = 0, a'a? + 6'y + ^ should 

bisect the angle between them. 

57. ABCD is a rhombus, and the polar coordinates of ABC are (4, Jtt), 
(^, ^tt), (4, §7r). Find the coordinates of the remaining corner, and the 
equations of the sides and diagonals. 

58. Find the locus of the intersection of two straight lines which pass 
through (a, 0), (-o, 0) respectively and include an angle of 45°. 

• 59. Prove that if the three straight lines 

aa; sec 6 - hy cosec B = c*, 
ax sec (f>-^hy cosec cf) = c\ 
ax sec yj/ — by cosec ^ = c* 

are concurrent, then sin (d + V') + sin (<^ + ^) -f sin (yj^ + (p) = 0, ^ 

60. The equations of two pai-allel straight lines are 4a7+3y = 12, 
4a: + 3y = 3 ; obtain the equations to the straight lines which pass through 
the point (-2, —7) and have a length 3 intercepted on them between the 
parallel straight lines. 

61. Find the coordinates of that point on the straight line 2x-y-5 = 0 
the sums of whose distances from the points (19, 13) and (9, 3) is least. 

62. The vertices of a triangle lie on three fixed concurrent straight lines, 
and two sides pass each through a fixed point : prove that the third side 
passes through a fixed point. 

63. Show that the lines 

4a; + 3y~25 = 0) , 2;r-7y + 47 = 0| 

3a;-2y + ll«0) 10a:-y~3 = 0) 

are concurrent, and find the anharmonic ratio of the pencil they form. 

64. A triangle is formed by the axis of x and by the straight lines whose 

equations are y = ^ and = find the equation of 

the locus of the centre of the rectangle inscribed in the triangle and 
having one side on the axis of x, 

• 65. (xi, yi\ (x^, yj), ^a) points A, B, C, and are such that 

the straight line BC is xx^ + yyi « a®, and CA is xx^ -f yy^ ~ o®. Prove 
that the equation of AB is xx^-\yy^ = a®. 

12«7 F 
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66. What curve do all lines of the form — X + = 0 touch ? 

67. What curve do all lines of the form — 0 touch ? 

68. What curve do all lines of the form (a;cosX)/a + (//sinX)/& =1 touch? 

69. Find the envelope of a straight line FQ which meets the axis of y 
in Qj and is always perpendicular to SQ, where S is the point (a, 0). 

70. ABC is a triangle, A A F the feet of the perpendiculars from Ay B, C 
respectively on any straight line. Prove algebraically that the perpendicular 
from A A F on BCy CA, AB respectively meet in a point. 

71. The sides of a triangle ABC are « = 0, v = 0, = 0 ; find the 

equation of the straight line joining A to the intersection of = 0, 

Jxi~\-nw = 0, and the equation of the harmonic conjugate of this line with 
respect to r ?= 0 and w = 0. 

72. Find the equation of the straight line which passes through the 
intersection of the two pairs of lines 

« = 0) + + = 01 

f; = 0 J 2 f/’ = 0 ) 

where m, t\ w are abridged forms of the equations of straight lines. 

73. When ihe axes are oblique (co) find the equations of lines through 
(p, q) perpendicular and parallel to the axes. 

74. Show that, if the point [h, h) is the foot of the perpendicular drawn 

from the point (A y) to the straight line = 0, then 

h ~ X I' — // _ (IF my 4 
/ m m'^ 

•75. If a triangle ABC remains similar to a given triangle, and if the 
point A be fixed, and B move along a straight line, find the equation of 
the locus of C (polars). 

*76. Find the lengths of the sides of the triangle formed by the lines 
a: cos a + f/ sin cx = 7 ?, a; cos /3 -f y sin jS = (/, a? cos y 4 y sin y = /*. 

Prove that the area is 

{p sin (/3-y) 4-5'sin (y — Ot ) 4-r8in {(X-0 )Y 
2 sin (fi - y) . sin (y ~ (X)\ sin ((X — /ii) 

77. A and B are fixed points, LM a fixed straight line. Points F, Q are 
taken in LM such that FQ is of constant length. AFy BQ meet in F. 
Find the locus of R as FQ moves along LM. 

78. Fy Q are two points one on each of two fixed straight lines at right 
angles, such that FQ subtends a right angle at a fixed point. 

Find (a) the locus of the middle point of FQ ; (b) the envelope of FQ. 

79. If the coordinates of the vertices of the triangle ABC are 

(^ 2 j (^ 3 > respectively, and those of the triangle A'B'C' (|i, 

(? 2 » li)} Vs)f show that the perpendiculars from Ay By C to B'Cy C'A\ 



1 1 1 


1 1 1 

A'B' are concurrent if 

Xj 

^2 fs 

4- 

yy 1/2 ys 

»/l V2 7s 


What can we infer from the symmetry of this result in the two sets 
of coordinates ? 
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• 80. Four straight lines a, /*, d being given, show that in general one 
and only one straight line can be drawn meeting them respectively in 
points By C, D (in this order), so that AB = BC = CD, 

Discuss exceptional cases. 

81. P, Qy B are three points in the sides BCy CAy AB of the triangle 
ABC such that 


BP'.PC^ l\m) CQiQA = m:n; AJt:BB== n:iJ, 

APy BQy CR are joined : show that the area of the triangle formed by 
these lines 


= l^ABC, 


ip — l)^ 


{mn + mp + np) (w/ -f mn + mp) [nl + ml + mn) 

82. The triangle ABC is formed by the lines 

a^x — 0, + C2 = 0, a.^x -f- + C3 = 0, 


and the lines joining the vertices to the origin meet the opposite sides 
in Dy Ey F. Show that the sides of the triangle DEB' intersect the 
corresponding sides of ABC on the straight line 

X {ajt\ + + ajc.^) + y {bjc^ + hjc^ -f hjc.^) + 3 = 0. 

83. PQy a bar of fixed length, slides between two bars intersecting in 0, 
and from any one point in PQ lines are drawn in all directions and move 
in rigid connexion with PQ: show that there is a point in each of these 
lines which will trace out a straight line as PQ moves. 

• 84. One side of a quadrilateral is fixed and its length is 2 A*, the adjacent 

sides are each of length and the opposite side is of length 2 c, Prove 
that the equation of the locus of the middle point of the last side may 
be written in the form (^"^ + where 

Jc^ — (Py and the fixed side is taken as axis of Xy and 

a perpendicular line through its mid-point as axis of y, 

• 85. The triangle AOB has the angle at 0 equal to co and x^y y^ for its 
orthocentre : show that the equation A B referred to OAy OB as axes 
of X and y is a:/(.ro + yoSec o)) +y/fyo + ao sec co) = 1, and the further end of 
the diameter through 0 of the circumcircle of the triangle OAB is (a\, //i) 
where (.rQ -i //q cos a))/(//| + u’j cos 00) = (yo + *^'0 cos to))/(.ri + cos w) = cos w. 
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EQUATIONS OF HIGHER DEGREES. CHANGE OF AXES 


§ 1. The equations of several straight lines can be combined into 
a single equation : thus 

(JU’4-2^— 1) (5a;-8y-f2) 0, 

or — 0, 

is evidently satisfied by the coordinates of any point on either of the 
straight linos Sx + 2y-l = 0, 

and 5 x — 8y + 2 = 0, 

and conversely the coordinates of no point can satisfy the equation 
unless it is on one of these lines. 

Any equation in the variables x and t/, 

/(x, y) = 0, 

will then represent straight lines, if, and only if, f{x^ y) breaks up 
into factors of the first degree. 

A single equation may represent partly straight lines and partly 
some curve. If the graph of f{x, y) = 0 is drawn, there will be 
a straight line in the figure corresponding to every linear factor of 

yh 


§ 2. A homogeneous equation of the n^i degree rejrresents n straight 
lines thvugh the origin. 


Let + diX'^ ^2/^ + . . . + Any” = 0 

be any homogeneous equation of the degree. 

Divide the equation by y”, thus 




. n -2 


+ ... +a« = 0 ; 


this is an equation of the degree in t- ) and consequently has n 

\y / 

roots, real or imaginary. 
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If the roots of the equation are (Xi, then the equation can 

be written 

hence the original equation represents the n straight lines 
= x-O(2y = 0y..,X‘-O(„i/=z0, 

i. e. 71 straight lines, real or imaginary, all passing through the origin. 

Cor. 1. If u = 0, r = 0 represent two straight lines, a homogeneous 
equation of the degree in n and v must represent n straight lines through 
the point of intersection of these two straight lines. 

In particular the equation 

{x - ay -f {x -h) + {x - «)»*-- (// - ^>)^ 4 . . . ^ a,, (y - h f 0 

represents n straight lines through the point (f#, h). 

Cor. ii. An important method arises from the result of this paragraph. 
Consider the equation 

ax^ ■\'2hxy + + 2yx + 2/^ -f c = 0 ; (i) 

whatever locus it represents, the straight lino 

+ n = 0 (ii) 

cuts it in two points, which may be found by solving the equations (i) and 
(ii). Without thus solving we can at once write down the equation of the 
straight lines joining the origin to these points of intersection ; for the equation 

= 0 (iii) 

is homogeneous in x and //, and is of the second degree : it therefore 
represents two straight lines through the origin. 

}3ul the coordinate.s of any point common to the loci (i) and (ii) satisfy 
the equation (iii): hence this equation represents the straight lines joining 
the origin to the points of intersection of (i) and (ii). 

The same method can be used with equations of a higher degree. 

§ 3. Consider the equatioji 

(«! ;>• + h^y -f Cl) {a.^x -f bgJ/ + ^ 2 * + ^’«) = 0 ; ( i) 

when tho factors are multiplied together the terms of the highest 
(i. e. degree are obtained from the product 

(UiX + biy) (a^x-^b^y) (a;iX + b.^y),..(a„x + bny) = 0. (ii) 

Now aiX-{‘biy = 0 is a straight line through the origin parallel to 
aia: + fciy + Ci = 0. Hence the equation (ii) represents n straight 
lines through the origin parallel to the n straight lines represented 
by equation (i). This result is of great importance : we see that if 
any equation represents straight lines, the terms of the highest degree 
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equated to zero represent a system of straight lines parallel to them 
through the origin. Any question dealing only with the directions 
of straight lines given by a single equation can thus be at once sim- 
plified by considering parallel straight lines through the origin. 

Example. To find the equation of two straight lines through the point 
(2, parallel to the straight lines 

+ = 0. (i) 

The equation //-(>//* = 0 represents two straight lines through the 

origin parallel to those represented by equation (i) ; hence 
15 Gr - 2f 4 (,r - 2 ) (y -f 3) - G (y + 3)* = 0 
represents straight lines through the point (2, —3) parallel to (i). 

§ 4. Most of the properties of equations representing straight lines 
can be investigated by comparing the equations with the product of 
linear factors, and the majority of problems on them are little more 
than algebraical exercises in the comparison of coefficients. 

When the axes are rectangular the directions of the lines can be 
found by substituting g = x tan 0 in the equation to parallel straight 
lines through the origin ; this gives an equation for tan 6, and the 
values of 0 thus found give the angles which the straight lines 
make with the axis of We give some illustrations of these 
points. 

Ex. i. What is the equation of n straight lines through the point {h, h) 
perpendicular respectivelg to the n straight lines given hy the equation 

... -\-Pnf' == 0. (i) 

bet y vr’* -f 4 4 . . . 

= («i^4 

The straight line perpendicular to a^x 4 hgj =-■ 0 is agj O ', hence the 
equation of n straight lines parallel to those required is 

(a^y-b^x) {(i^z-h^x) (a^ -b^x)...{((,,y - b,^x) = 0, 

which is obtained from the right-hand side of (ii) by substituting y for .r, 
and —X for y. 

Since the right-hand side is identically equal to the left, the equation of 
n straight lines through the origin perpendicular to the given straight lines 
is obtained by making the same substitution in (i) ; this gives 

and straight lines through the point (/i, k) parallel to these are 
Po(// - (y “ ^0"“" ’ ~ /o + fy - /o* 4 . . . 4 p,, ( - 1 ) 
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Ex. ii. Find the conditions that two of the straight lines 
ax^ + hx^y-\- cxy- -h dy^ = 0 
should he perpendicular to one another. 


The equation of the three straight lines perpendicular respectively to the 
given straight lines is found by substituting y for x and -a; for 
i. e. da^ — cxhj + — ay^ — 0. 

Hence the two expressions 

ax^ 4- hx'^y 4- cxy"^ 4- di/y da^ — cx'^y + hxy"^ — ai/ 
have a common quadratic factor, since each of the two perpendicular 
straight lines becomes the other in the equation of the perpendiculars. 

Add a times the first to d times the second, and take a times the second 
from d times the first: then the common quadratic factor is also a factor 
of both x[{a^-\-d’^)x'^'\-{ah — cd)xy'\-(ca-k-hd)y'^] 

and y\{hd-\- ac)x^ - (ah — cd)xy 4- 4 d}) if] ; 

consequently the quadratic factors in these are identical, if a*4-d^ ^ 0, 
a^-¥d} _ ah — cd _ac-\-hd 
bd + ac - (ah — cd) ” 

i. e. a- 4- 4 hd-\-ac^ 0. 

The solution can also be obtained as follows; — 
put y ■= j^tand in the equation, then 

dtan*d4ctan^d4'2^tand4a = 0. 


This must give two values of 0 which differ by a right angle, 
i. e. two values of tan 6 whose product is — 1. 

Hence if the roots of the cubic 

dt^ + + 5^ + a = 0 

are we have *= - 1. 


But t^t^ti == - 


• • “• j *» 


d''^ d 
and since is a root of the equation, we have 




4 4 ft . , o 

(p a 


or a* + a^c 4 abd 4- ad* = 0 ; or + ac-^bd + d^^ == 0, 

unless a = 0 ; this special case is left for the reader’s consideration. 


Ex. iii. Find the angles which the straight lines 

5 y^f - 20y^ (x^ + y^) + = 0 

make with the axis of x. 

Put y ~ artand in the equation, then 

5 tan d ( 1 4 tan* d)* - 20 tan* d ( 1 4 tan* d) 4 1 6 tan* d - 0. 
Multiply throughout by cos*d, then 

5 sin d -20 Billed 4 16 sin* d = 0, 
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hence 8in^{168in^^-20sin*tf+5j « 0, 

i. e. sin {4 (1 - cos 2 - 10(1 - cos 2<9) + 5 } « 0 ; 

8in^{4‘-8co8 2tf + 2(l + co8 4tf)-10-f 10 co8 2^ + 5} « 0; 

8in^ + 2co8 2^sin ^ + 2cos4^8in ^ » 0; 
sin^ + ainS^-sind+sinS^-sinStf *= 0, 
i.e. 8in5d*=0, 

hence 5^ a=180n® (m being an integer), 
and the values of B are 0, 86®, 72®, 144®, 288®, 

N.B. — It should be carefully noted that any other value of n gives a value 
of B corresponding to one of these directions. 

Examples III a. 

1. Represent the following loci in a figure : — 

(i) rcy = 0 ; (ii) rr*-4y^ =0; (iii) + lOy* *= 0 ; (iv) x^-xy =« 0 ; 

(v) ir’-2a?y4-y^ = 0; (vi) a:’-2v^a:y + y* = 6. 

2. Show that 2a;^ + 3a:y-2y* — a; + 3y — 1 =>0 represents a pair of straight 
lines at right angles, and draw them. 

3. Find one equation representing the diagonals and sides of a square 
referred to convenient axes. 

4. The centre of a square lies at the point (a, a), one of its diagonals 
is parallel to the axis of a?, and each side is of length 2 a. 

Find an equation representing its sides and diagonals. 

5. What does the equation a;V ~ ~ = 0 represent ? 

6. Draw the locus + *= 0. 

7. Draw the locus (a: - a)’ - (y - 6)* = 0. 

What is the equation of parallel straight lines through the origin ? 

8. Find the equation of a pair of straight lines through the origin 
perpendicular to the lines x^'\-2hxy—y^ = 0. 

What do you conclude from your result ? 

9. Find the equations of pairs of straight lines through the origin 
making an angle B with (a) xH-y = 0, (b) a?-y = 0. 

10. Find the angles which the straight lines given by the following 
equations make with the ar-axls. Hence write down the separate equation 
of each line: — 

(i) a;’-a::“y-3iry*4-3y’ = 0; 

(ii) a?’* sin 30f--3a?*yco8 3 OK — 3 ;ry* sin 3 OK ^y’ cos 3 Of = 0. 

11. If w = 0, represent stmight lines, what does the equation 

*= 0 represent? 

12. Find the equation of two straight lines (a) through the origin, 
(b) through the point (3, 0), parallel to a;* — 8a:y-f*6y* = 0. 

13. Find the equation of a pair of straight lines perpendicular to the 
lines ax^ '¥2hxy = 0, and passing through the point (6, o). 

14. What lines are represented by a:‘^-2a;y sec^ + y^ = 0 ? What is 
the angle between them? 
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. 15. If = a; COB CX + y sin CX --p, v = a? cos i3 + y sin'/3 ~ g, express in a single 
equation the bisectors of the angles between u « 0, t; « 0. 

16. Find the coordinates of the points where the straight lines 

8a:*+a?y — 4y*“6a:-22y-24 = 0 

cut the axes of coordinates and the line a;+y ■=» 0. Can you draw the lines 
from these data ? If so, find their separate equations. 

17. Find the condition that the two lines aa:'^ + 2/ia:y + 5y® « 0 should be 
perpendicular. 

18. Find the conditions that the equation ax^A-^hxy + ^cxy^ + dy^^O 
should represent, 

(a) three coincident straight lines ; 

(b) two coincident lines and another ; 

(c) three lines equally inclined to each other. 

19. Find the equation of three stiuight lines through the origin which 
make angles with the axis of x: — 

(i) e, d + 60\ d + 120^ 

(ii) d-45, d, d + 45. 

20. When does ax* + hx^y + cxy^ + dy* = 0 represent a pair of perpendicular 
lines and a straight line bisecting the angles between them ? 

21. Find the equation of the straight lines joining the origin to the 
points of intersection of the lines 

,2x + 3y = 1 and 3x* + 2xy— y^ — 7x — 8y + 3 *= 0. 

22. Find the condition that the stmight lines joining the origin to the 

points common to the loci and /x + my = 1 should be coincident. 

23. Form the equation of four straight lines which make angles 0, d + ^Tr, 
d + ^TT, d-i- Jrr with the axis of x. 

24. If w = 0, u = 0, = 0 represent straight lines, and u\ v, w arc the 

values of u, t?, w when x = /i and y *= A;, show that 

uvw^{uv — uv) -f vwu^{vw ~ tvv) + tvuv^{wu — uw) = 0 
represents the joins of (/i, 1) to the vertices of the triangle formed by 
M, 0 , and u\ 

25. Show that the equation of any pair of perpendicular straight lines 
through the origin can be put in the form x' — y* + 2?i.Ty = 0. 

Hence show that 

X* + Bx^y + Cx V + = 9 

represents two pairs of perpendicular straight lines if + == 0 and E = 1. 

§ 6. The greater part of elementary algebraical geometry is occu- 
pied with the properties of the locus represented by the most general 
equation of the second degree, viz. 

ax* + 2/w:y + ?^2-t-.2yx+2^ + c = 0. 

When the left-hand side of this equation has two linear factors the 
locus represents two straight lines which are parallel to the straight 
lines through the origin 

-f 2/w’y + by* = 0. 
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We propose here to discuss the properties of this latter equation. 

(i) To find the nature of the lines ax^ + 2 hxtf + btf^ = 0. 

If the equation 

V 

is solved, and are the two values of - so found, then 

^--%a; = 0, m2.^ = 0 

are the two straight lines. 

These are therefore real, coincident, or imaginary according as 
W 2 are real, coincident, or imaginary. 

Hence, according as 

h^~~ab is positive, zero, or negative, 

the lines represented by the equation are real, coincident, or 
imaginary. 

The idea of an imaginary line has been adopted in order to preserve 
continuity : thus, for instance, we say that two tangents can be drawn 
to a circle from a point which are real, coincident, or imaginary ac- 
cording as the point lies outside, on, or inside the circumference. 
Imaginary points and lines cannot be represented in the same way as 
real : their existence is indicated by the algebraical consideration of 
geometry and has been accepted in Pure Geometry with fruitful results. 
They offer an explanation of many facts, and their recognition saves 
the necessity of a long series of exceptions. (See Chap. IV). 

(ii) To find the angle between the straight lines ax^ f 2hxy-\'by'^ = 0. 

When the axes are rectangular, since the equation of a straight line 
through the origin making an angle $ with the a;-axis is ^ tan 0 , 

the two values of given by the equation are the values of tan 

tan where 6 ^ are the angles which the straight lines make with 
the x-axis. 

Put therefore - = tan 6 in the equation and we get 
b tan® d + 2 h tan 0 +a = 0. 

Hence tan 6 i + tan 62 = > 

tan ^ j tan = ^ . 


and 
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The angle between the lines is (^i— ^ 2 ), hence 
, tan d, — tan 

'’>' = iTwru„'7, 




62 


4a 

6 


1 + 


2^}f-al) 
a + & 


The reader should consider the case when h is zero. 


Cor. i. If the lines are at right angles, = tan(^i~^ 2 ) is 

infinite, hence the condition that the lines should be perpendicular 
is ff 4 6 == 0. 

Cor. ii. If the lines are coincident, = ^ 2 » tan(^i-d 2 ) is zero, 
i. e. = ah. 

Note. When the coordinates are oblique, it may be shown that the 

angle between the lines is 

, , . sin Q) 

tan"' — i-o, * 

a 4 — 2 w cos o) 


(iii) To find the equation of the straight lines which bisect the angles 
between ax- + 2hxg + bg"^ = 0. 



If $2 are the angles which these straight lines make with the 
iT-axis, the bisectors make angles + + with this 

axis. 

Hence the equation of the bisectors is 




1 . e. 
i. e. 


«/2 + ay{coti(^i + 02)- y{^i + ^2)} = 0 , 

O n COS®^(tfl +^ 2 ^ — sin*i{tf, + ^2) _ 2 _ 0 

r+2r!/. 2 gin j . eos i (0^ + 6^) 
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Hence tan (ffi + ^2) = 2 a:y, 

i.e. (a:*— y*)(tantfi + tantf2) = 2 icy{l— tan tan ^2) ! 

or (~f~) = (1 - 1 ) • 

i. e. h(x^—i/^) = (a—b)xi/. 

Hence the required equation is 

hx"^ — {a—b)xy —hy^ = 0 . 

Note 1. The condition that these lines should be real is that (a — 6)’+ 4h’ 
should be positive, which is always the case. 

Note ii. The equation satisfies the condition that the bisectors should 
be perpendicular to each other. 


(iv) To find the condition that the straight lines ax'^-V2hxg-\-h!fi = 0 
should be harmonically conjugate toith respect to the straight lines 
a'x^-\-2h'xy+b'y^ = 0. 


If neither b nor b' is zero, let 

ax^ + 2 Itxy +by^ = b{y—px){y— qx) 
and a'ic* + 2 h'xy + b'y^ = b'{y — rx) (y — sa:). 

Now the straight lines y—px — 0, y—qx — 0 ai’e harmonic 
conjugates with respect to the straight lines y—rx = 0, y— sa: = 0 
if (j,_r)(g;_s) = _(^_s){gf_r), (§10.11) 


i.e. if 2 (p 3 + r5) = (l* + «) (r + s). 

Expressing this rolation in teinis of the coefficients in the given 
equations, we find 



ab'+a'b = 2hh'. 


The reader should prove that this condition holds when either 
6 or 6' is zero. 

The converse can be easily proved by reversing the steps in the 
work above. 

The equation ax‘^ + 2hxy + by^ = 0 contains only two independent 
constants, viz. the mutual ratios aih'.b. If a 0, we can therefore 
put 

ax^ ■\-2hxy -Vby^ = o(a;+py) {x-^qy), 
since the right-hand side contains the two independent constants p, q. 
This is a useful comparison to make in many special cases. 
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Ex. i. To find the product of the perpendiculars from the point (^, tj) 
on the straight lines ax^ ■i-2hxg-\-hifi = 0. 

Let a** + 2fca:y + 6 y* = a(a!+|)y) (» + gy). 

2 K 

Comparing coefficients p + 5 = , 

5 

The product of the perpendiculars 

= ^+g'> 

v^l+g* 

•f\ +p* + 3’+j)V 


V{a* + o*(j) + 3)’ — 2 o*|>3 + a*p ’g* } 

v'{a* + 4fc*-2aJ + i* j 
_ a^* + 2h^n + W 

v'{(a-6)*4 4fc>} ‘ 

Ex. ii. To find the anharmonic ratio of tlw pencil formed by the two 
pairs of straight lines whose equations are 

ax'^ + 2 hxy +by^ = 0 and a'x^ +2h'xy+b'y'^ = 0. 

Let oa;’ ■\-2hxy + hy^ = a(x + 2 )y) (x + qy), 

a'x’ + 2h'xy + b'y* = a'(x + ry) (x + sy), 

then 

2h' 


2h 

p + q =— , pq : 


h 

-» 

a 


5 + r = 


8r=i — - 

a 


The anharmonic ratio = 

{p-s){q-r) 

_ pq + r8—(ps + qr) 
pq + rs-tpr+qs) 

Now (l> + g) (s + r) =» j)« + g/'+|>r+g«, 

(p-q)(s-r)’= ps + qr-(pr+qs). 
Hence ps + qr** i{(j»+3)(«+0 + (l>“3)(*”’')} 
ihh' ^h'-a'h'] 


^ I aa 


aa 


= ^ + v'fc* - oh , A * - a'V } , 


and simi lari jr pr*fg«< 


{ hh: - - ah } ; 

aa 
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the anharinonic ratio is therefore equal to 

ah' -f ab - 2 hJi - 2 ^/ h F^ib 

ah' -4- ah — 2 hh' 4 2 — ab.^/ h' — ab’ 


Ex. iii. To find the area of the triayigle yvhose sides are given hy the 
equations ax^-\-2hxy-\-h}fi = 0^ lx -{‘my = 1. 


Let the points of intersection of ~ 1 with the lines 

ax’ + 2hxit + htf = 0 be (xj , y,), (xj, y ^) ; 
then the area of the triangle, since one vertex is at the origin, is 





which 



The values of 

Vi 

and are given by the equation 


a(- 

\ 1 

- ) + 2h \ + 0. 

/ / .'/ / 

Hence 

ih 

.t*2 2h aTj 0*2 

^ ’ Ih ^2 ’ 


^ ^ X.2 _ 2\/4* — a6 

yi 1/2 « 

Again, the values of i/i and yj are given by 

(1 - »iy)* + ( 1 - my) + = 0, 


i.e. 

hence 


fi (am'^ - 2 him + hP) -i-2 y (hi- am) a = 0 ; 
a 

1 / i !/2 = 


am^ — 2hlm-i'hl'^' 
The area of the triangle is therefore 


\/h^ — ah 


am^ — 2 him -f ’ 


Examples III b. 

1. Prove that the equation — 12 ary + 9y“ = 0 represents two coinci- 
dent straight lines, and 4 a;* -12 ary + 9 y* == 1 two parallel straight lines. 

Find the equation of coincident lines perpendicular to them and passing 
through the point (1, - 1). 

2. Find the angle between the lines 60 ar®- 103 ary- 72 y* = 0. 

3. Show that the equation a;* - 2 a’y cot 2 CX-y*«=0 represents two straight 
lines, and find their equations. 

Draw the locus when oc = 30°. 
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4. Show that the two pairs of lines 

10 j-'* + 8 xff + if = 0 and 5 — \2 xy + 0 = 0 

contain the same angle. 

5. Find the area of the figure enclosed by the lines a? = 3, y = 2 , 

5 ar* — 18 + 9 — 0. 

6 . Prove that the two pairs of lines 

ax’^ + acxy + cif = 0, (3 + c~^) x’^-^xy + (^-h a“^) y^ = 0 

have the same bisectors of the angles between them. 

7. Find the length of the intercept cut off on 

.r -f y - 1 = 0 by + 4 ay -f t/ = 0. 

8 . Find the separate equations of the bisectors of the angles between 

(a + 8 ) .r- + 6 ay 4 - ai/ — 0 . 

9. Prove that a~y = 0 bisects the angle between 4 a" — ay-f 4 y^ = 0 , 

10. Show that the ati-aight lines (a -f X) .r^ 4 2 hxy 4 (/> + X ) y^ = 0 have the 
same bisectors whatever value X may have. 

11. Find the anhannonic ratio of the pencil formed by the two pairs of 
li nes 3 a^ — 5 ay + }/ — 0 and a^ + 7 ay -f 9 y^ = 0. 

12. Find the condition that one of the lines ax'^ -^ ^hxy-^bi/ = 0 should 
(a) coincide with, (b) be perpendicular to one of the lines 

ax’^-\ 2 /i'ay-f = 0 . 

13. Find the equation of a pair of straight lines which are harmonic 
conjugates with respect to each of the pairs 

4 4 “ I 5 xy I- y^ ~ 0 and 3 4 7 xy 4 4 y" = 0. 

14. Find the equation of a pair of straight lines which are at right angles 
and have the same bisectors of the angle between them as the straight 
lines y — 2 .r — 0 , y - 3 .r = 1 . 

15. Show that 11 y ^4 16. ry-a:' — 0 represents a pair of lines through the 
origin inclined at 30^ to the line :r4 2 y = 1 . 

16. Find the condition that cos cx 4 y sin (X = p should be parallel to 
one of the straight lines nr- 4 2 Ixxy 4 h\f — 0. 

17. Find the angle between the straight lines 

4 y2 = 4 [X cos d 4 y sin 

18. Show that the straight linos n cos*:v .r- 4 rt/> 4 'y 4 ftsin* a y* = 0 form 
for different values of OL pairs of straight lines Avhich are harmonic conju- 
gates of ax’^ 4 2 ary 4 hy'^ = 0. 

19. Prove that the straight lines joining the origin to the points common 
to (ar~/ty ^4 (y~Ar )2 = and hy ^2hk will be at right angles if 
h^^1c^=c\ 

20. Prove that (a 42 ;i 46 ) ar* + 2 (a~ 6 )ary + (a-27i + ?^) y* = 0 denotes a 
pair of straight lines each inclined at 45° to one or other of the lines given 
by ax^ -f 2 hxy 4 bt/ = 0. 
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21. Find the length of the intercept cut off on 

a: COB CX + y sin a » p by ax*- + 2 hxy + cy’ = 0. 

Interpret the results when ae or when OL satisfies the equation 
a tan® a —2 ft tan a + c = 0. 

22. Find the condition that the straight lines aa?®+2 Aay -f 6y® » 0 and 
?a? + wy+n ■* 0 should form a right-angled isosceles triangle. 

23. Find the equation of the straight lines which are harmonic conjugates 
of both the pairs ax^ + 2 hxy + &y* *= 0, a'a?® + 2 h'xy + h'y"^ « 0. 

24. One of the lines ax^-\'bxy-\-cy^ = 0 coincides with one of the lines 
^V-f 6'iry + cy = 0. Show that the tangent of the angle between the 
other two is {ac'~aV}®/ {aa* (he* — h*c) + cc* (ah'-ah)}» 

25. Two fixed straight lines whose equation is a?® + 2.ry cot !X— y® *=* 0 
are intersected in P, $ by a variable line lx-\ my = 1. 

Find the area of the triangle formed, and, if the area is constant, find the 
equation of the locus of the mid-point of PQ. 

26. Find the condition that the two pairs of straight lines 

ax^ -4- 2 hxy -I- 5y® = 0, o'oj® -f 2 h*xy + 5 V* = ^ 
may form a harmonic pencil (i) when lines of the same pair are conjugate, 
(ii) when lines of different pairs are conjugate. 

27. Show that the conditions that the straight lines aj:® — 2 ^ary + 5y® = 0 
should form an equilateral triangle with x cos a -f y sin OK are 

a /(I -2 cos 2 ok) *= ft/(2sin20K) = 6/(1 +2 cos 2 ok). 

28. A straight line of constant length 2 1 has its extremities one on each 
of the straight lines aa?® + 2 /ia?y + 6y® = 0. 

Show that the locus of its middle point is 

(ax -i- Ay)® + (hx + 6y)® 4 (ah - A®) i® = 0. 

29. If 0? cos OK 4 y sin OK = p makes angles with the lines 

ax* 4 2 hxy 4 6y® = 0, 


then the values of tan 6^ 4 tan and tan 6^ tan dj are 


A^® — (a — 6) ^ — A 
a 42 Af 46^* 


and 


at* — 2 hi -^h 
a 4 2 Af 4 6f ® 


. [t = tan ok). 


30. The diagonals of a quadrilateral are x ^ c and y « c, and a pair of 
opposite sides are ax* 4 ^® = 0. Show that the other two sides intersect at 
the point {2hc/(h-a), 2acj(a-h)] and are parallel to 

(ax 4 6y)* 4 a6 (a? 4 y)® = 0. 

31. Find the length of the intercept on the line y *= twa:4 c made by the 
lines arc® 4 2 hxy 4 6y® = 0 when the axes are oblique. 

82. Show that, when the axes are oblique and inclined at an angle 6), the 
lines ax* 4 2 hxy 4 6y* *= 0 also include an angle «, if 

4 ah cos® « -4 A (a 4 6) cos 0 ) 4 (a 4 6)® ■» 0. 
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§ 0. Change of Axes. 

It is often convenient to change the position of the axes of coordi- 
nates : it is then necessary to find what the equation of any locus 
referred to the original axes becomes when referred to the new axes. 

If the axes are changed from Ox, Oy in the figure to O'X, 0' Y, the 
transformation can be made in two stages. 



(i) We can transfer to a pair of axes parallel to Ox and Oy drawn 
through the point O'. 

(ii) We can then change the directions of these axes to O'X, O'Y. 
The two stages can be examined separately : the first step is simple 
in all cases ; the second, however, in the case of oblique coordinates, 
is very involved and is rarely required in practice. We need, how- 
ever, for future work to show that no change of axes alters the degree 
of the equation of any locus : to do this it is necessary to show that, 
if the coordinates of a point referred to the original axes are {x, y) 
and referred to the new axes (A*^, Y), then the now equation is obtained 
from the old by some linear substitution such as 

X = IX -h niY i-n, y = TX -f m' Y + n\ 

We shall prove this, but otherwise confine our attention to special 
cases which experience shows are required in the processes of analysis. 
This part of the work is often omitted by the student. This is a 
mistake, as many elementary properties become clear if the results 
of transformation are understood : we intend therefore to give 
a considerable number of easy exercises to emphasize this part 
of the work. 


1207 


G 
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I. To change the origin without changing the direction of the axes* 

Let the new origin be the point O'lfe, A;). Suppose the coordinates 
of any point Pare [x, y) referred to the axes OXj Oy and (X, F) referred 
to parallel axes O'X, O'F. 



Draw PLM parallel to Oy to meet O'X, Ox in L and M : and let 
the new axes meet the original axes in B. 

Then x = OM = OA + 0' L ^h + X, 

y = jfp = ^o'+iP = ^• + r. 

Hence, if in the equation of any locus referred to the axes Ox, Oy 
we substitute (/i + X) for x and (fc+T) for y, the equation obtained 
is that of the same locus referred to (XX, O'F. 

Note. The point P has been taken in the positive quadrant for both sets 
of axes; the student should draw other figures and see that this method 
gives results true for all points. 

Examples III c. 

1. What does the equation 3 uj + 4^ = 7 become when referred to axes 
through the point (1, 1) parallel to the original axes ? Verify the result by 
drawing the graph of the locus. 

2. Find what the equation 4 = 0 becomes when referred 

to parallel axes through the point (-2, 3). 

Verify, by finding their separate equations, that the new equation still 
represents two straight lines. 

3. Take any pair of coordinate axes and a pair of parallel axes through 
the point ( ~4, 5). 

Verify, by drawing, that the coordinates (ac, y) of the following points 
become (X, Y) when referred to the new axes, where a: = X-4 and 
74 5. 

(i) (7,2j. (ii) (6,5). (iii) (-2, -8;. 

(iv) (^6, -8). (v> (-4, -7). (vi) (-6, 8). 

4. Prove that, when the origin is changed but the directions of the axes 
are unchanged, the coefficients of the highest powers of x and y in an 
equation are not altered, e.g. a and 5 in aa?4-5y 4 c = 0, or a, /i, h in 

2 hxy + 4 2gx 4 2/y + c = 0. 
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II. To change from one set of rectangular axes to another set of 
rectangular axes without changing the origin. 



Let the new axes make an angle 0 with the original axes, and let P 
be the point whose coordinates referred to Or, Oy are (r, y), and 
referred to OX, OY are (X, Y). 

Draw PL perpendicular to OX and PM perpendicular to Ox, 
LN, LH perpendicular and parallel to Ox. 

Then 

X = OM = 0N--11L = OL cos d—LPsin = X cos X sin 0, 

^ = itfP = NL + BP -= OL sin d + LP cos 0 = X sin 0 + X cos 0. 

The equation of any locus referred to the new axes is thus obtained 
by substituting (X cos d — Y sin 6), (X sin 0 -f Y cos d) for x and y in the 
equation of the locus referred to the original axes. 


Examples Illd. 

1. What does the equation — a* become when the axes are turned 

through an angle 6 ? 

2. What does the equation x" — if = become when referred to axes 
inclined at an angle ^tt to the original axesV 

3. For the equation — y*-“2aa: + 2 6// + c^ = U change the origin to the 

point (a, h) and turn the axes through an angle J tt. 

4. What does the expression aa?’ + 2 become when the axes are 

turned through an angle 0 and the origin is unchanged ? 

5. What does the equation x cos OLXg sin = 0 become when the axes 
are turned through an angle cx ? 

Draw a figure. 

6. Find the angle between the straight lines a7*~2a;y sec2 d + = 0. 

if the axes were changed to the bisectors of the angles between these lines, 
what would the equation become V 

o 2 
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7. Transform the equation re* -f 4 a*;/ -f -f 6a:-3 ~ 0 by turning the axes 
through 60'" and changing the origin to (1, ~2,'. 

What do you conclude from your result ? 

8. If the new axes are inclined at an angle, d, taken in the positive sense, 
to the old, find the equations of the new axes referred to the old. Hence 
find the values of X and Y in terms of x, and 0; discuss the signs of the 
expi'essions so found. 

III. lb change from a j^a/r of oblique axes to a convenient pair of 
rectangular axes, retaining the same origin. 



Retain the original axis of x and take a line perpendicular to it for 
axis of y. 

Let r be (x, y) referred to the original axes and (X, Y) to the new. 
Draw VL perpendicular to Ox, and VM parallel to Oy, 

Then x = OM = OL—ML = 0L---PL cot co ~ X— X cot w, 
y = r3l = Y cosec (o. 

Hence for x and y we substitute (X — X cot oj) and X cosec co. 

N.B. — To transfer back to the original axes we must put for X and 
y the expressions x-hy cos co, y sin co. 


(a) 


(b) ax^ -i 2 luy + Oy^ = 0 


Examples 111 c. 

1. If the axes be inclined at an angle w, find by changing to rectangular 
axes the conditions that the lines 

Ax By ^ C ^ tiy 
A'x-\^B'y+C 0; 
should be perpendicular. 

2. Referred to oblique axes inclined at an angle w the point iMs (a-j, 
and the line AB lx my 4 n = 0. 

Change to rectangular axes and hence find the length of the perpen- 
dicular from P on AB. 

3. What does the expression x^-\-y^-\-2xyeQsw become when the axes arc 
changed to rectangular axes ? 

Interpret the result geometrically. 
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4. When the axes are inclined at &> the equation of a | air of straight lines 
is rta?® + 2 = 0. Change the axes to rectangular axes, form the 

equation of the bisectors of the angles between them, and find what the equa- 
tion of the bisectors becomes when the axes are changed back to the 
original axes. 

IV. To change a i)air of rectangular axes to another pair of rect- 
angular axes whose equations refened to the original axes are given. 



Let the equation of the new axes referred to the old be reduced to 
the form, x cos a -h/y sin oc —p = 0, —a? sin ot + j/ cos 3 ^ — = 0. 

Let P be any point whose coordinates referred to the original axes 
are (.r, ?y) and to the new axes (X, F). Draw VM perpendicular to 
(YX, then X = (Y M = perpendicular from P on O'Y 

= — sin (X + y cos cx — q. ( i I 

F = ilfP = perpendicular from P on O'X 
= X cos OK -h// sin a — y>. (ii) 

Note. In the figure P is placed in the positive quadrant XO'Y\ X and V 
are therefore positive. In tlie forms chosen the substitution of the coor- 
dinates of 0 in the equations of the lines gives -y), and ~q, hence, since P 
is on the opposite side of the lines to the origin the substitution of the 
coordinates of P will give positive results as required. Note that p and q 
were considered positive in the figure. In any special case under considera- 
tion draw a rough figure and determine the signs. 

Equations (i) and (ii) give us two linear simultaneous equations 
from which to find x and y in terms of X and Y ; the results are 
X = {Y+p) cos 0L--(X q)f^in (X, 
y = (X-f (?)cosOK-f (Y-f-p) sinoi. 

Cor. In the case of oblique coordinates the expression for the perpen- 
dicular from any point on a straight line contains the coordinates only in the 
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first degree : hence, if the method just expJained is used when transforming 
from any pair of axes to any other pair, we shall get two simultaneous 
equations of the first degree between the old and new coordinates, and 
consequently the change is effected by a substitution of the form 

X = IX-VmY^ n, 
y = VX-k-n'Y-^-n. 

Hence, however the axes may be changed the degree of any equation 
is unaltered. 

Example. 

What does the equation of the straight lines + + = 0 he- 

come when the axes are the bisectors of the angles between them ? 

The equation of the bisectors is 

2 x^ — Sxy — 2if — 0 , 

i. e. 2x-^y — 0y x-2y = 0. 

Now we know that the equations of two straight lines equally inclined to 
the ir-axis are of the forms y-ntx = 0, y + ntx^O; hence the single 
equation representing the two lines referred to the bisectors of the angles 
between them as axes contains only the x^ and y* terras: suppose it is 

ox^-hhy^ = 0. (i) 

The coordinates in this case are the perpendiculars from any point on the 
lines 2a? + y *= 0 and x-2y — 0, i.e. in terms of the old coordinates are 

2 .r + y X — 2 y 

>v/5 ’ ^5 

Cliange equation (i) back to the old axes ; it becomes 
} {n (2 a;-l-y)®) + J lh(x-2 ?/)*} = 0. 
or a(2x'hy)^ -^h (x — 2 y)'^ = 0 ; 

this is therefore equivalent to 

7 .r® -f 4 ojy + 4 y* — 0. 

Hence 4a + fe -=7, 

4 a-4& = 4. 
a-^ib 4, 

which are consistent and give (/ = ^, b — 

Hence the required equation is 

8 a;* + 8 if = 0. 

The lines are evidently imaginary. 

§ 7. Invariants, When any equation of the second degree 
+ 2hxy + bjf + 2gx + 2 /]/ + c = 0 

is transformed by any change of axes to another equation of the 
second degree, such as 

a'X^-h2/f'Xr4-i'r- + 2r/'X + 2/'r+c' = 0, 
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certain relations between the constants are unaltered by the change ; 
these relations we call Invariants. 

(i) To show that when we transfoim from one set of rectangular co- 
ordinates to another the quantities a 4- 6 and ah — h^ are unaltered. 

Firstly. We have seen (Ex. Ill c. 4) that changing the origin without 
changing the direction of the axes does not affect the coefficients 
a, /«, and 6. We have only then to deal with a change in direction 
of the axes. 

Secondly. No change of axes affects the degree of the terms 

2gx^2fy-\-c\ 

hence these terms do not affect the coefficients a', //, and h\ 

We have then only to find what the terms ax^'\-2hxy-\-l)y’^ become 
when the direction of the axes is changed. Suppose the axes turned 
through an angle 0. 

Then ax^ + 2hxy + becomes 

a {X cos d— Y sin 2/i {X cosd— Y sin d)(X sin d + F cos tf) 

-f ft {X sin 0 -f F cos Of 

z=i [a cos^d -f- 2ft cos 6 sin 0 + b sin^d] 

4-2XF[(6 - a) sin d cosd-f ft(cos*^d — sin^d)] 

4- F^ [a sin^d— 2ft sind cosd-h b cos^d\ 
Hence, if ax^ + 2hxy+by^ becomes u'x^4-2ft'rr^ + i>'y^ we have 
a' = a cos^d + 2ft cos d sin d -f 6 sin^ d, 

// = a sin^d — 2ft cosd sin d4- cos^d, 
i. e. a' 4- = a -f ft ; 

and further, ft' = ft (cos^d — sin^d) 4- (ft — a) sin 9 cos d 
= ft cos 2d4-M^ “ a) sin 2d : 

2ft' = 2ft cos 2d-- (a — ft) sin 2d, 

Also we can write 

2a' = 2ft sin 2d 4- a 4- ft 4- (a - ft) cos 2d, 

2ft'= —2ft sin 2d4“a 4- ft — (a— ft) cos 2d, 

4 a ' ft' = (a 4- ft)- - [ 2 ft sin 2 d 4- (a - ft) cos 2 d] 2 

= (a4‘ft)^ — 4ft2 sin^ 2d — 4ft (a — ft) sin 2d cos 2d — (a — ft)^cos- 2d 
= 4 aft — 4 ft2 4- (a — ft)- sin^ 2 d — 4 ft (a - ft) sin 2 d cos 2 d 4* 4ft 2 cos^ 2 d 
= 4aft — 4ft2 4- 4ft'2 
or a'ft'~ft'2 r=:aft-ft-. 

Note. One point needs careful notice : the i>ropositiou sitates and the 
proof implies that a4ft, ab-li"^ are invariants if a X} \-2Ji XYxb' 
is obtained from ax^ + 2hxy by^ by the processes of transformation. It 
does not follow when we are told that 

ax^ + 2hxy 4 hy^ 4 &c. = 0 and a'ar* -f 2Jixtj -f b'y^ -f &c. 
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represent the same locus referred to different rectangular axes that these 
relations are true: for either equation niay have been simplified by 
multiplication or division by some constants. 

Thus, for example, = 0 and Y^-2 a/SXY = 0 represent the 

same pair of straight lines (the angle XOx being 30'^), but the values of 
ah-h^ in these two equations are -1 and -4 respectively: the fact is that 
when the process of ti’ansformation is completed the second equation 
appears in the form V^3 .XF= 0. 

All we can say, then, when we know that 

ax'^ ■\-2hxy + %- = 0 and a'x^ + 2h'xy -f h'y^ = 0 
represent the same locus referred to different axes, is that 

-I- & = X (a + b')f 

where X is a constant. 


In any case, however, 




is an invariant. 


Example. 

What does the equation of the pair of lines + + 

become when re/efred to the bisectors of the angles between them ? 

We know that the new equation is of the form 

and we suppose that this equation is the result obtained by changing the 
axes to the pair of bisectors. 

Then a + 2# = 7 + 4=>ll, 

= 7.4-2* = 24; 

a = 8, Z? = 3 or a = 3 and Z> = 8, 
and the equation is 8X* + 3 F* = 0 or 3X* + 8 F* = 0. 

The two results correspond to two cases when a particular bisector is 
taken as axis of X or as axis of F. 

The new axes being now called the axes of x and y the results can be 
written 8a;* + 3i/* = 0 or 3a;* + 8y* = 0. 

(ii) A proof of this invariant property due to Prof. Boole is 
applicable also to any change of axes. Suppose that we transform 
an equation from axes inclined at m to axes inclined at w'; and 
that on making the substitutions /or transfo'i'mation the expression 
ax^^ 4- 2 hxy + by'^ becomes a' X ^ + 2 // X F+ b' F^ : the expression 
x^-\-2xy Qo^ iii + y^ represents the (distance) of the point (x^ y) from 
the origin, and when transformed must therefore become 
X2 + 2XTco3u)'+r^. 

We suppose that the origin is unchanged, for we have shown 
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that a change of origin only does not alter the coefficients a, //, h, 
and therefore such a change need not be considered. 

It follows then that the equation 

ax^ + 2 hxij 4“ H- h {x- 4- 2 xy cos o) 4* y ') = 0 (i)‘ 

will become 

a X 2 + 2 // zr4- fo' y H * (X " 4- 2 X Y cos o/ 4- Y^) = 0. (ii) 

Hence if the value of h is such that the first equation represents 

a pair of coincident straight lines, i. e. if the left-hand side of the 
equation (i) is a perfect square, the second equation must also represent 
coincident lines and the left-hand side of (ii) is also a perfect square. 
The conditions in these cases are 

{a + k)(b-\-k) ^ (h + k cos co)2, (j) 

( a' 4- /t) (6' 4- AO = + A; cos o/)2. (ii) 

Hence any value of k which satisfies (i) also satisfies (ii) ; these 
equations are therefore identical. They may be written 
A:2 sin2 co 4- (a 4- & — 2 ft cos co) ft -f aft — ft^ = 0, 
sin2 o)' 4“ («' + ft' — 2 ft' cos co') A; 4- a' ft' — ft'^ = 0. 

a4-ft — 2ftcos(o a'4-ft' — 2ft'cos a/ 

Hence . = — — 

sm^ 0) sin^ oj 

aft— ft2 __ a' 
sin^co sin^co' 

The student should work out the case of rectangular axes in the 
same way. 

We again note the words in italics : it is supposed that the second 
equation is in the form given by the process of transformation without 
subsequent simplification. 

If we merely know that ax^ + 2Jixy-\-by^ = 0 
and a'a;2 4- 2 h'xy 4 - b'y^ = 0 

represent the same locus referred to axes inclined at o) and oj' 
respectively, all we can say is that 

(a-fft— 2ft cos co)- _ (a' 4- ft' — 2ft'eos oj')- 
^ “(a'ft'-ft'2)siii^'~ ’ 

Examples III f. 

In the following exercises 1-6 it is understood that the general equation 
of the second degree ax^-h2//xf/-l-b^^-h2yx-i-2/t/-i'C = O^ia transformed hy 
a change of origin or a change in the direction of the axes from one set of 
rectangular axes to another. 

1. Show that it is possible by a change of origin only to remove the term 
which contains x. Find the equation which the coordinates of the new 
origin referred to the original axes satisfy. 

Can this always be done, and in how many ways ? 
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2. Discuss the removal under the same conditions of (a) the y term, 
(bl the constant term. 

What is the geometrical significance of the transformation ? 

3. When is it possible by a change of origin to remove both the or and y 
terms ? Examine the case when ab == In how many ways can it be 
done ? Where is the new origin ? 

4. Can the y term and the constant be removed simultaneously ? When 
is this impossible ? 

5. Show that by changing the direction of the axes the term (a) or 
(b) y^ or (c) ory can in general be removed. Find the equation giving the 
value of the angle through whi( h the axes are turned. 

In what cases is the transformation impossible? 

6. If the equation can be transformed to y^-f 2;«y = 0, what condi- 
tions exist among the original constants of the equation ? 

§ 8. The most general equation of the second degree in x and y is 

this contains five independent constants, viz. the ratios of a, //, h, 
9, f,c. 

The greater part of analytical geometiy is concerned with the loci 
whicli this equation represents in the various special forms to which 
it can be reduced, and under the various conditions which may exist 
among the independent constants. The student will thus do well to 
acquire early a knowledge of the notation by which the discussion of 
the equation is simplified. We shall discuss in the next paragraph 
the properties of the equation ivhrn if represr^ifs a };air of sfrai(fht liiivs 
and include this notation. 

§ 9. If the general equation 

/ (:Xy y) = ax^ -f 2hxy 4- by- + 2gx + 2/y + c 0 
represents a pair of straight lines, then the expression / (./\ y) can he 
resolved into two linear factors. The condition for tliis is worked 
out in most text-books on Algebra: we append here tlie most obvious 
method because it applies to any system of coordinates, and to 
equations of a higher degree. 

Let ax^ + 2hxy -}-by'^-{‘2gx+2fy + c 

= {px ■hqy + r)( p'x -f q'y + /), 

Then, comparing coefficients, 

a — pp% b = qq\ c = r/, 2/= qr' -f r/>-, 

2y =r pr 4- p' r, 2h = pq' + p q> 

From the equations 2f — q/ + q'r, 2y =pr'-\‘2)'y 
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we obtain ^{fp—9^ — f'(PQ'~P'Q) 

and 2 {fp'-gq') = / (p'q-p^), 

therefore 4 i/p-gq) {fp'-gq') = -rr' {pf -p'q)\ 

i. e. 4 {pp’P - (pq' ■ifp'q)fg + q<fg^ j = - r/ 1 (pf ^p’qf - ^pp' qq' ( . 

Hence aP — 2fg}i-yhg‘^ = —c{h'^—aV), 

i. e. ahc -H 2 fgli—ap-- = 0. 

This condition is necessary. It includes all cases, whatever values 
P\ r' may have. 

Conversely, to show that it is sufficient, i. e. if 
ahci- 2fgh — af^ —bg^ — = 0, 

then ax- -h 2 hxg i-by‘^ + 2gx‘\‘2fg-^ c can be factorized . 

We can always find p, q, p\ q\ so that 

ax^ 'ir2hxy-\ = (px + qy) (p'x + q'y), 
where pp' = a, pq' ^‘P' q = 2 A, qq' r=zh] and evidently p and q 
cannot both be zero, nor can p' and q\ 

We are given that 

aP — 2fgh ^hg^ z=^ {h^ — ah ) ; 

thus 4 i/p-gq) i/p'-gq') = -o{pq'-p'qf. 

Now put c = rr\ ^ifp—gq) = [p/ —p' qY 

then 2 - g/) = r' (//^ -p/). 

Solving these equations for /and g, we find 

2/ =: qr' -^q r and 2g = p/-\-p') 

provided that p'q-^pq' is not zero. 

If / and g have these values it is evident that 

HX- -f 2 hxy + h}/ ^-2gx^- 2fy + c = [px + qy + ?•) {p'x+ q'y -f r'). 

The condition is thus proved to be sufficient except when 
pq P q = 0. In this case, liowever, we have 

(fp-m)i fp'-gq') == 

i. e. fp — ijq — 0 or fp—gq — 0. 

Either of these conditions combined with pq' —p q — ^ gives us 
that gx+fy is a multiple of px-\-qy; further, since pq—p'q = 0. it 
is evident that a.v^-h^hxy-hby- is a multiple of {px-^qy)-. Hence 
a.r^ -f- 2 hxy -h ■\-2gx-\-2fy-\-c is of the form 

/ ipx-^rqyf -f 2m (px^-qy) + c, 

and can therefore be written in the form l{px+ qy + (X) (px qy 
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The condition is therefore sufficient in this case also. The factors 
equated to zero represent parallel straight lines. 

The reader may examine the special cases when p and p' or 
q and q' are both zero. 

§ 10. In discussion of the general equation the following notation 
is convenient : — 

n' = ax'^ H- 2 hx^)/ + &//'^ -f 2 g.i^ + 2fi/ + c, 

X = aX’\~liy-\-g, ax' -\-hy' ^g, 

Y = Ar + 6y+/, T = hx'^^ly'^l 

Z = gx +fy + c. Z' = gx +/?/'+ c, 

A = ahe + 2 fgh -ap— hg- — cli^, 

A = hc-f\ F^gh-^af, 

B = ca—g-, G = hf—hg, 

C ^ ah — 11 ^ fg — ch. 

The latter can be remembered in the notation of the differential 
calculus, thus 


dA 

„ d^ 


dA 

da ’ 


c — 

dc 

d A 

dA 


d A 

Jf' 

26?=—, 

dg 

27/ = 

dh. 


It is evident that 

u = ^X + yl^+Z. 

and ?t' = a^X' + /r + Z'. 

§ 11. Now if the equation « = 0 represents a pair of mn-paralJcl 
straight lines, these must intersect at some point {x', y'). If, then, 
the origin of coordinates is changed to the point [x\ ?/'), the resulting 
equation must represent a pair of straight lines through the origin, 
and is therefore of the form 

i.e. the constant term and the terms containing .r, y disappear. 

The transformed equation is 

a {x + x'f + 2h ix + 3/)(if + i/) + h{}/+i/')^ 

+ 2g {x + x') + 2f(tj + t/) + c — 0. 
Hence, equating the coefficients of x anti y, and the independent 
term to zero, we get 

ax' + kg'+g = 0, i. e, X' = 0, 
hx' + bg'+/ = 0, i.e. r'=0, 
ax " *f* 2 hx g 4- hg “4-2 gx 4" ^J'g 4* c — 0, i. e. — 0. 
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But, identically, u' = cc'X' ■\-Z' ] 

hence, since X' and F' are zero, we also have Z' = 0, 
i.e. + = 0, 

-!-&/+/ = 0, 

+ c = 0 . 


Eliminating x' and y\ 


A = 


a h g 
hhf 
U f c 


= 0 . 


which is tlie condition that m = 0 should represent a pair of straight 
lines. 

Now Z' = 0 and T' = 0 ; but these are the conditions that the 
point of intersection y) ( referred to the original axes] should be 
on each of the lines 

ax^hy-^g = 0 , 

hx-\-hy +/= 0. 


This point is therefore given by 


i.e. 


gh—af ab—Jr^ 


the point of intersection of the straight lines is 



referred 


to the original axes. 

We can obtain other forms by using either X = 0 and Z = 0, 
or y = 0 and Z = 0 : the results are identical because A = 0 

!• Since the point of intersection of the given straight lines lies on 
each of the lines X = 0, X = 0, Z =: 0, there must bo some linear 
relation between X, Y, Z, such as ?X-fmr + ^iZ= 0. 

Now we have by Algebra (or from the theory of Determinants) 
the identities aG + hF+ gC = 0, 


hGi-bF^fC=0, 


gG+fF+cC= A^O. 


Multiply these equations by ;r, y and 1 respectively, and add ; 
then GX + Fr+CZ = 0. 


II. Since the point of intersection of the straight lines lies on each 
of the lines X = 0, X = 0, i. o. each of the given lines is a straight 
line through the intersection of X = 0, Y = 0, their equations must 
be of the forms /X + ihY = 0, J'X + wi'Y = 0, and consequently the 
equation = 0 must be of the form j;X- + r/XY-f rY^ = 0. 
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We proceed to obtain the equation in this form ; now 
bX—hY= l){ax+hy+g) -h{hx+bif+f) 

= {ab-h^)x-{fh-bg) 

= Gx-G, 

~-hX + aY = —h{gx+hy+y) + a{hx+bg+f) 

= (db—h^)y—(hg-af) 

= Cg-F. 

Hence bX^-2hXY+aY^ X(ftX-/»r) + r(«r-;iX) 

= XiCx-G)+Y{Cg-F) 

= G(Xx+ Yy)-GX-FY 
= G{u-Z)-GX-FY 
= Cu-(GX-{-FY+CZ) 

= Cm, 

for GX + FY +GZ — Q identically. 

Thus the equation m = 0 can also be written 

6X^-2*xy+ar^ = o. 

Note. This enables us to factorize the equation of a pair of straight Hues 
with numerical coefficients. 


III. If the equation u — 0 represents straight lines, they must be 
parallel to the pair of straight lines through the origin which are 
gi veu by ar* + 2 hxy + by^ = 0. 

The bisectors of the angles between the lines « = 0 are therefore 


/G P\ 

straight lines drawn through the point parallel to 


h {x^ —y'} - ( a - 6) xy = 0, 

i, e. tliey are the lines 


or h[iCx-Gf^-(Cy-Fj-]-{a-b){Cx-^G)(Cy-F) = 0. 
Using the results in (II), we can write this equation 
h[{hK-hYf--(aY-ltX)^\--{a-b)(bX-hY) (aY^hX) = 0, 
wdiich reduces, on our dividing by — to 

0 . 


IV. To find the condition that the straight lines = 0 should be 
parallel. 

The angles between the straight lines w = 0 are equal to the 
angles between the straight lines through the origin 

ax- 4- 2 hxy -i- hy^ = 0. 
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When the straight lines u — 0 are parallel these straight lines 
through the origin are coincident, hence ab = 7t*. 

In this case we have A = 0 and C = 0; it follows at once that 
(7 = 0 and F= 0. 

Thus bX = hY and hX = aY ; consequently if m = 0 represents 
parallel straight lines, 

(a) the equation bX'^—2hXY+aY^ = () becomes an identity, 
and (b) tlie straight lines X = 0, Y = 0 are identical. 

V. To find the prodiicl of the lengths of the perpendiciiturs from any 
point [x', y') to the straight lines u — 0. 

Let 

ax'^ + 2hxy + by- + 2gx + 2fy + c = (px + qy + r) (p'x + qy + r’). 

Then the product of the perpendicular from (x', y') on 
Itx + qy -i- r = 0, p'x + q’y + r' = 0, 
is (px' + qy' + r) {p'x' + q'y' + r) 

p‘‘ + 5 " V p'’^ + q'^ 

The numerator is equal to 

ax’'^ + 2hx'y' + by'^ f 2gx' + 2fy' + c, that is u'. 

We have also pp' — a, qq = b, pq' Xj'q = 2h. 

Hence {/>- + q'-) (p'^ + f/'^) = p'p'^ + q^q'^ + p-q - + p'V 

= pY' + qY'^ + (VI +p' 2 )- - ^pp'qq 
= (iw'-qq'f+(pq'+p'q)- = (a-bf + ih\ 

u' 

Hence the required product = - — -rr=:r- ~ tt— - • 

VI. To find the locus of the middle points of the i)it€rcc 2 ^ts made Ivj 

the strahfht lines u = 0, on a s//stem of straifdd lincsparallcl | ^ 



to deduce the equation of the straight lines hiscctimj the angles between 
the straight lines u = 0. 
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Let the point P (oc, P) be the mid-point of any one intercept A£. 
Then the equation of the straight line AB which makes the 

1^' 0^ t/ /? 00 'tJ 

intercept is — r~ = > foi* ii- is parallel to 7 = and passes 

^ I m I m 

through (a, 1^). 

This equation can be written 

x-oc _ y -t^ _ / (x-(xy^’^(y-l3) ^ 

I m P H- i)P 


where r is the distance of any point (a*, y) on the straight line 
from the fixed point (a, ft) and k is a constant put for convenience 
1 

instead of * 

If the value of r is either BP or FA^ then the point {x, y) is on the 
given locus ; its coordinates are then (Wr + a, kmr-\-ft)y and, since it is 
on the locus, 

a {klr -f a )2 •^2h {klr -f a ) {kmr + /?) + (kmr ■^ftY-\-2g (Mr 4 - a) 

4-2/(A:mr4-/3)4-c — 0. 

Consequently tliis quadratic in r gives the values of PA and PB : 
these are to be equal in magnitude and opposite in sign ; lienee the 
coefficient of r in the equation must be zero. This gives 


2k{la(X^-hlft’{-Jima + hmft-j-(jl+fni] = 0, 
i. e. l(a(x + hft + g)-^m(hOL + bft+f) — 0 . 

Hence (ot, ft) lies on the line 

I (ax 4 - hy 4- </) 4- m (hx 4 - by -\-f) =0, ( i) 

or, with our previous notation, 

(ii) 

i.e. a straight line through the intersection of — 0, Y = 0. 


Now if this equation represented one of the bisectors of the angles 
between the lines it would be perpendicular to the intercept AB^ and 

O' y 

therefore to - = . 

I m 

The condition for this is 

(la 4 - hm) m — (Ih 4 - mb) I — 0 , 
or Im (a— 6 ) 4 -/^ (nP— V^) = 0 . 

But any point on the locus satisfies the equation 

IX + mY^O, 

X Y 
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Hence, in the special case considered, a point on the locus, i. e. on 
one of the bisectors, satisfies 

XY 

or ^ = , . 

a—o It 

This represents a pair of perpendicular straight lines (for, if the 
equation be written in full, it will be seen that the sum of the 
coefficients of and is zero). 

Hence the locus of the middle points of the intercepts made on 

X fj 

straight lines parallel to ^ ^ by 

ax"^ + 2/ixtf -f hif + 2(fx -f- 2ftj -h c = 0, 
when this equation represents a pair of straight lines, is a straight 
line through their point of intersection ; and when I and yn are such 

that the locus is perpendicular to - = the locus is one of the 

/ m 

perpendicular straight lines 

_ XY 

a—b h ^ 

which equation therefore represents the two bisectors of the angles 
between the straight lines u = 0. 

When the straight lines = 0 sive parallel, and therefore ah = li^, 
we have seen that the straight lines X = 0, F = 0 are identical,. 
It follows from equation (i) that the straight line X = 0 lies midway 
between the straight lines a — 0. 

Examples III g. 

In the following exercises n = a.v^ -{■2hxij -f bi/ f 2<jx -i- 2/y + c = 0 is 
supposed to represent a pair of straight lines, and consequently the 
coefficients are connected by the relation A = 0. It must be carefully 
noted that the results given are, as a rule, only true in this special case. 

1 . Prove that Bu^cX'^ — 2(jXZ X aZ'^, 

2. Show that G/C = A/G = H/F, and that F/C = II/G = B/F. 

3. Prove that AX-hllY+GZ^O. 

4. Find for what values of X the following equations respectively represent 
a pair of straight lines : — 

(a) + + + X = 0 ; 

(b) Xx^ + 3 ar// - -} a: -y + 4 = 0 ; 

(c) 5a;® — 7iry 4-Xy* — 7a;-f 3y — 5 = 0; 

(d) 6a;® + lOiPy + 3y® + 2Xa; + 8y -f 3 = 0 ; 

(e) 18a;® + 2Xa;y-r 7y®-12a*— lOy + 1 = 0. 

1*267 


TT 
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5. If all the coefficients in the equation « = 0 are known except skew 
that the equation can represent real straight lines, provided that CA is 
positive. Examine the case when CA is zero. 

6. If w = 0 represents two parallel straight lines, show that 

(a -f ft) ^^2 = H/h ^ --Alh, 

where 2 c? is the distance between them. 

7. Show that the necessary and sufficient condition that the triangle 

formed by the straight lines u — 0 and lx-\ my = 1 may be right-angled 
is (a + 6) + = 0. 

8. Show that the equation 

{db-}i^) {ax^ + 2hxij -^-2 gx ■\-2fy) + af^ - 2fgh = 0 
represents a pair of straight lines, and that they form a rhombus with 
ax* 4* 2 hxy -f == 0, provided that {a — h)fg + h{p—^) = 0, 

9. Find the condition that == 0 should represent (a) two parallel, 
(b) two perpendicular straight lines. 

10. Find the equation of the lines x* + 8-v/2xy + 5y* = 0 referred to the 
bisectors of the angles between them as axes. 

11. Find the equation of the straight lines x*-f xy— y* — 3x--4y + 1 =0 
referred to the bisectois of the angles between them as axes. 

12. Prove that x* + 9y* + 6xy + 4x+ 12y-5 = 0 represents two parallel 
straight lines, and indicate them in a figure. 

13. If A, g are quantities, the difference of whose reciprocals is constant, 
and p, q are constants, show that (Xj)x + y qyY = (A x* + y*) (Ap* + /ig* — 1) 
represents two straight lines equally inclined to each of two fixed straight 
lines. 

14. Show that the area of the parallelogram formed by the straight lines 
« = 0 and ax*-f 2?ixy + l>y* = 0 is equal to c/(2v^^* — ah). 

15. Prove that the two straight lines 

(x* -f y*) (cos* 6 sin* (X + sin* 0) «= (x tan a - y sin Oy 
are inclined at the same angle whatever value 0 may have. 

Turn the axes through an angle tan"^ (tan Of cosec ^). 

16. Show that the equation of the bisectors of the angles between the 
straight lines u = 0 can be written in the form 

(ab-h^){h(x"-y^)-(a-b) xy + 2fx-2gy} + (a + b){x {gh ~ af) - y (fh -- bg)} 

17. If the axes are oblique and inclined at an angle SO*’, sketch the locus 

6x*~5y*-7a:y ~4x-f lly = 2. 

18. Show that if the straight lines given by ax* + 2hxy + hy* = 0 are 
turned through an angle Of, their equation in their new position will be 
ax* + 2hxy 4- 5y* - 2 {(5 - a) xy + (op* — y*)} tan Of + (tx* — 2hxy + ay*) tan*Of = 0. 

19. If the axes and two pairs of the five lines 

ax" -f bx*y + cx*y* + c?x*y* + ^xy^ +/y" == 0 
contain right angles, prove that the^ equation of the fifth can be written 
-x/y =//a = {a-€)y{b-f) = (5 + (?)/(r + 0- 
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20. Show that the coordinates of the orthocentre of the triangle formed 
by the straight lines ax ^ = 0 and the straight line 

are given by x/l = y/m = (a + 6)/(am*~2AZm + 

21. Show that the four lines + + Tary’ — = 0 form 

a harmonic pencil. 

22. If the two straight lines ii = 0 are equidistant from the origin, show 
that /• - y* = c {hf - ay*). 

23. Show that the angle between one of the lines aa:* + 2Aa?y + fty* = 0 
and one of the lines aa;* + 2/ia:y + &y* + X (aj“ + y*) = 0 is equal to the angle 
between the other two lines of the set. 

24. If y is one of the anharmonic ratios of the pencil formed by 

ax^ + 2 hxy 4 fey* = 0, a'a?* + 2 h!xy + fey* = 0, 


show that 


I+mV (afe' + a'fe~2M')* 

1 - /i / “ 4 (fe* - ah) (V* - a'fe') ’ 


25. Find an equation for \ so that X*+ F* + Xw =0 may represent a pair 
of straight lines. 

26. If the same straight line occurs in each of the two pairs 

+ 2hxy + fey* = 0, a V + 2 fe'ary + fe'y* = 0, 
and d is the angle between the other two, then 

+ 2 cot ^ == aa! I {Jka! — h'a) + bh'/ijih - fefe'). 

27. What is the meaning of the equation a**»a?*»»-2a”fe**ir»»y”-l- fe*”y*” = 0 
where x and y are coordinates with respect to oblique axes ? 

28. The base of a triangle passes through a fixed point (/, y), and its 
sides are respectively bisected at right angles by the lines 

aa?* + 2fea:y + fey* = Q. 

Show that the locus of the vertex is 

(a + fe) (a;* + y*) + 2 fe (/y + gx) + (a - fe) {fx - yy) = 0, 

29. Find the condition that one of the lines aa:* + 27ja:y + fey* = 0 may 
make an angle Jtt with one of the lines a'a?* + 2fe'ary + fe'y* = 0. 

30. Obtain the equation to the bisectors of the angles between the lines 
w = 0, in the form 

[ {(afe - fe*) X -fh + fey} * - { {ah - fe*) y ~ yfe + af] *]/(a - fe) 

= [{(afe-fe*)a7-/fe + fey} {(afe-fe*) y-yfe + a/}]/fe. 

31. Prove that there is always one real value of fe, for which the equation 
aa?*4-2fea?y + Z^* + 2ya? + 2^ + c + fe (a'aj* + 2fe'afy + fey* + 2y'a: + 2/y + c } = 0 

represents straight lines. In this question A is not zero. 

32. Find the values of fe for which the equation 

(Za? + wy 4- 1) {tx 4 - my 4-1)4 - kxy = 0 
represents pairs of straight lines. 

Give a geometrical explanation. 

33. Show that, if ax^ 4- 2hxy 4- fey* = 0 and a;* 4- 2 h^xy 4 fej y* = 0 are trans- 
formed by any change of axes, the expression (afei4“aife--2fe7ij) cosec®« 
is unaltered. 

H 2 



CHAPTER IV 


ANALYTICAL NOTATION, A EEVISION AND EXTENSION 

§ 1. The geometrical ideas employed in the previous chapters 
to obtain our formulae and equations have been those of Euclidean 
geometry, with the addition of the sign convention used in Trigono- 
metry. 

The coordinates of a point, x and are numbers which are the 
measures of the distances of the point from two fixed straight lines 
in terms of some chosen unit of length. Conversely, if any real 
numbers are chosen for x and we can, having chosen a unit, plot 
a point of which they are the coordinates. We have here implicitly 
assumed that, in any system of units, there is a number which is 
the measure of any such distance (e. g. the diagonal of a unit square), 
and thus the idea of number has been used in a wider sense than 
that of a rational number. It is beyond the scope of this book 
to dwell on this idea. The reader is referred to G. H. Hardy’s 
Course of Mathematics. 

We have shown that a geometrical property of a point can be 
expressed by a relation between its coordinates, and, conversely, that 
a relation between the coordinates of a point expresses the fact that 
it lies on some locus. • Thus, if a point moves on a straight line, 
there is a relation of the form lX’\-my between its coordinates. 

Conversely, if any set of numbers be assigned to ?, and n (excluding 
the case when I and m are both zero), any points whose coordinates 
satisfy the relation Ix^-my 4^ = 0 lie on a certain straight line. 

§ 2. The points of intersection of two loci. 

If wo wish to discuss the intersection of two loci, we obtain their 
equations and find sets of value of x and y which satisfy these 
equations simultaneously. Each set of values gives the coordinates 
of one point of intersection. 

For example, the point of intersection of the two straight lines 
Zx + twy + w 0 and Z'x + m'7/-f w' = 0 is the point whose coordinates 
are (ww' — m'w)/(Zw'— Z'^«) and (wZ'~ w'/)/(/m'~Z'»w). If, however, 
the straight lines are parallel, their equations are of the form 
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te-f-m^-fw = 0 and lx-^my-\-n' ^0 ; in this case the method fails, 
for we cannot find any set of values of x and y which will satisfy 
these equations simultaneously. This result is to be expected, for 
in Euclidean geometry parallel straight lines are straight lines in 
the same plane, which, being produced ever so far in either direction, 
never meet. 

We proceed to investigate the intersections of a straight line with 
a locus whose equation is of the second degree. The nature of the 
locus is immaterial for our present purpose : we wish to discover 
whether the method of solving the equations of two loci always 
gives satisfactory results. 

Consider then the points of intersection of the locus 

+ + — 2^— 2y-f 1 = 0 (i) 

with the straight line lx-\-my + w = 0. (ii) 

The equation can be solved by substituting y z=i {lx n) ' m or 
it; = — obtained from the equation of the straight line, 

in the equation of the locus (i). This substitution evidently gives 
us in general a quadratic equation in either x or y. Suppose that 
the equation in x is Lx^-^-Mx^-N = 0. 

Three cases may occur : 

(i) L is not zero ; the equation is quadratic. 

(ii) L is zero, M is not zero ; the equation is the simple equation 

Mx-\-N = 0. 

(iii) L and M are zero ; the solution fails entirely. 

Note. If m = 0, we substitute for x and get a quadratic in y, 
TJy^’\-3ry'\-]f exactly similar cases may then occur. 

Case i. If the roots of the quadratic in x are real and distinct, we 
have two distinct real values of x and one value of y corresponding 
to each satisfying both equations. There are therefore two points 
in which the straight line meets the locus. Let us examine special 
cases illustrating the possible results. 

(a) The straight line 4y = 9 meets the locus in the two points 
whose coordinates are ( — 2\)j ( — 4J, 2]). 

(b) The straight line y = 0 gives us the quadratic — 2.r + 1 = 0 ; 
this gives us only one point of intersection (1, 0). 

(c) For the straight line y = 1 the equation for is -f 2x + 2 = 0 ; 

the sets of values of x and y are then ( — 1 4- v^ — I)? ( — 1 — a/ — 1, 1), 
or, in the usual notation, ( — l-f-i, 1), (— 1 — i, 1). Evidently it is 
impossible for us to plot any points whose coordinates are given by 
either of these sets of values. 
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In the Euclidean sense therefore the straight line ^ = 0 meets the 
locus in one point only, and the straight line ^ = 1 does not meet 
it at all. If we investigate similarly, the intersections of the locus 
with the straight line ^ = ft, we find that, unless ft lies between 
0 and 2, there are two real points of intersection, and the distance 
between them is 2\/ft^— 2ft; this distance becomes smaller and 
smaller as ft approaches one of the values 0, 2. It is clear that 
2/ = 0 is the limiting position of a straight line which meets the 
locus in two points. Instead then of saying that the straight line 
^ = 0 meets the locus in the single point (1, 0), we say that it meets 
it in two coincident points (1, 0), (1, 0). 

In the case of the straight line // = 1 we found two distinct sets 
of values of x and y satisfying the equation, but we cannot plot any 
l)oiiits to correspond to them. We say that this straight line meets 
the locus in two imaginary points. 

Thus by ado23ting the ideas of ‘coincident points’ and ‘ imaginary 
points’ we are able to say that (for all straight lines which come 
under Case i) a straight line meets the locus in two points which 
may be real and distinct, real and coincident, or imaginary and 
distinct. 

Note. When the coefficients of the equations are real we obtain 
a quadratic equation with real coefficients ; the imaginaries so found 
are called ‘conjugate’; that is to say, if c-fdi) are the 

coordinates of one point, (a— fci, c—di) are the coordinates of the 
other. Thus one cannot have a real straight line meeting the locus 
in coincident imaginary points. 

Case ii. If the straight line is = 2, we substitute ^ =: 2 — a? 
in the equation of the locus and obtain 4 a;— 9 = 0. 

This straight line then meets the locus in the single point (2^, — J). 
This is a single point in a totally different sense to that in which 
7/ r= 0 meets it in a single point. We get simply one point, not two 
coincident points. 

Case iii. If we take the straight line oj-fy = 0, we cannot find 
any values of x and y which satisfy both equations. This straight 
line does not meet the locus at all. This is a totally different result 
to that which we found for 2/ = 1 ; there we found sets of values for 
X and y, but could not plot corresponding points ; here we find no 
values for x and y at all. 

It is convenient and important in Analytical Geometry to bo able 
to assign complete generality to our results ; to say that ‘ Every two 
straight lines meet at a single point’, ‘Every straight line meets 
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every locus of the second degree in two points’, ‘Every equation 
of the first degree represents a straight line and so on. 

To effect this and to include the second and third cases illustrated 
above, we require, in addition to the non-Euclidean ideas of ‘coincident 
points’ and ‘imaginary points’, the ideas of ‘points at infinity’ and 
‘the straight line at infinity’. We proceed to develop these ideas. 

§ 3. Homogeneous Coordinates. The straight line. 

The general equation of a straight line contains only two inde- 
pendent constants, but we found that in order to represent every 
straight line by a general equation we had to adopt the form 
= 0; we saw further that although the equation in this 
form apparently contains three constants, in reality it is given by two 
independent ones ; one of the constants, though not always any one, 
can have a purely arbitrary value, other than zero, assigned to it. 
The constants ?, m, n have no absolute values and no geometrical 
meaning in themselves, though the ratios of two of them to the 
third are perfectly determined for any particular straight line, and 
have precise geometrical meanings. 

If we give any set of values to ?, n (except simultaneous zero 
values to I and m, a restriction we shall practically remove later) 
we have an equation, the locus of which is a straight line ; we may 
refer to it as the straight line {1, m, n\ and, since a set of values 
of ?, m, n completely fixes the straight line, we may call I, m, n 
the coordinates of the straight line. Such coordinates have no 
absolute values, although their ratios have. The set of coordinates 
kl, knif hi (where k is any number) determines the same straight 
line as the set Z, wi, n; e.g. the equations Sir + 10^ — 15 = 0 and 
ir-|-2^ — 3 = 0 obviously represent the same straight line. Such 
coordinates are said to be homogeneous. 

Any relation between the coordinates Z, n, expressing some pro- 
perty of the straight line, must be homogeneous in those coordinates. 
For example, the fact that the straight line passes through the point 
(a, h) is expressed equally well by the relations la -f mZH- w = 0 and 
+ + = 0, where k is any number. A non- homogeneous 

relation, such as aZ-f = 0, cannot indicate any property 

of the straight line. The coordinates of an arbitrary straight line, 
^4.2y-|-3 = 0 for instance, can be made to satisfy this relation by 
choosing them to be (A, 2 A, 8 A) where A is determined by the 
equation a-f-26-f-9cA = 0. 

Unless we have to deal with a straight line passing through the 
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origin we can put n = 1 and take the equation of a straight line 
to be =0; and we can call it the straight line (/-, m). 

By giving arbitrary values to I and m we can obtain the equation 
of any straight line, except a straight line through the origin. 

To obtain complete generality, we require the homogeneous system 
of coordinates. 

§ 4. Homogeneous Coordinates. The Point, 

It may now seem natural to inquire whether we cannot obtain 
complete generality for Cartesian coordinates by adopting some 
system of homogeneous coordinates which we may use when the 
ordinary coordinates appear to involve a loss of generality, as in 
cases (ii) and (iii) above. We shall see later that there are systems 
of coordinates, Areal and Trilinear, in which a point is determined 
uniquely by a set of numbers, the absolute values of wliich need 
not be fixed although their ratios are, and that Cartesians may be 
regarded as a special or rather limiting case of these. Let us take 
a set of three numbers which we will call f, ?/, which have 
themselves no absolute values but are such that, for any particular 
set, the ratios of two of them to the third are fixed. How can 
these represent the point whose Cartesian coordinates are y)? 
There is one quite simple way of effecting this. Let the ratios 

f/C and i]/C be respectively x and y. The point (.r, y) will then 

be defined by the set of numbers (jrC C)> where C is arbitrary. 

Conversely, if C is not zero^ the set of numbers (^, t], () define the 

point whose Cartesian coordinates are and Our equations 

in X and y now become homogeneous in (. We write 

for X and v/C for y, and multiply by the power of necessary to 
clear the equation of fractions. The general equation of the first 
degree then becomes + = 0, and the general equation of 

the second degree becomes + = 0.* 

Any two equations of the lirst degree 

if + wr/ -f = 0 and i'f + nit] + = 0 

are satisfied by a common set of values of f, n, viz. wm'— m'w, 
nV — n'ij 

We have seen that any set of numbers (f, i]j 0 define a point 
in the Euclidean sense if ( is not zero. We shall notv say that 
such a set continue to define a point even when C is zero. Such a point 

* We may notice that this form of the equation explains ’tlio conventional 
distribution of the coefficients in the expression ax^ ■\-2hxy-\-bt/ •{■2gx-^2fy-\-c, 
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is not a point in the Euclidean sense ; it cannot be plotted. It may, 
however, be regarded as the limit of a sequence of points which can 
be plotted. Let us consider a straight line a)-f m(?/— 6) = 0. 
Any point on this straight line has Cartesian coordinates of the 
form (a-fm/, 6 — K). In homogeneous coordinates we may take 
the coordinates of this point to be + + Q, ^ being the 

same as 1/t, Now as the point moves along the straight line further 
and further from the point (a, h), t increases in absolute magnitude, 
its sign being positive for points moving in one direction and 
negative for those moving in another. So that, as the point moves 
further and further from (a, h)^ its homogeneous coordinates take 
the form (m + «C 0? whei^: ^ is continually diminishing. 

These coordinates tend to the numbers (m, — Z, 0) as a limit. We 
say then that (m, —Z, 0) is the ^ point at infinity' on the straight line 
Z(x— a) + m(y— 6) = 0. Note two things about this ‘point at infinity'. 
Firstly, its coordinates are independent of a and h ; secondly, we arrive 
at the same ‘ point at infinity ’ in whichever direction we proceed 
along the straight line. So that a straight line has only one ‘ point 
at infinity', and a set of parallel straight lines have the same 
‘ point at infinity Thus we may now say that parallel straight 
lines meet at a ‘ jDoint at infinity ' instead of saying, with Euclidean 
Geometry, that they do not meet. The equations U + my -f n = 0, 
m'= 0 have no common set of solutions, the equations 
= 0, Zf+ 0 have, however, the common set 

(m, -I, 0 ). 

We see that all points at infinity possess the common property 
C = 0. Now C = 0 is a form of the equation = 0, 

which is the general equation to a straight line. We say then 

that ^ = 0 is the equation to a straight line. We call it the 

‘straight line at infinity'. We will now arrive at C = 0 as the 

equation of a straight lino from other considerations. The equation 
k(l^+mi]) + n^ = 0 represents for all values of fc, other than zero, 
a straight line parallel to the straight line Ix-hmy 0, The 
intercepts made by this straight line on the axes of coordinates 
are -~n/M and ---nlkm. Therefore as k diminishes, the straight line 
recedes further and further from the origin in one sense or other 
according to the sign of k. Now as k diminishes the equation 
/c(Zf+mTy)-fwC = 0 tends to the form nC, = 0, or, what is the same 
thing, C = 0. 

We see then that the equations of all straight lines, as these 
straight lines recede from the origin, tend to the same form C = 0. 
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There is therefore in the plane one ‘ line at infinity and all 
‘points at infinity’ lie on it. 

The homogeneous coordinates of a point dividing in the ratio X : 1, 
the distance between the points whose Cartesian coordinates are 
^2)? are + 1 + ^)* So that the ‘point 

at infinity’ on the straight line joining two points may be said 
to be the point dividing the distance between them in the ratio — 1. 
We may notice also that the ‘point at infinity’ on the straight 
line joining two points is the harmonic conjugate with respect to 
them of the middle point of the segment joining them. 

§ 5. Oases (ii) and (iii) rediscussed. 

We may now resume the discussion of the intersection of straight 
lines with the locus rr2 + 4^;y-|-3y2--2:r— 2y+ 1 = 0, in cases (ii) 
and (iii). 

Take the straight line irH-2/ = 2, which previously we found to 
meet the locus in a single point, and use homogeneous coordinates. 
The equations of this line and the locus now become 

f+r,~2C = 0 and P + 4^r, + 37]2^2fC'-2r/C+e = 0. 
Substituting ^? = 2^— f in the equation of the locus, we obtain 
(4^— 9f)C=0. This gives us 4f~9C=0 or C = combining 
these results with — 2^=0, we get the two sets of values 
(9, —1, 4) and (1, —1, 0). The former is the point whose Cartesian 
coordinates are (2^, — which we found before ; the latter is a 
‘point at infinity’. So that x-\-y 2 now meets the locus in two 

points, one of them a ‘ point at infinity ’. 

Take now the straight line x-\-y = 0^ which appeared to have no 
points of intersections with the locus. Its equation in homogeneous 
coordinates is f+r? = 0. Substituting f = —17 in the equation of the 
locus we obtain = 0 ; so that now this straight line meets the locus 
in two coincident ‘ points at infinity the point (1, — 1, 0) repeated. 

We now have a method of making all our results general. For 
example, the properties which we have proved for a system of 
straight lines passing through an ordinary point will be true for 
a system of parallel straight lines ; for a system of parallel straight 
lines is a system of straight lines passing through a ‘point at 
infinity’. We can in future deal with the nature of a locus at 
an infinite distance from the origin by making oUr equations homo- 
geneous, and considering the intersections of the locus with the 
straight line f = 0, instead of entering upon an investigation of 
limiting values. 
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§ 6. The third coordinate ^ may present some slight difficulty 
at first to the reader owing to the fact that no geometrical meaning 
in the Euclidean sense can be assigned to it. It is, however, 
impossible to dispense with it if we wish our scheme of Analytical 
Geometry to be ‘ Projective \ The Cartesian system of tw’o co- 
ordinates is based on Euclidean notions, and is necessarily subject 
to their restrictions. It might be thought that we can avoid 
a third coordinate by the use of the symbol oo (infinity) ; that we 
might in fact represent the ^ point at infinity’ on the straight line 
Ix + my+n ^ 0 by the coordinates (moo, —Zoo). But while the two 
sets of homogeneous coordinates (I, — m, 0), (— Z, m, 0) define the 
same point, ( + Zoo, —moo) and (—Zoo, -f^uoo) do not. And we 
cannot choose +qo in preference to — oo. Our parallel straight 
lines would now meet in two points, not in one. Apart from this, 
‘infinity’ is not a number such as 1, 2, 8, . . ., and it is undesirable 
to regard it as if it were, which we should be doing if we 
employed the symbol oo to represent a Cartesian coordinate. 
It is also undesirable to think of the ‘ straight line at infinity ’ except 
as C = 0. The equation 0= 0, 0 being read as ‘ constant is some- 
times employed. This is open to the very obvious objection that 
the equation ‘0=0’ habitually stands for the statement ‘ C is zero 
It is also open to the much more serious objection that ‘(7=0* 
does not discriminate between C = 0, = 0, ^ = 0, , . a discrimi- 

nation that it is occasionally extremely important to make. 

It is most desirable that the reader should understand clearly 
that ‘points at infinity’ and the ‘straight line at infinity* are 
conventions of Analytical Geometry. They are not realities. 
Parallel straight lines do not actually meet. They do not meet 
for all purposes of Mathematics. In the Integral Calculus and the 
Theory of Infinite Series there are no ‘points at infinity* and no 
‘ straight line at infinity ’. They are conventions of Analytical 
Geometry, and, what is more, of particular types of coordinates in 
Analytical Geometry. There is no ‘straight line at infinity* in 
Polar Coordinates. It is possible to dispense with ‘points at 
infinity* and ‘the straight line at infinity* altogether. We could 
prove without their use anything that we can prove with their 
use, but we should only be taking unnecessary trouble, and we 
should miss many of the beauties of Analytical Geometry. 

We have already said that ‘points at infinity* are not real points 
in the Euclidean sense. They are not ‘ imaginary points ’ in the 
sense in which we have already annexed that term to indicate 
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a point to which we can assign definite, but complex numbers, for 
its coordinates. A ^ point at infinity’ may also be an ‘imaginary 
point ’ in the sense that its coordinates are complex numbers. The 
terms ‘ideal points’ and ‘fictitious points’ are sometimes used, but 
are not particularly satisfactory. Perhaps the simplest thing for 
the reader to do is to think of them as ‘points at infinity’ in 
inverted commas till he is sufficiently familiar with them to think 
of them as ‘ j^oints ' without confusion with real Euclidean points. 

The notation ?/, C has been used for homogeneous coordinates 
to avoid, at their first introduction, any possible confusion with 
the X and y of the Cartesian coordinates that might arise from 
calling them Xy and z. But Xy y, and z are the symbols used 
in English writings for general trilinear coordinates, of which 
our homogeneous coordinates can be considered to be a special case ; 
and Xy yy z are generally employed for all types of homogeneous 
point coordinates. A very little experience will enable the reader 
to use Xy yy z without confusion with x and y. 



CHAPTER V 


THE CIRCLE 


§ 1. Definition. A cArcle is the locus of a point which moves so that 
its distance from a fixed point is constant : the fixed point is called 
the centre and the constant length is called the radius. 

(A.) To show that the equation 

c = 0 (i) 

in rectangular coordinates does under certain conditions represent 
a circle, and to find the conditions. 

Let C (a, I'i) be a fixed point; then any straight line through (a, j8) 


is 


cos 0 sin 0 ’ 


(ii) 


where r is the distance of a point (x, y) on the line from the fixed 
point C. 

Suppose that this line meets the locus represented by (i) in two 
points P and Q. 

Then, if r is put equal to either CP or CQ, the point (jp, y) must be 
on the locus (i). 

Thus, if r is equal to either CP or CQ, the coordinates of the point 
[r cos 0 + (Xf r sin 0 + P] 

satisfy equation (i). Hence, substituting, we find 

[a cos^^ -f 2/i cos O^ind + b sin^^} 

2r{(aOL-\’h/3-\-g) cos 0 + (hoc ■\-b/i'\‘f) sin 0} 

4*a(X^ + 2fea^-f6)8‘^ + 2^a-f2/^ + c = 0. (iii) 

This equation is quadratic in r, and its roots are the lengths of CP 
and CQ. 

The equation (i) can represent a circle, if we can show that the 
point C (cx, f-i) can, subject to certain relations between the constants 
of this e(j[uation, be selected so that as the line revolves about C 
(i. e. as 0 varies) : 

(a) the values of CP, CQ shall be always equal and opposite 

(b) these values shall be independent of 0. 

The locus will then be a circle whose centre is C. 
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The first condition (a) is fulfilled if (or, j3) is chosen so that 
a(X+h^ + g = 0l 

Aa+6/3+/=Or ' 

for in this case the equation (iii) will be of the form 

Let a, ^ have the values given by these equations ; wo then have 


OP* = C(^ = r^=- 


aa.^ + 2hot^ + 6 / 3 *+ 2ga + 2/^ + c 


^ o cos* 6+ 2 6 sin 6 cos 6 + 6 sin* 6* ' 

The second condition (b) then requires that 

a cos* d + 2 6 sin 8 cos 8 +-6 sin* 8 

shall be independent of 8. This is so in one and one case only. 

Let acos*d + 2ftsindcosfl + 6 8in*d = fc 

= k (cos* 8 + sin* 8) 

where k is independent of 8 ; then (6— A;) tan*d + 27» tand + a— A: = 0 
for all values of tan 8 ; hence h — k, 6 = 0, and a = k, or a = 6 
and 6 = 0. 

(Hence the general equation of the second degree represents a circle 
when a = 6 and 6 = 0, and in this case only^ 

Put 6 = « and 6 = 0 in equation (iv). 


Hence 


«= -f, ^ = 

a a 


i. e. the centre of the circle is 




Prom equation (v) we find the value of the square of the 
radius. 

Thus, putting 6 = a and = 0, and substituting the values of 


OL and /3 just found, 




We thus conclude that the equation of the second degree repre- 
sents a circle when it is of the form a (a:*+^*) + 2^a:+2^+c = 0, 

and that its centre is the point radius is 


If the equation is divided throughout by a, it becomes 

x^+y^- + 2^x + 2^g+ f = 0; 

a a a 
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or, writing andCi for 

a:’*+2^* + 25 ria:+ 2 /j^ + c, = 0,| 

which can ho written (vi) 

{x +5rj)a + (y +/j)2 = , ) 

where (—^ 1 , — /i) is the centre and Ci radius. 

Note i. If the quantity i^+f' — ae) is negative the radius is imaginary, 
and the equation does not represent a real circle. 

Note ii. If r is the radius and the centre is at the origin the equation 
becomes + = r*, which is the simplest form of the equation of a circle. 

(B.) Conversely, if the centre and radius of the oircle are given we 
can write down an equation which is always satisfied by the co- 
ordinates of any point on its circumference. 

For let C (of, be the centre and r the radius, and suppose P {x, y) 
to be any point on the circle. 

By the definition 

Cp2 ^ 

i.e. 

which corresponds with the form (vi) 
found above. 

This equation is evidently the 
general equation of a circle, for the 
centre and radius have been chosen in 
general. By comparing this equation 
with the general equation of the second 
degree, we see that a = 6 and A = 0. 

The discussion in (A) is given for two reasons: (i) it helps to 
prepare the way for a more general analysis of the general equation ; 
(ii) the second method is not always convincing to the student. 

Note. We have used rectangular coordinates: it is rarely necessary to 
use oblique coordinates in work on the circle. If in (B) the axes of 
coordinates were inclined at an angle <«>, the equation would be 
(a7-a)*+ (y— ^)’* + 2(^c-(X) (y-P) coso) = r®, 
so that the more general conditions for a circle referred to any axes are 
a = 5 and A = a cos «. 

Examples V a. 

1. Find the centre and radius of each of the following circles:— 

vyfi) + + l = 0; 

^i) =* 0 ; 

v>(]ii) {x + ay + (y + hy = c® ; 

^v) 12y»-12a:-8y + 3 = 0; 
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^(v) (a:-a)(a;-2a) + ft/-6)(y~25) = 0; 

(vi) 7a?*4-72/*~3a?-2?/-3 = 0. 

2. Write down the equations of the circles whose centres and radii are 

(i) (3, 4), 5 units, 

(ii) (-2, 3), 1 unit, 

(iii) (2 cos d, 2 sin d), 2 units, 

(iv) (0, 1|), 1 unit, 

(v) (0, 0), a. 

Find the real points where they cut the line y, 

3. Draw the following circles and note any special points on them : — 

(i) + + = 0; 

(ii) + = 0 ; 

(iii) (a;-l)(^-2) + (y~3)(y-4) = 0; 

(iv) — 2a; — 4 = 0 ; 

(v) 4a?* + 4y^ + 12a?-8y = 11. 

4. Find the equation of a circle whose centre is (-1, —3) and radius 
2 units; when the axes are inclined at (a) GO'", (b) 120°, (c) 45°. 

5. If + — 8a?— 7y + 6 = 0 represents a circle, find the angle 

between the coordinate axes, and the centre and the radius of the circle. 

6. In Question 3 put each of the equations (i), (ii), and (iii) into the form 

(a? - (X)* + (y — ^ 

7. Show that the equation of the circle is unaltered if the 

axes are turned through any angle B, 

8. Write down the equations of the circles given in Question 1 when the 
axes are changed to any pair of rectangular axes through their centres, 

§ 3. The general equation of the circle 

x- + y‘^ + 2gX’\-2fy-\-c = 0 
contains fhree independent constants, fj and r. 

A circle can therefore be drawn to satisfy three conditions, if these 
conditions give equations from which g, /, and c may be found. 
T^us we may be given 

(a) The two coordinates of the centre and the radius. 

7 (b) Two points on the circle and its radius. 

/ (c) Three points on the circle. 

^On the other hand, we see that a circle cannot be made to satisfy 
more than three conditions : for example, a circle will not in general 
pass through four given points. 

Example^ To find the equation of a circle which passes through the 
points (2, 8), (6, — 1) and whose radius is 4 units. 

The equation will be of the form 

(a:-0t)* + (i/-^)*= 16, 


where (A, j3) is its centre. 
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The conditions that the given points nia^’ lie on it are 

(2-a)H(:l-3)== 16, 

(6-a)H(l-t,'i)= = 16; 

+ 4a-6^= 3, 

0i» + ^2_12a + 2i3= -21. 

«a-8;3 = 24, 
a- 3. 
a-2 = 0 + l); 

0 + l)H(3-,9r = 16, 

2, a* -4/4-6 = 0, 

32-23-3 = 0. 

3 = — 1 or 3 and a = 2 or 6. 

There are consequently two circles which satisfy the given conditions, 
2--’ (a;-2)2 + (y + l)2= 16, 

(a:-6)* + (y-3)2= 16. 


or 

by subtraction 
or 

Hence 

by substitution 

or 

i.c. 


Example ii. To find the equation of the circle passing through the 
three points (x^, y^), (a-., yfi, (.Pj, y.^. 

Suppose the equiition of the circle is 

The conditions that the three points should lie on this circle are 


(i) 


2y.Cj + 2 /yj + c + xq- + yp = 0, 


SyaTj + 2/y, + c-i Xj“ + y^- — 0 , 

(iii) 

2 ffXj + 2/2/3 + c + Xj" -1 2/3' = 0. 

(iv) 


These three equations give the values of and c, provided that they are 
inch^endent. 

We fail to obtain definite values of //,/and c if 

Vi 1 

I ^'2 !h 1 

//3 i 

i. e. if the three given points lie on a straight line. Hence, in order that 
the circle may be finite the three given points must not be coUinear. 

The equation of the required circle can be expressed in determinant 
notation by eliminating //, / and c from equations (i), (ii), (iii), and (iv) ; for 
equation (ij is satisfied (by hypothesis) by the coordinates of all points on 
the re((uired circle. Thus, 

+ v^ 'V y 1 

xp + Vi -fi Ui 1 

•*’s y«. 1 

! *3 Vs 1 

is the equation of the circle through the points (a^i, y,), (a:, , y^), (x,, y,). 

1207 I 


0 



180 


THE CIRCLE 


£ sample iii. ) Two variable straight Ibies are at right angles and are 
such that the middle points of their intercepts on the axes are fixed. 

Find the locus of their point of intersection. 

Let the fixed mid-points of the intercepts be A (A, 0 ), ^( 0 , k). Suppose P 

is the point (f, i;) : any two perpen- 
dicular lines through this point have 
equations of the form 

+ = 0 , 

miy-rj)- ix - f ) = 0. 

These meet the axis of x in the 
— —A 1 cr points 


A and the axis of y in the points 

|0,m| + i;|, V~"|- 

Hence 2 ^ + ^ — /nn = 2/i, 

m ^ 

2tj -f ^ = 2k ; 

m 

thus ^ "" //J ^ ~ 2 /t — 2 

therefore ^ (2/1 - 2 1 ) -f (2 - 2 7) = 0, 

and (^, rj) always satisfies the equation 

x'-hy’^-hx-ky ^ 0 , 

which is a circle whose centre is (\h, \k) and radius i-o. the 

circle on AB as diameter ; for its centre is the mid-point of AB and its radius 
is i AB. 

Example^^ To find the equation of the circle circumscribing the 
triangle whose sides are 

lix + niiy-^l = 0 , 
wi2y4-l = 0, 
l^x-^m^y-hl = 0. 

Consider the equation 

A{l 2 X-vm 2 y + l){l^X’^m^y+l)'{-B{l^x-¥m^y + l) {l^x-i- m^y + 1 ) 

-f C(?,a; + miy f 1) (/jar-f mjy-f 1) = 0, 

where A, B, and C are arbitrary constants. 

The coordinates of any points which satisfy the equations of any two of 
the given lines also satisfy this equation : this equation therefore represents 
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some locus passing through the vertices of the given triangle : this locus is 
a circle, provided that 

(i) the coefficients of and xf" are equal, 

(ii) the coefficient of xy is zero. 

Th us A (/a Zj — mj mg) + B (/g \ - m, m^) + C{lx h “ ^^ 2 ) = 

A (/j mg + ?g mj) + B (l^ mg) + C (/j -f mj = 0. 

Cross multiplying to find the ratios ^ : J5: C, we have A,B,C proportional to 

and two symmetrical expressions. * 

Hence the equation of the circumcircle is 
' + m^) - /^mg) {l^x + may + 1) {l^x + m^y + 1) 

+ (/a^ + xn^) (lints ~ Is (IsX + mgy + 1) (liX + m^y + 1) 

+ (/g*4-m3^) (/aWi — ^im2)(/iar4-miy + 1) (Is^ + nisy+l) = 0. 

Examples V b. 

Find the equations of circles whose centres are ( — 6, 5), (3, -4) and 
which pass through the point (0, 1). 

2. Show that the points (4, 3), (8, —3), (4|, 2j-) cannot lie on a circle A. 

3. Show that the circle whose centre is (a, b) and which passes through 
the j)oint lO, b) also passes through the point (2rt, b), 

4. Show that the point (7, - 5) lies on the circle x^ + y* -- 6a; + 4y - 12 = 0, 
and find the coordinates of the other end of the diameter through this 
point. 

Show also that the points {5 cos d + 3, 5 sin ^ — 2}, [5 sin ^ + 3, 5 cos 2} 
lie on this circle whatever value 6 may have. 

y^. Find the equation of the circle which passes through the points (1, 5), 
(4, 6), (5, 3). What is its radius ? Where does the line a? = 2 cut it ? Also 
the line a;— y = 0 ? 

6. Find an equation giving the abscissae of the points of intersection of 

the circle + 1 / + 2ya; 2 fy ^ 0, and the a;-axis. 

Hence find the general form of the equation of a circle which passes 
through the points (a, Oj, (-a, 0). 

7. Find the condition that a circle represented by the general equation 
should meet the axis of y in coincident points. 

8. Find the equation of a circle which passes through the origin and cuts 
off lengths a and b from the axes. 

9. Find the equation of the circle of which the join of (a, 0), (-a, 0) is 
a diameter. 

10. Show that the four points (2, 2), (5, 3), (6, 0), (3, ~1) lie on a circle, 
anckfind its centre and radius. 

\ lO Prove that points whose coordinates are of the form 
{A + a cos k + a sin B] 

lie on a circle for all values of By and find its equation, centre, and radius. 

I 2 
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\ What is the loc LIS of the points of intersection of the lines 
ojcos ^ + f/sin ^ a* sin ^ — y cos ^ = ay2, 

where ^ is a variable constant ? 

13. At w'hat points does the line a? — 3y + 5 = 0 cut the circle 

= 0 ? 


Find the length of the intercept made on the line by the circle. 

14. Find the locus of a i^oint whose distance from («, 0) is double its 
distance from ( — «, 0). 

\^iere does the locus cut the axis of a?? 

15. The join of the points (2, 3), (-1, 2) subtends a right angle at P. 

Fiiid the equation of the locus of P, ■ ^ 

1^ Find the equation to the circle whose centre is (-6, -8) and whose 
radius is 5 ; determine whether the origin lies inside or outride the circle. 

Find the coordinates of the extremities of that diameter which passes 
through the origin. 

17. Find the equation of the circle circumscribing the triangle whose 

sides are a? + 2y = 0, 

aj-Sy + 1 «= 0, 

3a:-f y-5 = 0. 

18. Find the condition that the point dividing the join of the points 

(2, 5|, (3, —4} in the ratio I ; 1 should lie on the circle = 9. 

Deduce the ratios into which this line is divided by the circle. 

19. A point P moves in a jilane so that its distance from Ay the i)oint of 
intersection of a:-2y-4 = 0, 7a?+lly-3 = 0, is a mean proiiortional 
between OA and PA, 0 being the origin, i^V the perpendicular distance 
of P from the first line. Prove that Plies on one or other of two fixed circles. 

20. A circle passes through two points on the axis of x whose distances 
from the origin are a, and through two points on the y-axis whose 
distances from the origin are 5, <?lh. Find its equation. 

21. Find the equation of the line joining the centres of the circles which ’ 
pass respectively through the points (2, 1), (3, —2), (4, -3), and (4, 

(4, -4), (1,5). 

22. Find the coordinates of the centre and the radius of 


8.r^-f 8y^4 242; — 8y 4 15 = 0. 

Find also the coordinates of the point on the circle furthest from the 
origin. 

Determine the length intercepted by the circle on the line 227 — y 4 3 = 0. 

23. Write down the equations of circles which satisfy the conditions : -- 

(i) centre (a, 5), and passing through [h^ A;), 

(ii) radius r, and touching the ar-axis at (a, 0), 

(iii) radius r, and touching the coordinate axes. 

24. Prove analytically that if anj*^ circle cuts the axes of coordinates at 
.TO and Pp' respectively, then OP. OQ «= OP. OQ\ 

Find the equation of the circle through the points (OK, 0), 0, 0), 

(0,a), (0,^). 
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l26.)Find the locus of the centres of circles which pass through the points 
(^'2K(5,4). 

27. Pisa point in the plane of an equilateral triangle ABC such that 
PA^ = P7P + PC\ Find the locus of P. 

28. Show that a circle can be drawn to pass through the origin and the 
points (1, —3), (2, —4), (5, 5), and find its equation. 

\29.)Find the condition that the circle circumscribing the triangle whose 
sideS^re x = a, y = />, lx^ my = 1 should pass through the origin. 

30. ABCD arc four concyclic points and P is any other point ; prove that 
P42 . A BCD + PC\ A ABI) PB\ A A CD + PD’^^ . A A BC. 


§ 4. Every straight line meets a circle in two points whose 
coordinates are obtained by solving simultaneously the equations of 
the line and circle : these two points may be (i) real and distinct, 
(ii) coincident, (iii) imaginary. 


Definitions. 


(i) When a straight line meets a curve in two real and distinct 
points, the join of those points is 
called a chord. 

(ii) In the particular case when 
the points of intersection are coin- 
cident, the line joining them is called 
a tangent to the curve at the point. 

This point is the 'point of contact'. 

(iii) A straight line through the 
point of contact perpendicular to 
the tangent is called the normal to 
the curve at this point. Such a straight line cuts the curve at right 
angles or orthogonally. 



(iv) If tangents are drawn at two points P and Q meeting at T, then 
PQ is called the ^ chord of contact ' of the tangents from T to the curve. 


Let P 0^1, ^i), two y 

points on a circle. 

Draw PM\ QK perpendicular to 



Ox and QL perpendicular to PM, 


1 

Then = 

V 

'P 

II 

i 


1 

L 

and if PQ makes an angle 6 with 

1 / 


the axis of x 

0 N T M X 
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Let the equation of the circle be 

-^-^gx-^r^fy + c = 0. 

Then , since the two points P, Q lie on it, 

• Xj^+yi^ + 2gyi + 2/yi + c = 0, 

V + 2 / 2 H 2 gx^ + 2/(^2 + c = 0. 

Subtracting, we get 

(.Ti - X2) (.rj + 372 + 2 / 7 ) + (y, - ^2) (.Vi + 2/2 + 2 /) = 0 . 

Hence the direction of the chord can be otherwise expressed, thus 


tan 0 


(i) 


- -Imh — _ ••>‘i+^2 + 2,q 

?/l + 2/2 + 2 / 

Now as the point Q approaches P, i. e. as % and yo approach the 
values x^ and y■^ respectively, the fraction(yj — y2)/(^i“^2) sppi’oaches 
a limit. The chord FQ then becomes ultimately, by our definition, 
the tangent at P. The value of this limit can be found by putting 
a'2 = .Ti and y., = in (i) ; thus we see that the direction of the 
tangent at P(a’i, ;/,) is given by 


(ii) 

The equation of the chord PQ can })e written down at once as the 
equation of the straight line joining the points (.r^ , 7/2) J 

however, the tangent is defined as a special case of a chord, it is a 
logical demand that the equation of the chord joining two points 
should be found in such a form that the equation of a tangent can 
be deduced by making the points coincident algebra ically. 


Equation of the chord joining two points 7/1), on the circle 

.^“ + 772 4 - 2 gx ^- 2 fy 4- c = 0 . 

We can now obtain the equation of the chord in a form sym- 
metrical with respect to the two points, for the mid-point of the 
chord is consequently the chord is 

a straight line passing through this point whose direction is given 
by equation (i) above : thus the equation is 

\x-l{x^^x^] (a;i + a’2 + 2^)+ {y-liyx+yXsiyi+V'i + '^f)) = ('”) 

Now let us call the coordinates of the middle point A of the 
chord PQ (f, rj), then f J (-^i 4-a;2), >? = J CVi +2/2) J we then see that 
the equation of the chord PQ can be expressed in terms of its mid- 
point ; for substituting in equation (iii) we obtain 

(f+ S') +(y-’?) (»»+/) = 0 (iv) 

as the equation of the chord whose mid-point is (^, v). 
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We can discover at once from this equation several properties 
of a chord. 

(i) The centre of the circle is (7(— — /) ; hence the equation of the 
line joining the centre to the mid-point A (f, r/) of the chord is 

f+p »)+/ 

Now this line is perpendicular to the chord (iv). 

^Hence the straight line joining the centre of a circle to the mid^point of 
a chord is perpendicular to the chord, 

(ii) Suppose the chord to be one of a system of chords parallel 
to some straight line 

y = mx. (i) 

The straight line ^ 

is parallel to (i), so that 

(f+5) + »»(^+/) = 0. 

Hence the mid-point of any such chord lies on the line 

m(^-f/) = 0, 

which passes through the centre —f) and is perpendicular to 
the line y = mx. 

Hence the middle points of all parallel chords of a circle lie on a 
straight line through the centre of the circle pcriiChdkular to the chords. 

(iii) Again, if the chord 

(a! - ^ ) (^ + (7) + ft/ - r)) (>) +/) = ^> 

passes through a fixed point (A, A), we have 

(h- ^)(^+9) + {k-v) ['!+/) = 0, 
or C^ + ri^-iih-g)-il{k-/)-hg-/k= 0, 

Hence the mid-point of any chord which passes through the point 
(hj k) lies on the locus 

x^+y^-x(h-'g)-y(k-f)-h(j-fk = 0. 

This is a circle whose centre is the point \ (A— //h I (A — A i. e. the 
point midway between the given fixed point (A, k) and the centre of 
the given circle — /) • that the two points (A, k), ( — a, —/) lie on 
this circle is evident from the form 

(h~x){x-\-g)^(k-y)(y+f) = 0. 

Hence ^ the locus of the middle points of all chords oj a circle ichich pass 
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through a fixed point is a circle on the straight line joining the fixed point 
and the centre of the given circle as diameter \ 

(iv) The constant term c of the equation of the circle does not 
occur in tlie equation of a cliord whose mid-point (f, i]) is given : we 
conclude from this that ‘all concentric circles have the same chord 
corresponding to a given midpoint \ 

Note i. The reader should prove these and similar results in the simple 
case when tlie orinfin is taken as centre of the circle. The equation of the 
circle is then 

and the equation of the chord whose mid-point is (^, vj) 

or + + 

Note ii. Tf the equation of the circle is given in the form 

the equation of the chord whose mid-point is rj) is 

((\-^) -f- ifS-n) = 0. 

V. The equation of the tangent at the point (.r|, y^) to the circle 

x^-\-y^-^2gx-\-2fg^c = 0 . 

The equation of the chord joining the points (.>i, {x.,. ycj) on 

the circle is 

(ti + .r,3 + 2(j)+(y - (.V, + + 2 /) := «). 

Hence, putting X 2 = and y\^ the equation of the tangent 

becomes 

{x - a?i) (a?! + <7) + {y-lh) ilh +/) = 
or a’ (^i + 9 ) + 1! iVi +/) = + ?/j2 ^ _ 

But -\-yf -\-2 gx\ + 2 fyi-\-c = 0 since the point lies on the circle ; 

hence the equation can be written 

V g) + y (?/i +/) -f gxy^ +/?/i -f c = 0 . 

Note 3 . For the circle this becomes xx^ 4 ?///, = r*. 

Note ii. In connexion with the general equation 

ax^ -h2hxy + bf-h2gx-h2fy-i-c~ 0 
we adopted in Chapter 111 the notation 

X^ax-\-hy^-gy X = ax' -h hf -f y, 

Y=hx-\-by+f r = hx' + by'+f 
Z = gx ^fy -r c, X' = gx -^-fy + r. 
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For the circle -f / -( 2gx-^ 2fy + c == 0 

we have « = ?; = ! jind 7i = 0 ; 

so that the e{iiuitioo of the tangent at the point (x, y) can he written 

+ 0, 

or xX + yY-^Z^ 0. 

This form should l)e renienibered ; it will be shown later on to be true for 
the general equation. 

Note iii. The equation of the tangent at (.rj, y^) can also be written 
{x+g) {x^ +g) + (// +/) (i/, +/) = g- +,/'= - c, n/ 
where is the square of the radius. 

Thus if the equation of a circle is given in the form 

4 {y-i-if = 

the tangent at y^) is 

{Xy-(\)-^ {y-i’i){y^-;^) = r\ 


Definition. The angle hetireoi a straight line and the tangent at the 
point where it cuts a circle is called the angle at which the straight line 
cuts the circle. 


Ex. To find the angle at which the straight line + >n// -j- n = 0 cats 
eie circle ,r2 ^ ,j2 ^ 2 g.y + 2/1/ + c = 0 . 


Let {x^y y^) be a point of intersection of the line and circle. 
The tangent at (.rj, is 

i//i4-/)-f + r = 0. 

hence, if 6 is the angle required, 

+/ > (-^1 h//) 

Now {m (.^1 + .< 7 ) -/ I 7 /i 4 -/)}* 4 - {1{x^^9) + niiy^ + 

= (Z- -t H(-) { (Xj +5')- + (i/i +/)=} 

because 4 ?//■ 2<7,r^ 4- 4 c = 0 . 

Also m ( 7/1 -r /•] -f- J 4 g) = /.r^ 4 my^ 4- Ig 4 inf — Uj 4 inf- n, 
since (a^i, /q) lies on lx-\ my + 71 — 0. 


Thus 


tan 6 = 


y/{T-\ 7)1^ I ( 1 / + / {ig 4 mf~ n f 

Ig-\ mf—n 


As (o-q, f/j) can be either of the points of intersection, it follows that the 
straight line cuts the circle at the same angle at both points of intersection, 
or ‘tangents are equally inclined to the chord of contact’. 



188 


THE CIECLE 


If P 


18 


the point of intersection and ON the perpendicular from the 
centre 0 to the line, OP is perpendicular to the 
tangent and the result can be more easily obtained 
from the fact that 

^ ^ PN ^OP^-ON^ 

where OP is the radius. 



The equation of the chord oj contact of tangents which meet at a 
point (f, v). 


i^*rf yj 





Let the points of contact of the tangents be i/i) and 

and let these tangents meet at T(f, t;). 

If the equation of the circle is 
+ 2/^ + c = 0, 

' the equations of the tangents are 
(x + g) •¥g) + {y+f) iVi +/) = g^ -f - c 
and 

+ 9) (^2 ^9)’^(y +/) +/) = 5 ^^ +/^ ~ c , 

and since these pass through T we have the conditions 

+ +/) = r'+/2-c) 

(f + 9) (^2 + + {g +/) (y., +/) = 0 J 

But these are also the conditions that (Jt’i, y,), (.Tg, y.^) should be on 
the straight line 

+ y) + y) + {j] +/) (y +/) = y2 +/2 - c ; 

hence this must be the equation of the straight line FQ. 

The equation of the chord of contact of tangents which meet 
at the point (f, rj) is therefore 

(^+y)(f+y)+(y+/)(^+/) 

It should be noted that this is exactly the same form as that 
of the tangent at a point (^, tj) on the circle, viz, xX' -^yY' -^7/ = 0. 
The symmetry of the result leads to the following proposition ; — 


If the chord of contact of tangents from a point T passes through 
a point T', then the chord oj contact of tangent from T' will pass 
through T. 

For let T be the point (f, t|) and T' be the point (f', yf) ; the chord 
of contact of tangents from T is 

+ S') (^ + 9) + +/) (»? +/) = P^+P-c, (i) 
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and the chord of contact of tangents from T' is 

(a:+^) (r+<7) + (»/+/) (w'+/) = 9^+P-c. (ii) 

The conditions that T should lie on (ii) and that T' should lie 
on (i) are identical, viz. 

+ g) + S') + (»? +/) W +/) = 0^ +f ^ - c. 

We shall discuss these equations more fully later in the chapter. 

7b find the coordinates of the point of intersection of tangents to 
the circle x^-\-g^-i-2gx + 2fg-^c = 0 at its points of intersection with 
lx + my-\-n = 0. 

Let (^, 1 ]) be the point of intersection ; then the chord of contact 
of tangents from (^, rj) to the circle 

!X!{i+9)+y{v+f)+gi+A+c = 0 
must be identical with Ix-\-mg-\-n = 0. 

Thus 

I m n 

_ g'^+P—c . 

~ lq-\-mf—n' 

The coordinates of the point are therefore 

\lg-\- nif— n ^ ’ lg + mf— n 


~J To find the length of the tangent from any point (^, j/) to the circle 
cr^+y^ + 2g.r + 2fy + c = 0. 

Let (.r„ ?/,) be the point of contact of the tangent ; this lies on the 
chord of contact of tangents from (^, g), viz. 

x(^+g)+y{g+f)+g$+fv + c = 0; 
hence (f+ 5 ') + yi {’(+/) + fl'^+/>? + c = 0. 

Now (length of tangent)^ 

= (f-a’,)“ + (»;-l/i)‘^ 

= ^ + g^-2xii-2y^g + xi‘ + yT^ 

- ^ + v^-2x^ ^-2y^g-2gx^-2fyy-c 

[since (x,, y,) lies on the circle] 

= e^+g^-2x^(^+g)-2y^(g+f)-c 
= C^ + g^ + 2g^+2fg + c 

[since (% yj) lies on the chord of contact]. 
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Note i. If TP is the tangent and 0 the centre of the circle, then, since 
OP is perpendicular to PT, PT^ = OT^ - OP^ 

= + 2^^ 4 2/;; 4 C, 


Note ii. The square of the length of the tangent from T to a circle 

-I f/ + 2 gx -I 2/>/ 4 c = 0, 

is obtained by substituting the coordinates of 
T in 

4 4 2 /jra; 4 2/y 4 c. 

Hence, if T is outside the circle the result of 
this substitution is positive, if on the circle zero, 
if inside the circle negative, the tangent being 
then imaginary. 

This agrees with the condition 

TO’^ >, ~, or < (radius)^. 



The equation of the normal at theqmnt (a;,, ?/, ) to the circle 

x^-\-if^2gx-^r2fy^c = 0. 

The tangent at (.Tj, yf is 

K -1 - //) + y (Vi +/) + (J^x 4*/yi + c = 0, 
and the normal is the line through y^ perpendicular to this, viz. 
(.r - .r i) {y^ 4-/) ~ (// - t/i) (^i + g) = 0, 

which is the equation of the straight line joining the points (.Tj, y^ 
and -/). 

Hence the normal at any point of a circle passes through the 
centre, i. e. is a radius ; and conversely all radii cut the circle 
orthogonally. Hence, also, the join of the centre to the point of 
contact is perpendicular to the tangent ; or, in other words, the per- 
pendicular from the centre on a tangent is equal to the radius. 

We have endeavoured so to discuss these preliminary equations 
as to discover naturally by analyticfil methods the well-known 
properties of tangents and chords of a circle ; the object of this 
is to create in the mind of the reader, if possible, a feeling of 
confidence in the analytical method. 

The work can obviously be simplified by assuming these well- 
known properties (see notes appended above), but if this is done 
no opportunity occurs of exhibiting in a simple manner the certainty 
and directness of analysis. When solving problems the student 
should take the simplest form of the equation of the circle which is 
allowable under the given conditions. 
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Illustrative Examples. 

1. To find the condition that the line lx-\’my + n=^0 should touch 
the circle fy-\-c = 0. 

The perpendicular from the centre — /) on the line is equal to the 

radius 

Th us {l(j + mf— n)^ = {p + m^) +/® — c j . 

rv ^ llv) To find the equations of tangents to the circle 

x^-ry'^^-2gx^-2fy-\-c = 0 
ivhich are parallel to the line Ixi-my 1. 

(^i» Vi) is the point of contact, then, since the tangent is a line 
through this point which by hypothesis is parallel to Ix + my =1, its equation 
i® + m ft/ -«/,)=- 0. (i) 

But the perpendicular on this from the centre — /) is equal to the 

radius 

Hence % + ^ ^ 

or Ix^ 4- my^ = + + +/* — c — {l(j + mf ) ; 

and substituting in (i) we obtain 

l{x^ g) + m{y+f ) = + + m'^ 

as the required equation. 

There arc then two tangents to a circle parallel to any given line. 

Note. If the line is given in the form a: cos Ot + t/ sin CX -jf; = 0, the 
equation of the i)arallel tangents follows more simply, viz. 

(x -f y) cos 0( + {y 4 /) sin CX — ± \/g^+P — c. 

HI. To find the equation oj the cirvU 

4a; 4-2^4- 3a V 

and cutting off equal chords^ each of 
length a, from the portions of the 
coordinate axes between this line and 
the origin. 

The straight line 

AB^ 4a:4-2// + 3rt\/5 = 0 
cuts the axes at points whose coordi- 
nates are negative ; hence the centre 
of the circle lying inside the triangle 
OAB has negative coordinates. 

If the circle is 

a?‘^4-y*4-2<7a:4-2/^/ + c = 0, 
the values of g and / are consequently 
positive. 
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This circle cuts the a;-axis at points whose abscissae are given by 

+ + c = 0. 

If these are and 0^2 > then by hypothesis 

*JI?2 

Hence 4^* — 4c = a^ 

Similarly for the y-axis -4c ^ 

Hence y® « /*, 

and since both are positive P = /• 

Expressing the fact that the perpendicular ft-om the centre (— y, -/) is 
equal to the radius, we have 

(4y + 2/- 3a >/5)* = 20 (y* +/* - c). 

Since y— /and c ==y^ — 

we have — = 20y^ + 5a^ 

i. e. 16y* — 36ya 4 40a® == 0, 

or ^/5 + 10a® = 0 ; 

y = J\/5a or 2a\/5. 

The centre is therefore ( — J \/5 a, ~ J \/5 a), 
for the point (--2a>v/5, -2ay/b) lies outside the triangle OAB. 

Hence c = a® - Ja® = ^ a®, 

and the required equation is 

+ + 0 , 

or 16(a7®-f y®) + 8 v^5a(a: + y) -fa® = 0. 


(IV.J Investigate the condition that from the point P (a, fS) on the circle 
x(x’—0()'\-y{y — f^)=^0 it may be possible to draw two chords each 
bisected by the axis of and show that the angle between them is 


tan ^ 




Let -4(1, 0) be the mid -point of a chord PQ of the circle 



-\~y^ — Oix — fSy = 0 . 

The equation of this chord is 

(f-^) (f-|a)+^(y3) = 0. 

This passes through the point (a, /3) if 

i.e. + = 

which equation gives the values of 
These values are real if 

ja’>2oi*+2/3*, 


i.e. if 0i‘ >83’, which is the required condition. 
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If (ij it S'l'O roots of the equation, 

The equations of the two chords PQ, PQ' are then 

thus the angle between them 


since 


and 


= tan*^’ 


fi 

, , (2f,-cx)(2{,-a) 

3* 


= tan-^ 


= tan 


4fi5ii-2a(Si+|,)+a*+j3* 

3|3 ■’ 

fi + l. = K3a) 


Vito 


ixamples V c. 


Find the equation of the chord of the circle a?^ + y'^ + 6a; + 8y + 9 = 0, 
whose mid-point is ( — 2, —3), 

V-g'. Write down the equations of the tangents at the point ( — 2, 4) to the 
circles (i) ic*4-f/'^4 4a:~10y + 28 = 0; 

(ii) (a;-l)* + (y~5)*- 10; 

(iii) (x + 5)^ + = 25. 

3. Find the equation of the tangent to the circle a?- + y* = 4 which is 
perpendicular to 3a? + 4y = 5, 

4. Show that the line 3ir + 4y + 10 = 0 touches the circle 

a;*+y* — 2a? + 4y + 4 = 0. 

Find the point of contact and the equation of the other tangent parallel 
to this. 

5. Is the point (5, — 6) inside or outside the circle 

a7Hy"--2y-llaJ-24 = 0? 

Show that the point (1,2) lies inside the circle, and find the equation of 
the chord of which it is the middle point. 

6. Find the coordinates of the point of intersection of tangents at the 
points where a: + 4y = 14 meets the circle a:’+y’ — 3a? + 2y = 5. 

l]) Prove that the point (3, 4) lies outside the circle 
2a;«+2y* + 12a?-9y « 1, 

and find the lengths of the tangents from it to the circle. 

Show that their points of contact lie on the circle 
a:*+y^-6a?-8y + |« 0, 
and on the straight line 24a?+7y-2*=0. 
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8. Find from the definition of a tangent as the limit of a chord the 

equation of the tangent at (2, 5) to + = 29. 

9. Show that + = 0 touches — 3a?~3y + 2 = 0. 

Find the equations of the tangents to the circle which are perpendicular 
to the given one. 

10. The point (2, 3) is the mid-point of the chord of a circle and the 
equation of the chord is 5a;-f 2y = 16. Find the locus of the centres of such 

^ircles. 

Find the equation of the circle inscribed in tlie triangle 3a; + 4y = 12, 
a; = 0, y = 0. Also of the circle escribed to the first side. 

12. Prove that the line (a;- l)cos^ + (y-2) sin^ = 3 touches the circle 
(jc — l)^ + (t/ — 2)* — 9 whatever value 6 may have. 

Find the coordinates of the point of contact. 

13. Show that the lengths of the tangents from any point on the straight 

line = 0 to the circles 

a?" -f 1/^ 7 a; — 9 y + 6 = 0, x'“ -4 y" - 5;r i i>y — 6 = ») 

are equal. 

14. A point moves so that the lengths of the tangents from it to the 

circles -+-6.r~-4y = 12, y^-“4a; — 4y -I 5 = 0 are equal. Find the 

equation of its locus. 

Find also the equation of the line joining the centres of the circles and 
show tjKu the locus cuts it orthogonally. 

\l&r Find the equations of tangents to the circle (a’-l)^-{ (y — 2)* = 4, 
which make an angle tan"^ with the axis of x, 

16. Find the locus of a point P which moves so that -f FT'’= constant, 
where FT and PT' are tangents from it to two given circles. 

Also when PT'^ — PT '^ = constant, and in general when 
P PT' + m . Pr'2 == constant. 

17. A point P moves in the plane XOY so that its dit^tances from the 
points (5, Ij, (3, 2) are in the constant ratio of 2 : 1. 

Find the locus of P and show that 2a:~y-fl = 0 is a tangent to the locus. 

18. Find the equation of the circle passing through the points A ( — 4, 3), 
P(-8, -4), C(4, -3). 

Prove that the tangents at A and C are parallel and each perpendicular 
to the tangent at B. 

19. Show that the straight line a: cos ^ + y sin ^ = 0 meets the circle 

x' + y^=r^ in real, coincident, or imaginary points according as p is <, 

or > r. 

20. Find the equations of tangents to the circle + y^ — parallel to 
X cos a -f y sin 0( = p. 

21. Find the locus of the centres of circles which pass through the 
points («i, ?>i), (a^, 

22. Find the locus of the mid-point of a chord of a circle which is of 
constant length. 

23. Find the locus of the mid-points of all chords of a circle which are at 
a fixed distance from a given point. 
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21. Show analytically that two circles can be drawn through a given point 
to touch each of two given straight lines. 

Find the equation to the circle when the straight lines are axes of coor- 
dinates and the coordinates of the fixed point are (3, —6). 

25. A point I* moves so that the srpiares on the tangents P2\, 
from it to a number of given circles aie connected by the relation 

PyV + + . . . = 0. 

Show that P lies on a circle whose centre is the mean point of the centres 
of the given circles for the constants r/g.... 

26. A point moves so that its distance from a fixed point is twice the 
length of the tangent from it to a given circle. Show that its locus is 
a circle which lies entirely outside the given circle. Find also the distance 
of the fixed point from the centre of tlie given circle if the centre of the 
locus lies on the given circle. 

27. Find the locus of the foot of tlio perpendicular from the origin to 
tangents to + 2gx^ r 0. 

§ 5. Wo now propose to discuss various forms into which the 
equation of the circle can Im put, and convenient methods of 
manipulating these equations ; and also to illustrate the types of 
problems to which each form is specially suitable. 

T/ie centre at (he origin. Z/” = r-. (I) 

In the majority of problems dealing with one circle the work is 
simplified by using this, the simplest, form of the equation of the 
circle. Since the equation is the same for any pair of rectangular 
axes through the centre, we can further choose the coordinate axes so 
as* to make some other detail of the problem simple, e. g. the axis 
of X may be taken through some special point. 

Tho various equations already found become in this case : 

The chord joining (.r^, /y.) 

(x\ -f- .r.,) -f- y (y/i + /aJ = x., + y/, -f r-. 

The chord whose mid-point is (t, q) 

x^-^yg = 

The tangent at (.r^, y^) xx^ -f V//j=rH. 

The chord of contact of tangents meeting at (f, >/) 

x^+yn = >-, 

We have hitherto denoted any i3oint on the circle by (jtq, j/j), 
coupled with the conditional equation ?/i“ = r-. It is often 
possible to find a particular form for the coordinates of a point on a 
given curve containing only one variable, and such that the conditional 
equation is identically satisfied by the coordinates. Such coordinates 
are called parametric, and the single variable is called the paraineter, 

1267 


K 
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Now in the case of the conditional equation -f -- since 
I'^cos^d-f r2sin^d=r2 is identically true, the point (rcosd, rsind) 
satisfies the equation of the circle for all values of d. We can 
therefore use (rcosd, rsind) to signify in general a point on the 
circle provided that every point on the circle can be so denoted. 

Geometrically, if P is any point on 
the circle, the position of P is known 
when the angle xOP{0) is known, and 
provided that the method explained for 
polar coordinates is adopted to measure 
the angle d, one definite point on the 
circle corresponds to a given value of 
d, and, on the other hand, a definite 
value of d corresponds to every point 
on the circle if 0 is taken between 
0 and 2 tt. 

Algebraically, we see from the equation x^+y^ = f^ that the 
maximum and minimum real values of x and y are r and —r ; since 
cos 6 and sin 6 lie between 1 and -- 1, the coordinates (r cos d, r sin d) 
lie between r and — r, and can have any value between these limits. 

In future we shall refer to the point (r cos d, r sin d) as the point 
on the circle 4- whose parameter is d, or briefly ‘ the 

point d ’ on the circle. 

The equations of the, chord joining two points d^, dg and of the 
tangent at the point d can be found from the above equations by 
substitution ,- we leave this as an exercise for tlie student and give an 
independent investigation. 

To find the equation of the chord joining the points and d^. 

The line joining (r cos dj, r sin dj), (r cosdg, r sindg) is 
x — rcoQ 01 _ y—rsin 0i 

r (sin d 2 — sindj) 


1 . e. 


r (cos d 2 — cos dj) 
rr— r cos d| 


y— r sin d^ 


sin i (01 - dg) sin ^ (0^ + dg) sin ^ (dg - dj) cos J (d^ + 0 ^) ' 

or, dividing the denominators by sin^ (dj — d 2 ), we get 

X cos ^ (dj + d 2 ) + y sin I (d^ + d 2 ) = r cos \ (dj - dg). 

Note. The removal of the factor 8in^(di-dj) should be compared with 
the corresponding work in § 4, p%184. 

Mif) The equation of the tangent at the point 0. 

This follows from that of the chord by putting $1 = 0^ = 6 ; 
a:cosd + ysind = r. 
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intersection of the line Ix-^-my^-n = 0 and the circle 
x^-\-y^=z 

To find the points of intersection of two loci we have to solve 
simultaneously the equations representing those loci : we may obtain 
an equation giving the a;-coordinates of the common points and 
a second giving the ^-coordinates. 

The following illustrates the advantage of the use of parametric 
coordinates in such investigations. 

If 0 is the parameter of any point common to the circle .^ 2 -f ^ 2 ^ ^.2 
and the line lx + my -f m = 0, the coordinates (r cos d, r sin d) of the 
point must satisfy the equation of the line. Thus 

Ir cos d -f wir sin d -f M = 0. 


This is true for any common point of the circle and line, hence the 
values of d given by this equation are the parameters of the points of 
intersection. 

The equation can be expressed in terms of a single variable tan i d 
by substituting 


cosd = 


l-«tanH^. 

l+Tan^^r 


sin d = 


2 tan I 0 
1 + tan^d^ 


in which case it becomes 


(n — Ir) tan^ i d + 2 mr tan ^ d + (n + ?r) = 0. (i) 

Each value of tan | d given by this equation corresponds to one 
point only on the circle ; for suppose that 
tan ^ d = ky 

then t d = WTT + tan ^ A*, 

or d == 2n7r + 2tan'^ A;, 

which gives the same point whatever value n has. 

The equation (i) is quadratic in tan ^ d, and we can now apply 
our knowledge of quadratic equations to investigate the intersections 
of the line and circle. 

(a) A quadratic equation has two roots ; hence a straight line 
meets a circle in two points. 

(b) The roots of the equation are real and distinct, coincident, 
or imaginary according as 

is >, =, or 

i.e. as is positive, zero, or negative. 

Hence the line + + M = 0 cuts the circle x^-^-y^^^r^ if 

K 2 
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is positive, touches it if the expression is zero, and 
meets it only in imaginary points if negative. 

(This condition corresponds to the perpendicular from the centre 
to the line being less than, equal to, or greater than the radius.) 

(c) If di, 6^^ are the values of 0 which satisfy the above equation, 

2 7)IV 

the sum of the roots = tan i 0, + tan J = — * 

- ^ ^ n-lr 


the product of the roots = tan I 0^ tan I 0.> = 


n + \r 
Vi’—lr 


Hence 


Ir : m r : n 


= 1 — tan .} 0^ tan h 0o : tan I 0i + tan i 0^ : — (1 + tan \ 0^ tan I Oo) 

= cos J (dj -f 0.^) : sin J {0^ -f ^^ 2 ) • —cos I (0^ — 02 )» 

The equation of the straight line hi terms of the parameters of its 
points of intersection with the circle is tlierefore 

.r cos I (01 4- ^2) + y I (^1 + 02)^^ i (^1 ^2) = ^9 

which agrees with the equation of the chord joining the points 0^ 
found otherwise. 


(iv) To find the points of contact of the tangents tvhich can he drawn 
from a given point to the circle. 

Let the given point be (A, h ) ; now the tangent at the point 0 is 
X cos 0 + y sin 0 = r. 

If this passes througli (h, h) 

h cos d 4 - A' sin 0 = r. 

This equation is true for the parameter of any point the tangent at 
which passes through (A, k). It can be written in the form 

(h 4 r) tan‘^ J 2* tan 1 0 + (r- h) = 0. 

Then 

(a) Since the equation is quadratic it has two roots ; thus two 
tangents can be drawn from any point to a circle. 

(b) The roots are real, coincident, or imaginary as 

A- is >, =, or < 

i. e. as 4 - is positive, zero, or negative. 

Thus the two tangents w’hich can be drawn from (A, A:) to the 
circle are real, coincident, or imaginary according as 
— is positive, zero, or negative, 
i. e, as (A, k) is outside, on, or inside the circumference. 
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(c) The square of the length of a tangent from (A, fc), (if 0 is the 
point of contact) 

= (ft — r cos Oy^ + (ft— r sin 0)^ 

= ft^ + — 2 r (ft cos 0 -f ft sin (?) 

= ft2 4‘ft^ + r- — 2r- 
=r ft^ + ft^--r-\ 


(d) If the two values of 0 given by the equation are 0 ^, 0 ^^ then 


the sum of the roots = tan i -f tan ^ 0,^ = 



the product of the roots = tan 1 0 i . tan J 0 ^ 


)’ -f- ft 


Hence 


_ 1 — tan \ 0 ^ tan \ 0 ^ 

* ^ * 1 -f tan \ (?j tan i 0 .^ 


cos \ (01 -f 0 o) 
cos \ ((?i — (?2)^ 


_ tan h 4 - tan ^ ^2 i (^i + ^2) 

^’14- tan ^ Oj tan i 0 .^ ”” * * cos 1 (^1 — ^2) ' 

This result evidently gives the coordinates of the points of 
intersection of the tangents at the points 0 i and 02* 

It can be verified by solving the equations 
./• cos ^ sin (?| = r, 

X cos 0 o 4 - ^ sin 0 .^ = r. 

No new facts have been found in the above analysis ; the work is 
intended to illustrate the application of algebra to.geoinetry, and also 
to familiarize the student with methods which will be used later on 
in the book. 


Illustrative Examples. 

I,(i) To find the anylc hctivcai the tangents which can he drawn from 
the point (ft, ft) to the circle = r^. 

Suppose that the points of contact of the tangents are and 62 1 then 
equating the coordinates of the point of intersection of the tangents at these 
points to the given values 

COB \ {0) + 02 ) _ ^ 2' (^1 + ^2) _ ft‘ / • \ 

cos — dj) r ' C08l (di~^2) "" r 

But the equation of the tangent at the point d, is 
X cos 01 + g sin dj = r, 

which makes an angle (^tt + ^i) with the axis of x. 

He^ce the angle between the tangents is (dj-dj). 
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But from equation (i) 


(7t* + fc’) cos' I (tf, - ^j) i 


2r' 


l + CO8<»,-0, = ^,^- 


Cor, The locus of the intersection of tangents to the circle which include 
a constant angle 20( is 0 ?* + ^^ == j-^sec^a, i. e. a concentric circle. 

The student should also work the problem geometrically. 


in) A A'' is the diameter of a semicircle and P is any point on the 
circumference ; to find the locus of the centre of the circle inscribed 
in the triangle APA\ 


The geometrical solution of this question is evidently easy; for if I be 

the point JA and lA bisect the angles PAA' 
and PA A ; moreover, the angle P is a right 
angle. Hence the angle AIA\ which is the 
supplement of ^{A + A)^ is 135^ The locus 
consists therefore of the arc of a circle 
passing through AA, We have selected this 
problem, however, because the result obtained 
by purely algebraical analysis results in an 
equation which needs discussion and is 
typical of a variety of problems in which 
the results are difficult for the student to 
interpret. 

Now let A\ P, and A be the points 0, 0, n 
on the circle 

0 being < n. 

Then the lines APj PA, and AA are 

a:cos y sin|^ — rcos|^ = 0, 

-a:sin^d + yco8 1^ — rsinl^ = 0, 

y =0. 

If I, any point on the required locus, be (x, y), since / is the centre of 
a circle touching AP, PA, and AA, the perpendiculars from / on the three 
stmight lines are equal. Hence (ar, y) satisfies 

(a7-r)cos|d + y 8in^^4 y = 0, (i) 

y cos^d— (ar + r) sin^^ + y = 0, (ii) 

i.e. coB^^ _ gin^^ 1 

y(y + ar + r) y(y— a:4*r) y* 

Hence y* (y + a: 4 r)* 4 y’ (y ~ a? 4 rY = (y® 4 which is the 

equation of the locus required. 
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This can be simplified thus : it is the same as 



2y’(y’ + a:» + 

2ry + r*) = (y* + a?* — 7-*)*, 

i.e. 

2y’(y’' + a:’ + 2»y-r=) = 

= (y® + a;*-»'»)®-4»'®y’, 

i. e. 

2y’ (y* + a:* + 2 ;y — r®) = 

(y'* -t ip’ 

' + 2»>y-r*) (y* + a:’-2ry-/^), 

i. e. 

(y’ + a:* + 2ry- 

.,^)(y». 

-x^ + 2>y + f^) =0, 

i. e. 

(y’ + x’ + 2/y- 


r + x)(^ + r-a;) = 0. 


The locus then consists of three parts : 

(a) the circle + 2ry-r^ = 0, i.e. a circle centre 5(0, -r) and 
radius r>v/2 ; (b) the line + y + viz. AB] (c) the line :r~y~r = 0, 

viz. A'B. 

Solving equations (i) and (ii) for y, we find 

/- . d d\ . ^ 

y 1 + sm - + cos - j = r sin 6 ; 

since B is less than tt, y is always positive and therefore the locus is confined 
to that part of the circle (a) which is above AA\ 

Now we see from the equation (i) that when a:*fy-fr = 0, 6 is rr, and 
when — r = 0, disO. 

When P approaches A'^ AP approaches coincidence with AA'; and A'P 
approaches the position where ^Tis perpendicular to AA\ 

In the limit when P coincides with A\ then the sides of the tiiangle are 
AA\ AA\ and TA\ 

Now the line 5 J.' bisects the angle AA'T\ hence the perpendiculars from 
any point on this line to AA^ and TA' are equal, i. e. any points on the line 
fulfil the condition that the perpendiculars from it on the sides of the 
triangle APA^ are equal when P coincides with A\ 

So also BA corresponds to the position when P coincides with A. 

Note. Had we been finding the locus of the centre of the circle escribed 
to the triangle APA\ the sign of perpendicular on y « 0 would be changed 
in our original equations ; but in the process of elimination we have squared 
the y arising from this perpendicular, hence the locus of the escribed centre 
is contained in the equation found. 

Examples V d. 

[ 1.' Find the area of the triangle formed by tangents at (1, 18), (6, 17), 
(10, 15) to the circle = 325. 

2. Where does the circle .x’^ + y^ = 125 meet the line x + 3y = 25 ? 

Find the point of intersection of tangents at these points. 

3. Find the coordinates of the points of contact of tangents from (7, 1) 
to x* + y^ == 25. 

4. If AB is the chord of contact of tangents from P to a circle centre 0, 
prove that OP is perpendicular to AB ; and if these lines intersect at A" 
then ON. OP = (radius)*. 

5. Find the tangents to the circle a7* + y* == «* inclined at an angle OL to 
the axis of x and the coordinates of the points of contact. 

6. Show that the length of the chord joining the points B^, on the 

circle a;* + y*«= r* is 2r8in J(di~d 2 )* t 



152 THE CIRCLE 

7. Tangents at the ends of chords of fixed length in a circle intersect on 
a concentric circle. 

8. Find the tangent of the angle between the two tangents from the 

point (8J, 3J) to the circle = 29. 

9. Prove analytically that all angles in the same segimmt of a circle 
are equal. 

10. A straight line cuts two concentric circles in the points >4, and C, D 
respectively; show that the area of the rectangles AC,CB or AT) , DB 
are independent of the position of the straight line. 

11. AB is a given diameter of a circle and PQ a chord of constant length. 
If BQ meet at P, show that the locus of P is a circle. 

AC, BD are perpendicular chords of a circle through fixed points 
^1, P on the circle: prove that CD always touches a circle concentric with 
the given circle. 

13. Tangents from the point Pto the circle + meet the axes of 

coordinates in four concyclic points. Show that P lies on one or other 
of two right lines. 

14. AA' is a diameter of a circle and P is any point on its circumference. 
Find the equation of the locus of the foot of the perpendicular from A 
on the bisector of the angle APA'. Describe the locus. ^ 

§ 6. A circle can be drawn to circumscribe any triangle, and when 
its centre is taken as origin of coordinates many of the properties of 
a triangle can be conveniently investigated. 



In this paragraph we shall use the following notation : — 
The circumcircle is ; its centre is 0. 
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The verticefci of the triangle are -4 (ii cosa, i^siiiOn) ; B{R cos fS, 
E sin ft) ; C (R cos y, R sin y). 

The perpendiculars from the vertices on the sides are ADy BEy CF. 

The orthocentre is iL 

The mid-points of sides are A\ B\ C\ 

The centre of gravity, centroid, or centre of mean position of ABC 
is G. 

The nine-point centre is N. 

2C ^ R (cos (X -f cos ft + cos y), 

2S = R (sin a -f sin ft + sin y), 

2(7 = + 

The student should work straight through the following examples : 
the easier questions are left as exercises, and the results obtained 
are used in the illustrative problems. 

Examples V e. 

^"1. The coordinates of the centre of gravity (O) are C\ giV}. 

^ 2 . The ortliocentre (Jl) is the point {2C, 26;. 

•h The mid-poiiit (U) oi HA is [C-f cos OK, 6 N oi?sin 

4. The mid-point (J') of JWia — cos Ok, 6 - 4 sin OkJ . 

5. The mid-point of A'U is [C, 6 ’]. 

6 . Show that G trisects the line joining OIL 

7. The yine-poh\t Circle. 

The equation of the chord BC (Fig., p. 152) is 

.r cos ^(3 -I y)4 ,vsin5(3-f y) = //cos4(3~y). (i) 

The perpendicular to this through Ay viz. AD, is 

[x-R cos ok) sill i (3 + y)-- (y- a* sin \\) cos J(3 + y) == 0 , 
i.e. a; sin ^(34-7) -y cos JO + 7) = A sin (3 + y) “ • (ii) 

The coordinates of the point (Z>) of intersection of the lines (i) and (ii) 
are given by solving these equations ; thus 

2x — R(cosft + cosy + cos(X-cosfi + y—0) 

— 2C- R cos({:i-\ y — OC)y 

2// = (sin3*f siny-J sin OK — sin 3 + y— Oi) 

= 26'— 7^ sin (34 7 - OK). 

Thus x-C= - 1 ^ 003 ( 34 - 7 -ok), 

l/-S= - ^ Asin (3 + 7 -OK). 

Hence the coordinates of the point D satisfy the equation 

+ (y - 6 )® = (cos* 3 4- y - OK 4 - sin* 3 4- y - cX), 

i* e. Cj* -i (y ^ 6 )* - 1-7^*. (iii) 

The symmetry of the result shows that the coordinates of the points 
E and will also satisfy this equation. 
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Thus equation (iii), which represents a circle, is the circle DEF. 

This equation is satisfied by the coordinates of A\ viz. 

(C-|i?cosa, S-lRBinOc], 
and from symmetry by those of B' arid C\ 

So also the point U {C-f Ji^coscx, S+JjRsina} lies on this circle, and 
from symmetry V and JV, 

Hence the nine points 7), E, F, A'y B\ C\ U, F, W lie on a circle whose 
centre is (C, S) and radius \R, 

The nine-point radius is half the circumradius. 

8. The orthocentre, nine-point centre, and circumcentre are collinear, 
the nine-point centre lying midway between the other two. 

9. The angles A, E, C of the triangle are 3), tt- J( y-a), J(i3-a). 

10. Show analytically that HA = 2i?cos A. 

11. Show that AB.AC=^2R.AD. 

12. If ABCD are any four points on a circle 

AB. DC + AD. BC ==AC.BD. 

13. The feet of the perpendiculars from any point Pon the circumcircle 
to the sides of an inscribed triangle lie on a straight line called the 
‘ Simeon line ’ j)f the point P, or the ‘ pedal line * of P. 

Let the circumcircle be 0 :* + = P*, and the vertices of the triangle be 
.4 (P cos a, Psina), P(Pcos^, Psin^). C(P cosy, Psiny); 
let P{R COB $j Psind) be any point on the circumcircle. 



Now BC is the line 

a?cos4(/3-fy) + y8ini(3 + y) = Pcosi(^-y), (i) 

and the equation of the perpendicular from P to BC is 

(aj-Pcos 6) sin JO-f-y)--(y-P sin 6) cos JO-f y) = 0 
a; sin ^0 + y) -y cos ^ + y) = sin {^0 + y) - tf}. (ii) 


or 
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If then X and y are the coordinates of L, the point of intersection of 
(i) and (ii), 

X = jR8in^(3 + y).sin {^(3 + y)-^} + cos 10 + 7) . cos 
or 2a? = li {cosd + co8/3 + co8y-co8 0 + y~d)} ; 

80 also = /?{8in^ + Bini3 + giny — sin(/3 + y~^)}. 

Hence, using our former notation, we get 

2a?-2C““2? cos^ = 7? { — cosa-cos^ + y-d} 

= - 27? cos |(a + ^ + y - d) COB J(0( + ^- 3 -y), 

2y>-'25'--7?8ind = 7? {-sin (X- sin 3 + 7 -^} 

= - 2 7? sin ^ (a + 3 + y - d) cos ^ (a + d - 3 - y) ; 
therefore the coordinates {x, y) of the point L satisfy 
(a?~C— J7?cos S) sin 1 (OK + /3 + y — d) — (y— S— 17?Bin ^)cos J(a + j3 + y — ^)=0. 

The result is symmetrical with respect to OK, y, and consequently the 
coordinates of the feet of the perpendiculars from P to CAy AB also satisfy 
this equation. 

Hence LMN is a straight line whose equation is 

C— ^7?cos^)sin(a- — 1^) — (y — 5-^P8in^)eos(»r-^^^) = 0, (iii) 

and this is the pedal line of the point d. 

14. If the pedal lines of 7^, Qy It all pass through the nine-point centre 
of ABCy then FQR is an equilateral triangle. 

Let P be the point d, then the pedal line is 

(a?“ C— JP cos d) sin (or~|d) — (y-5-iPsin d) cos (cr-id) = 0. 

The nine-point centre is the point (C, S) ; hence if the pedal line of the 
point d passes through the nine-point centre we have 

cos d . sin ((7 — Jd) -sin d. cos (o- — Id) = 0 or sin (f d — o') = 0. 

Hence ijd — o' = n7r or d = Jn7r + g<r. 

The possible values for the parameters of points P, Qy R whose pedal lines 
pass through (C, S) are therefore jfer, §Tr + 5cr, |7r + §or, obtained by giving 
n the values 0, 1, 2; the value of d corresponding to any other value of 
n gives one or other of the same x^oints P, Qy R. 

Hence the angles which PQ, QRj RP subtend at the centre of the circle 
are each equal to l{7r, and the triangle PQR is equilateral. 

Hote. If OK, ft y, d are four x)oints on the circle a;* + y® == 7?*, and 

2C'= R (cos OK + cos i3 + cos y + cos 5), 

2S' = R (sin a -f sin ^ 4 sin y 4 sin 5), 

2cr' = 0K + i3+y + 5, 

then the equation (a;— C') sin (a' — d) — (y~ iS') cos (o-' — d) = 0, when d has 
any one of the values OK, /3, y, or S, represents the pedal line of the corre- 
sponding point with respect to the remaining three points. The symmetry 
of this result is helpful in problems relating to the pedal lines of four points. 

15, The pedal line of P with respect to the triangle ABC bisects the join 
of P to the orthoceutre of the triangle. 
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16. If the pedal lines of P, P' are perpendicular, then 1*P' is a diameter 
of the circle. 

17. The pedal lines of PP' are inclined at an angle equal to half the 
angle subtended by PP' at the centre. 

IS. If PL meets the circumcircle at P, AR is parallel to the pedal line of P. 

19. If the pedal line of P is parallel to PC, find 7\ 

20. The pedal lines of three points PQR on the circum circle of a triangle 
ABC with respect to ABC form a triangle similar to PQR. 

21. The pedal lines of the extremities of any diameter intersect on the 
nine-point circle. 

22. If PP' is parallel to PC, then P'A is perpendicular to the pedal line 
of P, 

23. If Ay By C, D are four concyclic points, and the i)edal lines of each with 
respect to the other three be drawn, these four pedal lines meet in a point : 
prove also that the centre of mean position of A BCD bisects the join of 
the centre to the point of concurrence of the pedal lines. 

24. There are three pedal lines which pass through any given point. 

25. If the pedal lines of the points 0y (/>, xjr on the circle = P* with 

respect to the points (X, /3, y are concurrent, then ^40-1 0 -f- -f y -f 2 ^tt. 

26. A.ByCyD are fixed points on a circle on which moves a variable point 
Py and the pedal lines of C and D with respect to .4PP meet at Q. Show that 
the locus of Q is a circle. 

§ 7. The equation of the circle whose centre (ok, and radius r are 
given ^ is 

+ = r‘^. (II) 

This form has occurred previously, and the equations of a chord, 
tangent, and chord of contact were found. 

As in the first form, we can use a parametric system of coordinates 
for a point on this circle. The coordinates of tho point 
[ok + r cos Oy fi + r sin,^!} 

satisfy the equation of ttTe (urcle for all values of 0. 

If C is the centre (a, of the circle, 
and P is any j^oint 0 on the circle, tlien 
6 is the angle which the radius CP 
makes with the axis of x. 

Thus in the figure the a;-coordinate 
of P is 

OM = OL -f- LM = OK -f r cos 0, 
and the ^-coordinate 

MP=LG+NP=: flA-rsine. 
When 0 is in the second quadrant 
the u:-coordinate of P is less than (X and the ^-coordinate greater 
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than l3y which corresponds to the fact that cos^ is negative and 

sin 0 positive when 0 lies in the second quadrant. The student 

should consider the coordinates of P when it lies in the third and 
fourth quadrants. 

To find the equation of the chord joining tivo points 0 and (f) on the 
circle a)^ + ( 2 /— /3)^ = 

The following is a variation of the former method of finding the 
equation of a chord. 

Let the equation of the chord be 

A,x -f- By “h C = 0. (i) 

Since the given points lie on this 

A (a + r cos0)-f J5(y8 + r sin0)4- C - 0, (ii) 

A (a -^-r cos </>) -f -B -f- r sin c/)) -f C = 0. (iii) 

From (ii) and (iii) by subtraction 

A (cos</) — cos^) = B (sin 0 — sin (f)) ; 

A ^ 

cos h (d + </>) ”” sin |((^ + 4^) 

Now from (i) and (ii) by subtraction the coordinates of any point 
on the chord satisfy 

A (a;— a) + B ( 2 /— i3) = Ar cos 0+Br sin 0, 

Substituting for the ratio A : B we get 

(x—a) cos \ (d-f </))-f(^— /3) sin J {0^<p) = r cos |(d— (/>). 

The equation of the tangent at the point 0 is then 
(a;— a) cosd + (y— /3) sind = r. 

Conversely, all lines whose equations are of this form touch the 
circle. 

Since 0 is the same angle in both forms I and II, these equations 
follow from those found for I by transferring the origin to the 
point (--or, —^3). It is important to notice that when the single 
variable (d) is used to denote a point on a circle, the equation of the 
tangent (or any line depending on a single point of the circle) takes 
a definite form and is completely known when 0 is known. 

i.j To find the equations of tangents to the circle (.r— 0()2 + (y— /3)2=: 

’ parallel to the given straight line y^x tan 4>. 

If (a?— or) cos d + (y~/3) sin d = r be such a tangent, then 
cot d = — tan <#> = cot (^TT + (/)) ; 

0 = (j7r-f-<#?) or (7r + |7r + </)). 
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The tangents are therefore 

(«— a) cos<#> + r = 0. 

(^— a) sin </)— (y—/8) cos <#>—»• = 0. 

ii. 'Two equal circles pass each through the centre of the other : tangents 
are drawn from points on the first to the second. Show that the feet of the 
perpendiculars from the centre of the second circle to the chords of contact 
lie on the straight line perpendicular to the line of centres and midway 
between them. 

Take the- line of centres and the perpendicular line midway 
between them as axes. Then the centres of the circles are (a, 0), 
(—a, 0) and the radii are each 2 a. Their equations are therefore 

{x—af^-y^=.ia^y (i) 

+ = 4«2. (ii) 

Any point on (i) is (a + 2a cos 0, 2 a sind), and the chord of contact 
of tangents from it to the second circle is 

(x + a)(2a + 2arcoad)+y2a sind = 4«‘-, 
ie. (x+a) (l + cosd)+ysin(9 = 2a 

or (a; + a) cos® sin J-dcos = a, 

i.«. a; cos* Jd+y sin Jd cos = a sin® J d, 

which can be written 

a;+y tan |d = atan®|d. (iii) 

The perpendicular to this from (—a, 0) is 

^ = (a; + a) tan Jd, (iv) 

Eliminating tan Jd between equations (iii) and (iv) we get x = 0 
as the equation satisfied by the coordinates of the point common to 
(iii) and (iv) whatever value d may have. 

This is then the locus required. 

iii / Chords of one circle are drawn which are tangents to another : find 
the locus of the points of intersection of the tangents at their extremities. 
In what case is the locus a circle ? 

Let the circle be a:® + y® = r® and suppose the chords touch 
(x— a)®+2^® = jR®, i, e. we have taken the centre of one circle as 
origin and the line joining the centres as axis of x. 

The equation of a tangent to the latter circle can be written 
(a:— a) cos d + y sin 0 — B. (i) 
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Suppose that rj) is the point of intersection of the tangents to 
the first circle at the ends of this chord : the equation of the chord 
must then be 

= (ii) 

and therefore (i) and (ii) are the same straight line. 

f V r2 


Hence 


Hence 


cos d sin 0 i? -fa cos 0 

^ _ ri_ _ 

cos fl sin d 2? ' 


Eliminating d, we get 

Hence the point (f, rf) always lies on the locus 
JS2 (^2 ^ = (r2 — a 


i. e. (R2 0 ( 2 ) + ^ 2 a r2 a; - = 0, 

which is a circle only when cx = 0, i. e. when the given circles are 
concentric. 


Examples V f. 

1. Find the equation of the tangents to the circle a?* + y^~6a?-4y + 5 = 0 
which make an angle of 45® with the axis of a?. Verify by a figure. 

2. Find the equations of the tangents to the circle (a?-a)* + (y-5)* = >*■ 
which make an angle CX with the a;-axis. 

3. Find the equations of the circles whose centres are at the origin and 
w^ich touch (a?-3)* + (y-4)2 = 4. 

■ 4^A tangent to the' circle a?** + y* = i?* is perpendicular to a tangent to 
(x ~ a)* 4- (y — 5)* *= r*. Find the locus of their intersection. 

5. Tangents are drawn to a circle from points on a straight line which 
does not cut the circle; show that the chords of contact are concurrent. 

6. Find the equation of a line inclined at 45® to the axis of x, such that 
the two circles a:* + y^ = 4, ar’ + y*-10a;-14y + 65 == 0 intercept equal 
chords on that line. 

7. Chords of a circle, whose centre is the origin, are tangents to the 
circle (a;~a)*+'{y-5)® «r“; find the equation of the locus of their mid- 
points. 

8. A system of circles of radius r have their centres on a fixed .circle 
of radius r. Find the locus of points on these circles the tangents at which 
are in a given direction. 

9. Tangents are drawn one to each of two concentric circles and include 
an angle of 60®. Find the locus of their intersections. 
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§ 8. The, cquaimi of a circle referred to a tangent and nonnal as 
coordinate axes is = 2rx. 

Let the tangent be the axis of g : the normal passes through the 

centre. 

Geometrically it is clear that, if the 
radius is r, the centre is (r, 0), and 
consequently the equation of the circle is 
+ = r- 

or = 2rx. (i) 

This equation can be obtained alge» 
braically ; for, if the equation of the 
circle is x^-\-tf-\-2gx-{‘2fy-{-c = 0, then, 
since the line .> = 0 touclies the circle 
at the point (0, 0), the two values of jy given by y- 4-2 /)/ + 6* = 0 
must both be zero ; hence / = 0, and c = 0. 

The coordinates of the point {ril-f cos0), rsin 0\ satisfy equation 
(i) whatever value 0 may have, and these coordinates may be used as 
those of any point on the circle. The angle 6 is PCx and ZPO.r = ^0. 

Note, If two circles touch one another their equations can be 
written, by a proper choice of axes, 





= 2 


rx, 2/?r. 


Ex. AB is a diameter of a circle and P any point on (he tangent at B: 
a point T is taken on the straight line AP ; and TE, TF are drawn 
to touch the circle in E and F. Shotc (hat AE and AF intersect the 
tangent at B in points equidistant from P. 



Take the tangent at A as axis of y and the normal as axis of a*. 

The equation of the circle is 

+ ; (i) 

X = 2r. 


the tangent at B is 
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Let T be the point (^, ri), then the chord of contact EF is 

= (ii) 

Now the equation = 2 rx . (iii) 

is satisfied by the coordinates of all points which lie on (i) and (ii), and 
therefore by those of jE', F, 

Further, the equation is homogeneous and therefore represents two 
straight lines through the origin, i.e. represents AE, AF. 

The values of BE\BF' are the values of y which satisfy (iii) when a* = 2 r. 
BE\ BF* are given by 

Att) 

/. BE' BF' = the sum of the roots == ~ • 

But is the line y c= ^ ; hence BF = • 

BE'-\^BF' = 2BP or Pis the mid-point of L’T'. 


Examples V g. 

1.) Show that the equation of the chord joining two points 
{r(l4-cosd), rsin^}, {r(l + cos ram(j>} 
on the circle aj’ + y* = 2rx 

is iP cos ^ (^ + </)) -f ysin^(^-f {/>) = 2rcos 

and the tangent at the point 6 is 

a? cos ^ -f y sin ^ = r ( 1 -f cos ^). 

; 2.yrhe line joining the origin to any point 6 on the circle a;^4 == 2/.r 

is y = it? tan \0. 

3. *The middle point of the chord joining the origin to the point 6 is 

{r COSTAS, rsin J ^ cos^^). 

4. The locus of the middle points of chords of the circle x^ + y^^ = 2rx 

which are drawn through the origin is the circle + y- = 7U’. 

5. Two circles touch one another, and any straight line through the 
point of contact cuts the circles in P and Q, Show that the locus of the 
middle points of PQ is a circle which touches the given circles and whose 
iadius is the arithmetic mean of the radii of the given circles. 

6. n circles touch one another at the same point A and any straight line 

through the origin meets them in the points P^, ... P„. Find the locus 

ot a point Q such that 

h.AQ = AP^ + AP^ + ... 4^P„. 

7. Two circles touch one another, tangents to one of them are chords 
of the other. Find the locus of the mid-point of these chords. 

8. Show that the straight line 3 (y cosd~l) = a;cos2Z? cuts the circles 
y- — 2^7, a?“ + y^ = 4a; in four points which form a harmonic range. 

1207 T 
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; 9.\Sliow that any point on the circle + = can be represented 

b^^'prcos^^, rain 2^). 

IK) Find the coordinates of the intersection of tangents at the points 
^ and <f) in Question 9. 

11. Show that the pedal of the origin with regard to a triangle whose 

vertices art a, y (see Question 9) on the circle = 2rx is 

iccos (0( + i3 + y) +yBin (a + ^ + y) = 2 r cos a cos ^ cosy. 

12. If OCj Q, y, d be four points on this circle, there are four pedal lines of 
the origin with respect to these four points taken three at a time. Show 
that the feet of the perpendiculars from the origin on these four pedal 
lines are collinear. Find the equation of the line. 

13. AB is a diameter of a circle of which P is any point. AP meets at Q 
the straight line drawn through B such that BP And BQ are equally inclined 
to the tangent at B. Find the equation of the locus of Q. 

14. 0 is a fixed point on a circle and tangents to the circle from a point 
P touch it at QQ\ Find the locus of Pif OQ^ OQ' arc harmonic conjugates 
of a given pair of lines through 0. 

15. Show that there are four chords of the circle x^ + rx ->*2 = 0 which 

subtend right angles at the origin and also touch the circle + = 2rx; 

and show that they form a square. 


§ 0. The equation of a system of circles passing through two given 
points* 

Take A (a, 0), A' ( — a, 0) for the given points. 


If x‘^-\-y'^d-2gx-\-2fy-{-c = 0 i 



all these circles lie on the axis 


the equation of the circle, then the 
axis y = 0 meets it at the points 
A and A\ 

Thus the values of x which satisfy 
-+* 2gx -f c = 0 

are a and — a ; therefore = 0 and 

c = — 

The required equation is then 

+ 0 , 

which for different values of/repre- 
sents a system of circles passing 
through A and A'\ the centres of 
y, since ^ = 0. 


Ex. i. If one side of a triangle inscribed in a circle is fixcdj the locus 
of its centre of gravity is another circle. 

Let A A' be the fixed side and P (xj, yj any position of the vertex. 
The coordinates of the centre of gravity (G) are given by 

3x = a?x + a — a “iPii 
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But + 2 fy^ — = 0 

it* the equation of the circle is 

= 0 . 

Hence the locus of G is 

+ + = 0 , 

which is a circle. 


Ex. ii. To find the locus of a point T which moves so that the angle 
APA^ is constant y ivhere A and A' arc fixed points. 

Let P{x\ y) be any position of the point. 

The lines AP and AP' are 


If IAPA'^OL, 


y x + a _ y 
X - a y' x* -fa y 


+ tan OL — 


y _ y 

X — a x' + a _ 2 ay 


Hence the locus is the two circles + = + 2ay cot y. 


Examples V h. 

1. Find the equation of a circle through the two points ( — «, 0), (a, 0) 
which also 

(i) passes through the point (/i, k) ; 

(ii) touches the line x + y 3a ; 

(iii) is such that the tangents at the given points make an angle 30^ with 
the join of the points. 

2. A, Ii lire fixed points on the circumference of a circle ; AP, BQ are 
parallel chords. Prove that the locus of the intersection of AQ, BP is the 
circle through A, B and the centre of the given circle. 

3. A series of circles pass through two fixed points; find the equation of 
the locus of the points of contact of tangents to these circles parallel to 
a fixed straight line. 

4. Circles are drawn through the points (-«, 0), (a, 0); find the locus of 
the point of contact of tangents to these circles which pass through the 
point (2 a, 0). 

5. Show that there are two circles of the system xA y- -2Xy — d\ where 
X is a variable constant, which touch the straight line xcosOi^ -f ydii\y—p = 0, 
and that they are real only if p is = or > a cos lX. If Xj , Xo are the values of 
X for these circles, show that X^Xj = (a^— 2 ^^) sec* CX. When the value of p 
is such that the two circles are coincident, show that their equation is 

+ y* + 2 ay tan OL — a*. 

6. Two fixed circles intersect in A, B; P is a variable point on one of 

L 2 
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them, and PA meets the other circle in X and PB meets it in F. Prove 
that BX and AY intersect on a fixed circle. 

7. Two circles intersect in A and B, A line through A meets one circle 
again in P and a parallel line through B meets the other circle again in Q, 
Prove that the locus of the middle point of PQ is a circle. 

8. The base of a triangle is fixed and its vertical' angle is given; find the 
locus of (ij its centroid, (ii) the inscribed centre, (iii) the orthocentre. 

J § 10. The equation oj the circle on the straight line joining {x ^ , 

(^ 2 ? V'l) diameter is 

(x-arj) + (y-y^) = 0. 

The centre is the mid-point of the line joining (x^, ( 0 * 2 , 1 / 2 )^ 

i-e. + h{ 2 fi+ 2/2)1- 

Hence its equation is of the form 

x'^ + y^--x{x^ + X2)-i/(yi+y2)-^c — 0 . 

But {xij yi) lies on this ; hence 

+ = 0 , 

or c=: XiX 2 ’^yiy 2 ; 

the equation is then 

^ y‘^-x {xi + X2)-y iyi-hy2)-\' ^ 1 ^ 2 + !/i&2 = 0, 

or (>x)-Xi)ix-X 2 )-^(y-yi)(y-y 2 ) = 0; 

e.g. the circle of which the line joining ( — 6, 4), (2, —3) is a diameter 
(.r + 6) 2) + (y - 4) (y + 3) = 0, 

or a;2-|-y2-f 3ie— y— 22 = 0. 


Examples V i. 


1. vPind the real points where the circle on the line joining (13, 5), ( - 7, 15) 
as diameter cuts the x axis. 

2. ' Find the equation of the circle on the line joining the points 
(aX^, 2aX), (or/X* — 2a/X) as diameter. 

-AVhere does it meet the line a; = — a? 

\3. )Find the equation of the circle on the chord of the circle + «= 125 


a^i-4iameter whose equation is a: + 3y = 35. 

■ 4. Find the equation of the circle on the line joining the points (1, 3), (5, 1) 
as diameter, and the coordinates of the extremities of the perpendicular 

is described on the line joining (3, 7), (9, 1) as diameter. 
Sha:w that it touches a: + y--4 = 0. 

6. Find the equation of the circle whose diameter is the chord of the 
circle + = 169 whose mid-point is (3, 4). 


dimeter 
5. A c 
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: § llj To find an equation giving the lengths of the segments of a chord 
of a circle dratvn through any given point in a given direction. 



If the given point is outside the circle the segments OP, OQ 
are both of the same sign : if the given point is inside the circle the 
segments OP, OQ are of different sign. 

Let the equation of the circle be 

+ + c = 0, 

and let the given point 0 be (a, /3) and let the chord through 0 make 
an angle Q with the axis of j\ The equation of the chord is 

a;— a _ y-'f^ __ 

cos d sin 0 ^ 

where r is the distance of any point {x, y) on the line from the fixed 
point 0, 

Now, if r is equal to OP, the point [x. y) is P ; its coordinates are 
^ = a -f r cos d, ^ + r sin d, 

and it lies on the circle. Similarly for Q. 

Hence, if r is equal to either OP or OQ, 

(a -f y cos d)^ 4- (/^ 4- r sin d)^ 4- 2^ (a 4- r cos d) 4- 2 /(/4 4- r sin d) 4 - c = 0, 
i.e. r2 + 2r{((X4-d)c^sd4-(/j4-/)sind} 4-Ot2 4 -/^^ 4 - 25 fCX + 2//44'C = 0. 
Now, if we write for convenience, 

f{x, y) = a;2 4-^2^2^.r4-2/y4-c, 
then / {oc, / 3 ) = 4 - fP -\-2goc + 2fl3 + c. 

Hence the equation may be written 

4- 2 r {(a 4- d) ^ + (/^ +/) sin d} 4-/ (<>, ^9) = 0, , 

which is a quadratic in r whose roots are equal to OP and- OQ, 

Hence (i) The product of the roots = OP. OQ ^fioc, jS). 

This is constant for a given position of 0, whatever the value of d ; 
hence the well-known proposition : 

‘ The rectangle contained by the segments of a chord of a circle 
which passes through a fixed point is constant.’ 
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Incidentally, we see that if the chord meets the circle in two 
imaginary points P, Q the rectangle of OP. OQ has a real value. 

Also if / (o, j3) is positive, OP. OQ is positive, and 0 lies outside 
the circle ; but if / (a, /3) is negative, OP. OQ is negative, and 0 lies 
inside the circle. 

[This can be shown directly ; for the centre C of the circle is 
( -/) ; hence OC^ = (a -f # -h ; 

00^— (radius)^ = + + + = /(a, /:i).] 

(ii) Note that when 0 is at the centre, i. e. 

oc = -g and (3 = 
the coefficient of r vanishes and we have 

= -/(a, ^), 

i. e. OP, 00 are equal and opposite for all values of 0. (Cf. p. 126.) 

(iii) If the values of r given by the equation are equal and opposite, 
i. e. if 0 is the middle point of the chord PQ, then we must have 

(a 4- g) cos 0-b{(3 +/) sin d = 0. 

If now we consider the mid-point 0 (a, /3) of PQ unknown and 
0 constant, i. e, the chord to be drawn in a fixed direction d, then (a, 16) 
must lie on the line 

{x-^^g) cos 04- (y+/) sin 0 = 0, 

which is therefore the locus of the mid-points of all chords of the 
circle drawn in a fixed direction 0. 

(The question of the chord meeting the circle in real poihts has 
not arisen ; hence the mid-point of the line joining a pair of imaginary 
points of intersection is real.) 

Evidently then ‘the locus of the mid-points of parallel chords of 
a circle is a straight line through the centre perpendicular to the 
chords ’. 

(iv) ;To deduce the equation of the pair of tangents to the circle from 
the point 0 (a, y9). 

If the chord through 0, drawn in the direction 0, cuts the circle in 
P and Q, the lengths of OP, OQ are given by 

r2 4-2r{(cx4-</) cos 04-(/34-/) sin 0} 4-/(a, l3)-0; (i) 

but if this chord touches the circle P and Q coincide and the lengths 
OP, OQ are equal. The condition that the roots of equation (i) 
should be equal, viz. 

{ (a 4- s^) cos 0 4- 4-/) sin 0} ^ = / (a, 13), (ii) 

gives us an equation from which to determine the directions 0 in- 
which to draw tangents to the circle. 
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If we choose either of these values of 6, then any point on the 
line (which is now a tangent) satisfies 

x-Oi _ 1J-I3 
cos 6 sin 0 

Hence, substituting for cos 0 and sin 0 in (ii), we see that 

is an equation satisfied by any point on a tangent from 0 to the 
circle, i. e. is the equation of the tangents from 0. 

This can be at once reduced to the form 
{x^ + 9"^ + 2gx + 2/1/ + c) {a.'^ + fi^ + 2g(X + 2/^ + c) 

-{x{oi+g) + ij(t3+f) + oig + ^f+c}^. 
Now we have shown that the equation 

x{oc + g) + g{(3+/) + ag+fif+c = 0 
represents the chord of contact of tangents from 0 (a, to the 
circle. 

Thus, if fix, y) = 0 is a circle, and m = 0 is the equation of the chord 
of contact of tangents from a point 0 (a, fi) to the circle, the equation 
of these tangents is f{x, g) ./{oc, (3) = m®. 

Incidentally, if 0 is the direction of a tangent, equation (i) gives the 
length OP of this tangent : we see, as previously proved, that 

0P2=/(a,/i). 

(v) If a chord through the point 0 cuts a circle in the points Pand Q, 
to find the locus 0/ a point B on PQ which is such that 

0B~ OP ^ oq' 

or, in other toords, the point B which is the harmonic conjugate of 0 with 
respect to P and Q, 



Let the equation of any such chord be 
x—Oi _ g—/3 _ 
cos d ~ sin 0 


(i) 
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where 0 is the point (a, /?) ; then the lengths of OP, OQ are given by 
r* + 2r {(o£ +p) cos + (j8 +/) sin d} +/(a, /3) = 0. 

Hence 0P+ 0Q= — 2 {(a +p) cos d + (/J +/) sin 6} , 

OP,OQ=fioi,^). 

1 . 1 _ 2{(a+sr)cosd + (/3+/)8infl} 

«“'<■ op + oe 7 m 

2 

— ^ hypothesis). 

Thus OB cos 0 (a +g) + OB sin 0 {/S +/) +/ (a, ^8) = 0. 

But since B is on the line PQ (i), if its coordinates are [x, y\ 

X— a = OB cos 0, y— /?= 022 sin d, 
i. e. B lies on the locus 


(x - cx) ((X + - /3) (yS -h/) + ocHy82 + 2^a + 2/;84-c = 0, 
i. e. oo{a^g) + y{J3+f)+g(X+fl3 + c = 0. 


This is a straight line, and, when 0 lies outside the circle, it 
represents the chord of contact of tangents from 0. 

The locus is called in all cases the polar of 0, and is discussed later. 
The above results can be obtained in the following manner : — 

Let T be a point (r, y) and let the straight line OT cut the circle 
at P and Q, Since P and Q are points on the straight line joining 
the points (oc, /:i) and (.r, y)^ their coordinates are of the form 


lx -hoc 

ITT' 


2+1 A 


where the values of I are given by the condition 


that P and Q should lie on the circle. Substituting these coordinates 
in the equation of the circle, we obtain 

P.f{x, y) + 2lu^f(oc, = 


where f{Xy ^) = 0 is the equation of the circle, and 
ti = ((X-hg)x + {l3+f)y-hgoc-h/f^-hc. 

If OT is a tangent to the circle, P and Q coincide, so that the 
values of I are equal, hence f{x, y).f(oc, /3) = 

This is an equation satisfied by the coordinates of any point T 
such that OT is a tangent to the circle ; it is therefore the equation 
of the tangents from 0 to the circle. 

If T is the harmonic conjugate of 0 with respect to P and Q, then 
the values of I are equal and opposite. This gives us if = 0 ; this 
is the equation of the locus found in (v). 



THE CIRCLE 


169 


Examples Vj. 

(Ij Find the equation of tangents from the point (hy k) to the circle 

2. Show that, with the notation of Chapter IV, the equation of a pair of 
tangents from (x\ y') to the circle u = 0 is wm' «= {arX + yT' + Z'}*. 

; Find the angle between the tangents from the point (4, 3) to the circle 
*= 0. 

{ 4rVind the locus of points the tangents from which to the circle 
a:* + y’ + 2ya: + 2/y + c = 0 

are at right angles. 

5. Find the locus of points the tangents from which to the circle 

+ 4a;-6y + 12 = 0 include an angle of 120®. 

6. If PTy PT are two tangents to a circle centre, C, Q any point on PTy and 
QN the perpendicular from this point on TT\ show that PT: CP^ QN : QT 
and deduce the equation of a pair of tangents in the form found above. 

7. Find the locus of the middle points of chords of the circle 

a;^ + y‘* + 6a?*~8y + 17 — 0 
which make an angle cos'"* ? with the axis of x. 

§ 12. Poles and Polars. 

(1) 1/ tangents he drawn to a circle fr<ytn any point on a given straight 
linCy the chords of contact will all pass through a fixed point 

(2) If chords of a circle are draivn through a given pointy the tangents 
at their extremities will meet on a fixed straight line. 

To prove these propositions take the equation of the circle in its 
simplest form : 

^ 

(1) Let the equation of the 
given straight line be 

u = Ix-pmy + n = 0. 

If P {x'y y') is any point on this 
straight line, we have the condi- 
tion 

my' + M = 0. (i) 

The equation of the chord of 
contact of tangents from (x^, y') is (p. 146) 

xx' + yy' = r®. 

Using the condition . (i) this can be written 
mxx' —y (n + lx') = 

x^(mx—ly) = ny-hmt^. 



or 
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This contains one undetermined constant x' in the first degree 
only, and therefore represents a straight line passing through the 
fixed point given by 

mx = hj and ny = — 


i. e. the fixed point 



mr- 

n 


(2) Let the fixed point be U (^, >))• Any straight line tlirough this 

= 0. (i) 

Suppose the tangents at its point of intersection with the circle 

meet at y\ then since 

xx'^ryy'-r- (ii) 

is the chord of contact of tangents 
from (.r', y) to the circle, the lines (i) 
and (ii) are identical. Hence 
a;' ^ //' _ r2 

k r | + ’ 

and therefore 

V 

Hence 

i. e. the point ?/') always lies on the straight line 

n ~ — r- = 0. 



Pole and Polar. If tangents are drawn to a circle from any point 
on a straight line their chords of contact all pass througli a point U, 

And if chords of a circle are drawn through 
a point U, the tangents at their extremities 
intersect on a straight line a. 

The point Tf is called the ^pole’ of the 
line u, and the line n is called the ‘polar’ 
of the point U. 

Notes, (i) If the line n cuts the circle at A 
and B, real tangents cannot be drawn from points 
between A and B on the line : it can be shown, 
however, that the chords of contact of pairs of 
imaginary tangents from these points pass through 
U, When the chosen point is yl, the tangents from it coincide and their 
chord of contact is the tangent at yl ; so also at B : hence U is the inter- 
section of the tangents at yl and B, This can also be seen from the above 
algebraical result. 
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For if n + + w = 0, V is the point ^ ~ Y^'» — h chord 

. I tH)'^ 

of contact of tangents from V ih x — ^ = 0 or Ix + my-\^n — 0, 

tl 71 

i.e. the line n = 0. 

<ii) [f the point U lies outside the circle, and UA, T/? arc the tangents 
from V to the circle, only lines through LJ which lie between UA and UB 
cut the circle in real points. The tangents at the imaginary points of 
intersection of the circle and other lines through U may he shown alge- 
braically to meet on n. 

The line UA meets the circle in coincident points; hence the tangents 
at the points of intersection coincide and intersect at A : thus A is on it. 
Similarly B is on u. Hence, if U lies outside the circle, the polar of U 
is the chord of contact of tangents from U 

(iii) Many different definitions of the pole and polar are used in various 
books on Geometry. We have adopted the above because it a))plies equally, 
as will be seen later, to all curves represented by the general equation 
of the second degree, and also, although in our notes we have introdu(;ed 
imaginary considerations, the pole and polar can be found from this 
definition by a real construction in every case. 

(iv) It should be noted that the equation of the polar of on// point {x\ y) 
takes the same form as that of the tangent at a point (.r', //') on the circle. 
A tangent to a circle is the polar of its point of contact. 

For the general circle 

.r® 4 if 2 gx A 2 fy + c = 0 

the polar of the point (x, y) is, in our usual notation, 

xX' vyY' ^ Z' :=0. 

This should be remembered, as the equation is true for any curve of the 
second degree. 


Propositions on the Pole and Polar. 

(i) If the polar of T I passes throtigh Vy the polar of V passes through U. 


Let U, y be the points {x2,V2) J tlie polar of f^with respect 


to the circle 4 - 7 /^ = er is xx^ + ////, = o- : 
this passes through V if x.^x^ A-Jhilfi = fl". 
Which is also the condition that II (x^, 7 /j) 
should lie on xx.^-^-gy^ — pohir 

of V. 

(ii) If w is the join of the poles of the 
lines u and v, then w is the polar of the 
point of intersection ofu and v. 

(iii) If the pole of the line u lies on the line 
V, then the pole of the line v lies on the line u. 



These results are immediate consequences of (i). 
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(iv) If U is the pole of u with reject to a circle whose centre is C, then 

(a) CU is perpendicular to n. 

\ (b) If OU meets u at L, then 

^ V CU. CL = {radiusf. 

/ circle bo 

I \ \ (a) If TJ is the point {xi, yi), then w is 

I ^ j ^ 

\ J xx^+yy^ — r^. (i) 

Also CU is the line 

xyx-yxi-0, (ii) 

and the lines (i) and (ii) are evidently perpendicular. 

(b) Again CU = 

CL = — XLr:- ; 


CU. CL ^ 1-2 


Definitions. 


(i) U and L are called inverse points with respect to the circle. 

(ii) If the polar of U passes through F, U and V are called conjugate 
points. 

(iii) If J7, F, TF are three points such that the polar of each with 
respect to a circle is the line joining the other two, the triangle 
?7rTF is said to be self-conjugate with respect to this circle. 

(v) If a triangle is self conjugate with 
respect to a circlcy the centre of the circle is 
the orthocentre of the triangle. 

If r/FlF be a triangle self-conjugate 
with respect to the circle, then FTF is the 
^ polar of ?7. We have just shown that 
CU is perpendicular to FTF, and similarly 
CV and CTF are perpendicular to UW 
and CTF, i. e. C is the orthocentre of the 
triangle UVW. 

The circle in this case is called the ‘ polar-circle ' of the triangle. 

In the figure 

CM. CV= CU. CL = CN. CW 

= square on the radius of the circle. 

Evidently, then, the triangle 17FTF must be obtuse, otherwise the 
square of the radius will be negative and the polar-circle imaginary. 
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Ex. i. To find the polar-circle of the triangle whose vertices are 
(R cos a, R sin a), {R cos )3, R sin /3), (JB cos y, R sin y). 

The orthocentre of the triangle is the point {20, 2S)y where 
2C« 22 (cos a + cos <3 + cosy), 

2S — R (sin a + sin ^ + sin y). 

Hence the equation of the polar-circle is of the form 

{x-2C)‘^ + (y-2Sf=^ p\ 

The polar of (22 cos a, 22 sin a) with respect to this circle is 
(a; - 2 C) (22 cos a - 2 C) + (y - 2 5) (22 sin a - 2 5) = 
i.e. (a?-2C)22(coBi34-co8y)-f-(y~2iS^)22(8in^-f siny)4-p® = 0, 
or 2 22 cos + cosK^-y) (x-20) 

+ 2228in| 0-l-y) cosJO — y) (y~25) + p® = 0; 

i. e. iccos J(3 + y)4-y Bin|04-y)-2Cco8 J(|3 + y)“2-38in^(i3 + y) 

+ ^*ec4O-y) = 0, 

i. e. a: cos J 0 + y) -f y sin |(3 -f y) -22 cos {« - J (3 + y)} - 222 cos i 0 -y) 

+ |]g8eciO-y) -= 0. 

But the chord joining the points 3, y is by hypothesis the polar of the 
point a ; hence the equation just found is identical with 

xcobI 0*fy) + ysin| (3+y)~22co8^ (/3-y) = 0. 

Thus ^seciO-y) «= 22[coB{0(-iO + y)}-fcosi(i3-y)] 

= 222co8|(a— cos J(0(-y), 
or p* = 422^*008 J (a — iS) cos I (0— y)coBf (y — a), 

and the required equation is 

(a:-2C)®-h (y~25)* = 422*008^ (a-'i3)cos J(i3~y)co3i (y-a). 

Ex. ii. To find the condition that a triangle may be drawn inscribed 
in a circle radius R and self conjugate tvith reject to a circle radius p. 

Let the first circle be a:* + y' = 22*, and let a, p, y be the vertices of the 
triangle. Then we have shown in Ex. i that the equation of the polar- 
circle is 

(a? ~ 2 Cj* 4- fy - 2 5^ j* = 4 22* cos ^ (a - ^) cos J (i3 - y) cos J (y - OL). 

If d is the distance between the centres, we have 
= 4C* + 45* 

== 22* [(cos CX + cos ^ cos y)* + (sin a 4- sin 4 sin y)*] 

= 22* [34 2 coscx— i342 cos j3— y42 cos y-Of] 

= 22*4222*[l4cos(X-j34co8j3-y4coB y-a], 
and by elementary transformation this 

= 22* 4 822* cos J (a - j3) cos i (^- y) cos | (y-OL). 
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But cos| (ti-y) cos 1 (7 — a) ; 

hence = 

which is the required condition. 

If one such triangle can be drawn, any number can. 

For take the circle (a? — a)* + (y — = p®, where 

aM = 

Then, if we choose a, /ii, y so that 

if(cosCX + cosi3 + co8 7) = a, 

R (sin (X + sin 3 + sin y) = h, 

we shall find, working backwards, that (aJ-a)*^ = P* is the polar- 

circle of the triangle a, /3, y. We can take an arbitrary value for OL and 
then find values for y; so that if the condition d} = /^^ + 2p® is satisfied, 
not only one but any number of such triangles can be described. 

Miscellaneous Examples for Revision. 

1. Find the equation of the polar of the origin with respect to the circle 
a;HyH2ya;-f 2/y + c = 0. 

2. Find the locus of the poles of the straight line x*+y = 1 with respect 
to a system of circles which pass through the points (2, 0), ( - 2, 0). 

3. Find the coordinates of the pole of the line 3a:-f 4y = 5 with respect 

to the circle + = 25. 

4. If tangents be drawn from any j^oint on one of three circles (which 
all pass through two fixed points) to the other two, pi*ove that the ratio of 
the. lengths of these tangents is invariable. 

5. 'Find the equation of tangents from the origin to 

a;*-hy® — 6a; + 2y + 5 = 0. 

6^ A chord of a fixed circle is such that the sum of the squares of the 
tangents drawn from its extremities to another fixed circle is constant: 
prove that the locus of its middle point is a straight line. 

7. Find the locus of a point the tangents from which to two fixed circles 
include equal angles. 

8. Two fixed points are conjugate with regard to a circle of given i-adius. 
Find the locus of the centre of the circle. 

9. From two points P, Q perpendiculars are drawn to the polars of Q and 
P with respect to a circle. Show that the ratio of their lengths is equal 
to -tt^e ratio of the distances of the points from the centre of the circle. 

10. ' Tangents are drawn from a 2>oint P to a given circle and meet the 
tangent at a given jjoint Ain Q and P. If + .4P is equal to a constant 
length, find the locus of P. 

11. If ABC is a triangle self-conjugate with respect to a circle, two of 
the vertices lie outside and one inside the circle. 

12. Show that the polar of a point {x\ y) with respect to the circle 

(3a; + 4y + 4)* + (4a? + 3y-p5)2«24(a:-hy)» 
is (3ic -f 4y -i- 4) (3a?' -f 4y' + 4) -f (4a?-f 3y -f 5) (4a?' -f 3y' -f 5) == 24(a?-l-y)(a;' + y). 
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13. A circle is drawn to touch one side of an equilateral triangle and 
to make the pole of another side with respect to it lie on the third side. 
Find the locus of its centre. 

14. Show that the equation of the locus of the poles of tangents to the 

circle + = 6*, taken with respect to the circle + is 

= 0 . 

15. The sides of a triangle are 

^/wt + y/p-l = 0, 

^/-^i + y/jp-l = 0, 

y = 0. 

Find its orthocentre and also the equation of the circum- and nine-point 
circles. Ver^ that the centres of the two circles, the orthocentre and the 
centroid, UeTon the same sti-aight line. 

16. m1id the condition that the straight line joining the points yj, 

1 / 2 ) touch the circle + ^ a^. 

Hence find the equation of the pairs of tangents that can be drawn from 
(x^y yi) to touch the circle. 

17. From each of two points A, B pairs of tangents are drawn to a circle. 
Prove that the pole of AB is the intersection of two of the diagonals of the 
quadrilateral formed by the tangents. 

18. A circle turns in its own plane about a point in its circumference. 
Find the locus of the point of contact of a tangent drawn parallel to a fixed 
st^iight line. 

(19. ;If L and M are the feet of the perpendiculars drawn from a point P 
to one fixed pair of lines, and L\ M' are the feet of the perpendiculars 
from P to another fixed pair of lines, prove that, if LM and L'M' are 
inclined to one another at a constant angle, the locus of P is a circle. 

20. 'Show that the tangents from the origin to the .circle whose equation , 

is — 5^' (a; + y) + 10^* = 0 are the same, whatever value is assigned to k. 

For what values of k will this circle touch the straight line 3a: + y + 15'=0? 

21. Show that the equation of the tangents dmwn from the point (/i, fc) 

to the circle a:^-fy* = is (a;--f-y^ — a*) — = {hx^ky — a^)^. 

Tangents are drawn to this circle from two points on the axis of\a-,‘ 
equidistant from the point (c, 0). Show that the locus of their intersections 
is y a!^[c-x). 

22. The vertices A, P, C of a triangle lie one on each of three concentric 
circles ; and ABy AC are parallel to the tangents at C, B respectively. 
Prove that BC is parallel to the tangent at A, 

Also prove that the circumcircle of the triangle formed by the tangents 
at Ay By C is concentric with the three given circles; and find a relation 
connecting the radii of the four concentric circles. 

23. From a fixed point P (x, y) is drawn a straight line to cut the circle 
a;Hy® = in Q and R ; find the locus of the point harmonically conjugate 
to P with respect to Q and P. 

24. If a straight line move so that the lengths intercepted upon it by 
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two given ciroleB are equal, the locus of its pole with regard to either circle 
will be a curve of the second degree. 

25. Chords of a circle, radius a, subtend right angles at a point whose 
distance from the centre of the circle is c. 

Prove that the locus of their poles is a circle of radius 
(aV2“a’^)/(a*-c»). 


§ 13. Properties of two circles. 

I. Definition. The points which divide the line joining the 
centres of two circles internally and externally in the ratio of the 
radii are called the Centres of Similitude of the two circles. 


If the points Ci ((X^, 02 (^ 2 i ^ 2 ) centres of two circles, 

whose radii are rj, r 2 , the centres of similitude, Si S 2 , are the points 

+ ’ »'l + »‘2 ) 1 »' l ->’2 ’ >‘ l -»'2 J 

The points S 2 evidently divide the line Ci C 2 harmonically 
(Chapter I, p. 16). 


Show that any straight line through a centre of similitude of two 
circles is divided similarly by the circles. 

Suppose two circles 

x^ + y^'^2gx + 2fy-\’C = 0 (radius r), 

+ 2 /^ + 2 Gx+ 2iy +0 = 0 (radius J?), 
have a centre of similitude at the origin (0, 0). 


Then 

Rg-rG = 0-, E/-rF=0. 

Hence 


Now put 

? = A. 
r 

Then 

G — \,g, F=X,/, li = \r. 

But 

G^ + F^-G = It’‘; 


C=G^+F^-R^ 
=:k^g^+f^-t^) 
= X2c. 


Hence the equation of the second cii’cle is 

x^ + y^-\-2Xgx+2\fy + \^c — 0. 

Let any straight line through the origin, i. e. through the centre 

of similitude, be = r. 

cos d sin 0 
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If this cuts the circle x^+y‘^ + 2\gxA-2><fy-\-K^c — 0 at P and Q 
the lengths OP, OQ are given by 

r^cos®d + r*sin^d + 2\//>*cosd + 2A/»'sind + A®c = 0; 
i.e. r’^ + 2rA cosd+/sind) + X2c = 0. 

Hence 0P+ 0$ = — 2X (gr cos d +/sin 0) 

OP. 0<2 = X2c; 

(0P+ 00)^ _ 4 (^r cos 6 +/3in d)® 

OP.OQ ~ c 

i. e. ~ * quantity independent of X and therefore the 

** same for both circles. 


Let the straight line cut the circles in the points P, Q and P', Q', 
and let OP = k . OQ and 0P'=k'. OQ'; then it follows that 

* + !/* = k' + l/k', 
hence (*-*') (A:*'- 1) = 0. 

Therefore k — k' ot k = 1/k' ; whence 

OP/OQ = OP'/OQ^ or OQf/OP'. 

The straight lino is therefore divided similarly by the two circles. 


II. Definition. The circle described on the line joining the centres 
of similitude of two circles as diameter is called the Circle of Similitude. 
If the equations of the two circles are 

+ = r.f, 

the equation of the circle of similitude is (v. p. 164) 

+ / r,o(,-r,a, 


(x- 


>‘l + »'2 


^)0 


?i£52zikn\ 

ri-r.i ) 

■{y 








)= 0 . 


This at once reduces to 


rl^a^-2(X2X+a2^+y^- 2^^y + Sf] 

—r^{x^-2(x^x+oi^^ +y^—2 ji-^y + Si) = 0, 

or ri2{(x-a2)2+(y-/3j)2}-r/{(x-a,)H(»/-^i)*} =0, (i) 

which is identical with 

+(y-^2)2-r2>} -r^^{{x-Oi,f + {}f-^^f-r^^} = 0. (ii) 
Note that 

(a) Equation (i) shows, that if P (x, y) is any point on the circle of 
similitude of two circles whose centres are 
then PCi : P(7j = r^ : r^. 


1287 


M 
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(b) If 8'i = (^- - + = 0, 

S, = (x-a/ + 0/-/3,)2-r,2= 0 

are two circles, we see from (ii) that the circle of similitude cau be 

S. & 

written — i = — f, . 

(c) It cau be shown that the circle of similitude is the locus of 
points at which the two circles subtend the same angle. 

Example. 27ee centres of similitude of the circumcircle and nine-point 
circle of a irmigle are the orthocentre and the centre of gravity. 

If the vertices of the triangle are (2? cos a, 7^ sin a), (7^cos/3, 77sin^:i), 
{Jt cosy, 7? sin y), we have seen (p. 153) that the equation of the nine-point 
circle is 

Hence the centres of the circumcircle and nine -point circle are (0, 0), 
(Cj S)f and their radii are Ji and \}i. 

The coordinates of the centres of similitude are therefore (ijC, I.S') and 
(2 (7, 2*S’ ), which are those of the centre of gravity and the orthocentre. 

The equation of the circle of similitude is 

(or - ji 0 j (a: - 2 C) 4- (y -- g 6" ) (i/ ~ 2 S ) = 0, 
or 3«/^-8C.r-85y4-4(6^ + 5*) = 0. 

III. The Common Tangents of Two Circles. 

The equation of any circle can be written in the form 
(x~a)2 + (y-/4)2= 

this is the most convenient form for this problem. 

Let the equations of two circles be 

rf, (i) 

{^~a2)H(y-/^2)^=r/; (ii) 

we wish to find the equations of those lines which touch both of the 
circles. 

The coordinates of any point on the circle (i) can be written 
{«! + cos 0, /3j + sin 6 ] , 
and the tangent at this point is 

U-aJeos^-f (2^-/:ij)8inf^ = (iii) 

There are two tangents to the circle (ii) parallel to this, viz. 

(x - 0 ( 2 j cos 0 -f (^•- ^g) sin 6 (i v) 

and {x — oc^) cos 0 -f ( 2 /— sin d = — r 2 . (v) 

If either of these coincides with (iii) it will be a common tangent 
«)f the two circles. 
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Comparing the equations (iii) and (iv) the condition that they 
should ))e identical is 

cos O + sin d + rj = cXg d + sin d 4- r^, 
i. e. («! — Ofa) ^ + (/^i — 1^2) ^ + (^1 — ^2) = 0 . (vi) 

This equation then gives the values of d which make the line (iii) 
a tangent to both circles. It can be written 

~tan2 id) + (/ii-/iJ2)2tanid + (ri~rJ(l + tan‘^ id) = 0, 
or tan^ Jd(ri — i2— + — /:J2)-2tan Jd-f- ri — ro + aj — ^2= 0. 

This is a quadratic and gives two values for tan J d with corre- 
sponding values for cosd and sind to be substituted in 

The two tangents are real, coincident, or imaginary according as 

(/3 1-/^2)" =, or < (^1— >*2)^ — a2)^ 

i. e. as {oc, - 4 > , = , or < ( - r;^Y. 

Since the centres of the circles are the points (aj, /i^), (oitg, 1^2)^ 
this condition is the same as C1C2 >, =,or < — 

If one circle is outside or cuts the other, clearly CiC>>i\'-f'> 
and two real common tangents can be drawn. 




If one circle lies within and just touches the other, then 
C1C2 = ^2 and the common tangents coincide. 



If one circle lies entirely within the other, — r.^ and the 

tangents are imaginary. 

Again, if equations (iii) and (v) are identical, we get similarly that 
(«i - ^ 2 ) ^ + (/^i - ^ 2 ) sin d 4 4 r2 = 0. (vii) 

Treating this in the same way as equation (vi), these correspond 
to two common tangents which are real, coincident, or imaginary 

M 2 
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according as CjCg is >, =, or < i. e. according as the one 

circle lies outside, lies outside and touches, or cuts the other. 



We see then that equation (vi) gives the values of 6 for the * direct ’ 
common tangents and equation (vii) for the transverse common 
tangents. 



Now let PP' be the points of contact of the tangents given by 
equation (vi) 

(ai--a2) cosd + (/3i-/32)sind + n-r2 = 0 
with the first circle. Since the coordinates of P are 
(«! + Ti cos 0, -f rj sin 0), 

where 0 is one of the values given by (vi), if P is called the point (:r, ?/) 
we have rr = (Xi + cos 0, y = + rj sin 0, 

Hence 

(ai-0‘2)(^-ai) + (/^i“^2)(l^-^^i)-+ - 0 (viii) 

is an equation satisfied by the coordinates of P, and (by precisely the 
same argument) by the coordinates of P'. In other words (viii) is the 
equation of the chord of contact PP'. 

Now the chord of contact of tangents from the external centre of 


similitude jSi to the first circle is 


i. (»-»,) + (,-A) = r/, 


i. e. («-«!) («! “ oii) +{y-M Oi - ^2) + n (»’i - ^ 2 ) = 0, 

which is identical with equation (viii) of the line PP'. 
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Hence the dii*ect common tangents meet at the external centre of 
similitude 82 * 

In the same way it can be shown from equation (vii) that the 
chord of contact QQ' of the transverse common tangents is 

(oti-ajj) {x-0Ci) + {l3i-^2){y-^2) + ri(ri+r^) = 0, 

which is the chord of contact of tangents from the internal centre of 
similitude Si. 

The following example illustrates the methods of finding the 
equations of common tangents in numerical cases: the equation 
of each pair can be written down generally as the tangents from 
the centres of similitude to the circles. 

Ei^. i. Find the common tangents of 

0,7 

,t.2^.y2_21.r + 90 = 0.J 


These equations can be written 

The condition that {x - 1) cos d + (y - 2) sin ^ | 

and (a?— **^^) cos^ + ysin^ = 4 5 

should be identical is ^ cos ^ + 2 sin ^ 4- ^ ^ cos ^ 

i. e. 9 cos ^ — 2 sin ^4-2 == 0 

or 7 tan^ J^4“4tan — 11 = 0. 

Hence tan^^=l or — V* 


Then 


- l-tan*J^ ^ ... 

sin^= - ^ 1=1 or -^ 1 , 

l+tan^^ 

The corresponding common tangents are 

y = t and ) + |I-y + ^ = 0. 

Again, the tangents {x - f ) cos ^ + (y ~ 2) sin ^ == 5 , 

cos d4-y8in 6 = —ij 
i? cos ^4-2 sin d 4 f cos S — 

9 cosd — 2sinS—l — 0, 

8 tan* 4-2 tan^d — 1 = 0, 


are identical if 
i. e. 
or 
i.e. 

Then as above 


tan^^= 
cosd = 
sin^ = 


or 


15 
17» 

i or ,«■ 


i or 


17- 


The corresponding tangents being 


= -11 and + 

3.r-4y-9=0; 15a;48y-81 = 0. 


or 
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Ex. ii. Show that the equations of the tivo pairs of common tangents 
to the circles (.r — uY + (g ~ hY = — a'Y + (y — are given hy 


A— a , y—h 
.r-a', \j^V 


___ 1 

x—Uj r, 

2 

4 

1 ”” ! 

.r— a ,±»' 1 



y — r 
y'-l>',±r' \ ' 


(i) 


Any tangent to the first circle can be written 

(x-a) cos^-h (g — b) sin^ = 

A parallel tangent to the second circle is one of the straight lines 

(rr-a') cosd-f fi/-?/') sind — + r'. (ii) 

Points on the common tangents therefore satisfy both equations (i) 
and (ii). 

But from these 

cos d _ sin d ^ 1 

r y-tf, 
i 

Hence, since cos“d^ siiPd = 1, any point on a common tangent satisfies 

12 


1 ! X~(1, r : 

X — (t, 

If — h 

* 1 x — a\±r ! 

x-a\ 

y-h' 



y-h 

x — a, r “ 

y - h, r 

x-a\ 

y-h' 

-} 

x — a', ± y 

y-V,±)- 


IV. The Common Chord of Two Circles. 
Lg{^ the equations of the two circles be 


X- + y- 4* 2 gx 4 2fy 4 c = 0, 
X- 4* y^ 4 2//'r 4 2fy 4 (' = 0. 


(i) 

(ii) 


The equation 

4 y' 4 2 gx 4 2fy 4 r) - {x- 4 y- 4 2 gx 4 2fy 4 c) = 0 (iii ) 
is satisfied by the coordinates of any point whose coordinates satisfy 
both the equations (i) and (ii) ; hence it is a locus through the com- 
mon points of the two circles. 

But the equation is equivalent to 

2 {g-g') ^ + 2 (f-f)y^ c- c' = 0, 
which is a straight line and is therefore the common chord. 


Note i. If one circle bisects the circumference of another, their common 
chord is a diameter of the latter circle. 

Thus, if .r^ -I f/ -f 2gx -) 2 fy -i c = 0 (i) 

bisects the circumference of 

xr + + 2 Gx X 2 Fg ^ C = 0, (ii j 

then (-G, —F) lies on 

2{G-g)x + 2{F-f)ijFC-c - 0, 
i.e. 2G{G’-g)^2F{F-f)^ c-C-0, 

or the coefficients of the first equation (i) satisfy the linear relation 
2 Gg -f 2 /;/- r = 2 6’ M 2 F^ - C. 
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Hence a circle can be drawn to bisect the circumference of any three 
circles, for we then get three linear equations to find jf,/, and c. The only 
case in which this fails is when 

tf, 1 \ 1 

/«’, 1 = 0 . 

G, F, 1 

i.e. when the three given circles have their centres collinear. 

Note ii. If two circles touch, their common chord is a tangent to each 
of them, for this is the limiting case when the two points of intersection 
coincide. 

^rhus, if two circles Cj, = 0, 0^ = 0 touch, the line — = 0 is their 

common tangent at the point where they touch. | 

Suppose its equation is 2’ == 0 ; then — Cj = kT where k is a constant, 
i.e. C^^C^-kT. 

.yilence, if !r= 0 is a tangent to the circle = 0, ^kT represents 
a circle touching Cj = 0 at the point of contact of T — Q, 

Note iii. It follows that if two circles cut in imaginary points, the 
join of these points is a real straight line. 

The result of this paragraph can be written briefly thus : 

If 6\ = 0, C '2 = 0 are the equations of two circles, — — O is the 
eq^iation of their common chord. 

[Conversely, if we are told that a straight line a = 0 is the common chord 
of the circle C = 0 and some other circle, the equation of the second circle 
must be of the form C — ku ~ 0, where k is some constant^ 

This relation will be discussed more fully in § 14. 

Exampl^-iT' To find the equation of a circle tvhich passes through the 
points of intersection of 2.r + 3y + 3 = 0 and 5;r — 10 = 0, 

a)id also through the point (3, 1). 

The equation of the required circle is of the form 

^2_|.y2_2a: + 3y'f 3 — ^(5 x — 2y- 10) = 0. 

Since the point (3, 1) lies on this, 

10-3A; = 0, i.e. k - V* 

Hence the required circle is 

3(a;’* + t/^ — 2a; + 3y + 3) — 10(5a;-2//~ 10) — 0, 
i.e. 3a;®'f-3y^-56a: + 29y'f 109 = 0. 

3 Example ii.^ To find the equation of the circle tvhich is equal to 
the circle ^ and touches it at the point (acosot, a sin ok). 

The tangent to the given circle at this point is 
xcos OK + y sin OK = a. 

Hence the required circle is of the form 

-f jfi — == k {x cos OK 4 y sin > ~ .7 1 
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The radius of this circle is 

a/ I cos^ a) + (P sin^ (y) + a^— ka . 

Hence, since the circles are equal, 

I k^ - ka 4- =*= 

i.e. k = 4 a. 


The equation required is therefore 

-f- = 4 a (rr cos 0^ -4- f/ sin (X — a). 


V. To find the angle at ivhich two circles cut, i. e, the angle between the 
tangents to the circles at their cmnmo^i points. 

If the circles cut at ]\ the tangents to them at P are perpendicular 

respectively to the radii CiJ\ C^P \ hence 
the angle between the tangents is equal 
or supplementary to the angle PC^, 
Now, if we denote the angle C\ PC., by xj/, 

cosxj/ = -- ^ - 



2(\P.(\,P 


If the circles are 


4- y ' -h 2 ffx -f 2 fy 4- r = (1, 
x" 4 -f 2 (Lc 4- 2 4-0= 0, 

since their centres are (--g, —/), ( — &, — i') and their radii 
g^’\-J"^~c and V 

we have 

//2 _ c 4- c;' 4- - 0- ( // - r^) 2 - (/- FY 

COSXU = — — 1 — — ^ — — 

2Vg'^-h/^-c VG^-^F^^C 
2gG + 2fF-C-c 
2y/g-^^c VG^^F^-O' 

i. e. 2 Hr cos \l/ = 2 gG 2 fF — (7— c, where It, r are the radii. 

Note i. If two circles touch internally or externally, is 0 or tt 
respectively, and 2gG + 2 fF-C-c — ±2Rr. This is equivalent to the sum 
or difference of the radii being equal to the distance between the centres. 

Note ii. When the circles cut at right angles (i.e. orthogonally) yj/ is 
a right angle and cos^ is zero: hence the condition that the two circles 
should cut orthogonally is 26V/ + 2/'/— C-c = 0. 

Note iii. The square of the length of the tangent from the centre 
Ci ~/) of the first circle to the second circle is equal to 

gH/^-2Gg^2F/-i^C^g^-h/^-c--(2Gg-i-2F/-C-c), 

Hence, if the circles cut o>ihogonally^ the length of this tangent is e([ual to 
the radius of the first circle. Similarly, the length of the tangent from the 
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centre of the second circle to the first circle is equal to the radius of the 
second circle. The converse of this proposition is clearly true. 

If the first circle is known and we are finding the equation of the 
second, cutting it orthogonally, this condition is linear in the three 
unknown quantities G, F, and C. 

The circle can therefore be made to fulfil two other conditions. 
Thus, for example, one definite circle can be found which cuts three 
given circles orthogonally. 

If the tangents to two circles which cut orthogonally at one of 
their common points be taken as coordinate axes, the equations 
of the pair of circles are 

+ = 0 , 

x^ + i/-2k^ij = 0 . 


Ex. i. If two circles cut orthogonally^ the tangents at one point of 
intersection meet the circles again in points whose join passes through the 
other point of intersection. 

Taking the tangents at a common i>oijit as cr)ortliniite axes, the other 
points in which the axes meet the circles 

if — 2 — U, 

{ if~2r.,y = 0 

are [2)\, 0), (0, 2if. 

Their other point of intersection is ( ^ 2 ^^^ / 2 » ) * 

This lies on + „— = 

2f\ 27\ 

Ex. ii. Shoiv timt a line cut harmonically by two orthogonal cb'cles 
must be a diameter of one of them. 

Let the circles htj 

x" [^y^-2i\y = 0 , . 
and the line lx 4 my = 1 . 

Then, if the points of intersection are 
VQHS, the lines 

OF^ OQ are x"^ -C y“ — 2i\x{lx + my) — Qj 
and 

OjK, os are -V if - 2 r^y (lx + my) = 0, 
i.e. x^{l-2i\l)-2i\mxy-iry'^^ 0, 

— 2r2lxy + (1 - 2 wrj) = 0. 

These form a harmonic pencil if 

(1 - 2rJ) (1 -2r2m)'f 1 

[Chap. Ill, ]>. 112.] 
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i.e. — — 0, 

i.o. (1 — ( 1 ~ = 0. 

Thus 1 — / = 0 or 1 — — 0, 

i.c. cither (cj, 0) or (0, r,,) lies on the line — 1. 

Ex. iii. A circle cuts the tiro circles 

{x-ai)- + {y-h^)^ = r,2, 

(.r— aJ2 + (y_5^)2 = 

(if angles 0^ and 6.,. Prove that it ruts their circle of similitude ortho- 
gonally if »'i cos 02 — r^ cos $ 1 . 

Let the centre of this circle be (CX, ,3) anrl its radius be p, then we have 
the conditions (O(-flj)M (3-6,)^ = p' + r/-2rjpcos^i, 

(CX - ojf + (3 -b^f-= id + >Y - 2 Cj /. cos 0^ . 

The circle of similitude is 

' 3 '^ 

or ,.^2 <1 0/-^)'; = 0, 

and since the coefficients of . 1 " and if are {if-tf), the square of the 

tanf(ents from (0(. 3) to this circle 

>f->f 

rd IfC C|- — 2 cos f, I ~ /v - cos tl,] 

/V - / V 

2 ^ ^ ^ ^ 2 ~~ ^ 1 ^2 ^ 

P 

'2 '1 

=-- /r, sill Cl’ cos = Cj cos 

Hence the circle cuts the circle of siinililiuh; oithogoiuilly. 

Ex. iv. Find the Cf[nafion of the circle harinfi for a diameter that 
chord of the circle -{-f- 2 (/x -\-2 fy ~{-c = 0 trhosc equation is 
Ix + my + n ^ 0 . 

Since the circle piisses through the common points of 

ar + //* ’^2r/x^ 2 ftj + c = 0 and lx 4 oaj -{ n = U, 
its equation is of the form 

4- 2(ix 4- 2fij 4- c 4- 2 A - ( lx + m\j 4^0 0. 

Moreover, Ix+my + n ”0 is a diameter of this circle, hence its centre 
\ { 9 (/-t /^wt) } lies on this line. 

Thus / iy 4- hi) 4 m (/+ hm ) - n -= 0 

or (A^4 nd) — — (/// 4- itif— fi ). 

Thus the required equation is 

(^M- 7td} Ix"^ 4 // ’ 4- 2f/x 4 2fy 4- rj = 2(/i7 4 f?if~ n ) {lx f my f n }. 
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Examples V k. 

1. Find tlio equations of the common tangents of the circh*s .r* - //' ~ L 

,r2-< 7/2-3;r + 2 - 0. 

2. Find the coordinates of the centres of similitude of the circles 

x'^ir~Ax-2ff+ 1 = 0 , 

•T' ir + 2 X + 4 // — 1 1 = 0, 
and the equation of their real common tangents. 

3. Find the equation of the circle cutting orthogonally the three circles 

‘\-2x~Ay-{ 1=0, 

4 //' - G.r 4 8 y -f 7 = 0, 

+ 1/^ — 4 .T + Gy + 9 = 0. 

4. Find the equation of a circle which bisects the circumferences of 

q y- = 1 , 4 y*' + 2 X = 3, x^ -I y“ 4 2 y = 3. 

5. Find the equations to the two circles which have their centres at thr 
origin and touch the circle .r^q y^ — G.r — 8yH 9=0. 

G. Find all the common tangenls of the circles .r-' q y--- oar-n t [K 
.r- q y'-21x\ 90 = 0. 

7. Find the equation to the circle which passes through the ))oint (1, 1). 
and the points of intersection of 3xq 7 = 5y, 3.T-2.r''^ -= 5y-i 2y^-17. 

8. Find the radius of the circle of similitude of two circles in terms of 
their radii and the distance between their centres. 

9. ' Write down the equation to the circle which passes tlirougli the point 
(n, /;) and the points common to Ix-] my = 1, x'-\ y -4 2y.r-i 2fy-^ c — 0. 

10. A and B are the centres of two orthogonal circles intersecting in 0, 
and P is any point on the circle AOB. Show that P is equidistant from the 
two points in which IV cuts the circles. 

11. Find the equations of the two circles which cut orthogonally the 
circles ic^4y^4 2.c-9 = 0, .c-'f y*^ — 8.r — 9 == 0, and touch the line y — x — i. 

Show that the distance between their centres is 10\^2, 

12. Show that the circle on the line joining the centres of similitude of 

X- q y“ — 2 4 = 0, 

.rM y2-2//a:q 6"= 0, 

as diameter is x"^ 4 y“ — 2 .r {kJe q h’^)/[lc q k') 4 = 0. 

13. Find the condition that the circles 

(;r — c)^-l A(a:4c)^^ (l -fX)y^=0, 

(.T - cY -\ fjL(x-\ cf q (1 -I y) y’^ = 0 
should cut at right angles. 

14. ' Show that the equation of the circle which cuts each of the three 

circles a’^q y^ = (x — bY-\-y^ = a^ (y-^Y = right angles is 

4 y^ — hx~ cy 4 = 0. 

15. Show that the circle of similitude of y--2a.rq a^cos^iX = 0, 
.T“4y"--25a::4/r cos^Ot * 0 is (aq 5)(.r‘q //“) = 2ahx. 

16. If two circles intersect, their circle of similitude passes through their 
points of intersection. 
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17. If two circles cut orthogonally, the extremities of a diameter of either 
arc conjugate points with respect to the other. 

18. Find the equation to a circle which touches + — 2a: = 0, 

-f 1/^4 3a: = 0 at their point of contact, and has internal or external 

contact with the circle (x - + (y ~ 5)^ — ^ • 

19. If a circle of fixed r-adius p cuts a circle C = 0 whose radius is r at an 
angle CX, the locus of its centre is C = r^*-2rp cos (X, 

20. ^ Find the locus of a point at which the two circles -f I Ir = 0, 

if — + — 0 subtend the same angle. 

21. Find the locus of the centre of a circle which cuts the circles 

{X — af (y — hf ^ c^cos^CX, 

(x - + (y - ^ 2 )^ = cos^l^ 

at angles and 0( respectively. 

22. Find the locus of the centre of a circle which cuts each of two given 
circles at a given angle. 

23. Find the equation of a circle which cuts orthogonally 

x^ -I y^ -h2 (/x 4 2/y 4 c = 0, 
x^ + y^ 4- 2y‘x } 2/ y 4 c 0, 
and also the line ix\my — 1. 

24. Find the equation of the circle which has for its diameter the chord 
cut off on the straight line ox 4 - % + c = 0 by the circle [o^ -I //) (pc^ + y^) = 2 c^. 

2o. Circles are drawn through the point (t*, 0) touching the circle 
x“-\-if -■ or. Show that the locus of the pole of the axis of x with respect 
to them is 4 (x - c)^ = {a'^ - c^) {a* ~ (c - 2 af \ if. 

26. If C^x^ 4' 4- 2ya: 4 2 fy 4 c, and m — .c cos XP y sin y —p, and is the 

value of ti at the centre of the circle 0 = 0, then the equation of the circle 
on the chord which 0 = 0 cuts oft* from w = 0 is C — 2u Uq — 0. 

27. If a circle cuts three circles Oj = 0, 0^ = 0, O 3 = 0 orthogonally, 
prove that it cuts all circles of the system X 0^ 4 p 0^ + v O 3 = 0 orthogonally. 

28. If Q, R are the points of contact of the tangents drawn to the circle 

0 = 4- y^ 4 2ya? 4 2fy 4- c = 0 from an external point (/?, 4*), find the equation 

i* = 0 of the chord QR and show that the circle described on QR as diameter 
may be written in the form 2t^P = \{h 4 y)^ 4 (/r 4/)“} O, r being the radius 
of the circle. 

29. If 0^ = 0, O 2 = 0, O 3 = 0 are three intersecting circles and 
aOi4 &O 34 -C 63 is identically zero, where a, by and c are constants, then all 
three circles pas.s through the same two points ; and if this condition is 
satisfied the circle ^Ci 4 -mC '2 4 'nf 73 = 0 for any values of /, and n also 
passes through these two points. 

§ 14. Systems of Circles. 

L Ci = x^+y‘^ + 2giX+2fiy + Ci = 0, 

G 2 = + y'H 2 <j.^x + 2/^ »/ + C 2 = 0 

being tiie equations of two circles, we have shown that 
Cl - C.^ = (x^ +g^ + 2 gi x- + 2/, ^ + c,) - (x- + + 2 g.^x + 2 f.^g + c.^) = 0 
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is the equation of their common chord ; when the circles do not 
meet in real points, — C2 = 0 still represents a straight line satisfied 
by the coordinates of all points common to Cj = 0, = 0 ; it is the 

join of their imaginary points of intersection. 

Now the square of the lengths of the tangents from any point 
(x\ t/) to the circle C, = 0 is found by substituting x' and ^ for 
X and y in Ci* Another geometrical interpretation can now bo 
given to the equation 

(7l-Co=:0, 

which enables us to define the line in real terms in all cases. 

The equation 

(j;2 4.^2 4-2^1 a; -l- 2 /iy + r;i)-(:c2^y2^2^2® + 2/2«/ + Cii) = 0 

represents the locus of a point, the tangents from which to the two 
circles are equal ; hence the definition : 

The locus of a pointy tangents from which to two given circles are 
equalj is a straight line which is called the Radical Axis of the two 
circles. 

Evidently, when the circles cut in real points, the radical axis 

is the common chord : if the circles touch each other, it is the 

common tangent at the common point. In every case the radical 
axis bisects the common tangents to the circles. 

The equation of the radical axis reduces to 

2^^ + (/i--/2) + Ci-C 2= 0. (i) 

Now the centres of the circles are {—gi, —/i), (.—5^2? ~/2)> 

and therefore the equation of the line joining the centres (the line of 
centres) is 

+ = (ii) 

This is perpendicular to the line (i) ; hence the radical axis of two 
circles is perpendicular to their line of centres. 

Now consider the equation 

x^-\ry^^2gX'{-2fy’\-C’\-\{lx-^my-\'n) = 0. (iii) 

It represents a circle whatever value A may have. 

But the radical axis of this circle and the circle 

is the straight line lx-\’my-\-n = 0. 

Hence for different values of A, equation (iii) represents a system 
of circles each of which has the same radical axis lx -f my + n = 0 
with the circle + 2yy-f = 0. 
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Further, if 

if ^^2 gx-\-2fy K^{loc my n) = 0, 

x^^y^^-2gx-\^2fy-\-c^-K,^\J,x-\‘my-^n) = 0 
be any two circles of this system, their radical axis is 

+ + 

i. e. lx + myi'n = 0. 

Thus 4- 2 + 2^ + c + A (?a? + + w) = 0 represents when A 
varies a system of circles, such that every pair has the same radical 
axis lx + yny -h >i = 0. Such a system of circles is called a Goa ral 
System. 

In abridged notation we can write briefly « if 0 = 0 is a circle and 
?/ = 0 a straight line, A« = 0 represents a coaxal system of circles 
of which w = 0 is the radical axis. 

Since the radical axis of two circles is perpendicular to their line 
of centres, the centres of all circles in a coaxal system lie on a 
straight line. 

The equation of a system of coaxal circles is simplified by taking 
the line of centres as the axis of x and the radical axis, which is 
perpendicular to it, as the axis of y. 

In this case, since the centre is on the axis of x, / = 0, and the 
equation is of the form x^-^y^-\-2gx~^c = 0. 

Now the radical axis is 37= 0, hence the equation of the system of 
circles is +f + 2gx + c+kx= (» 

for dift*erent values of it, i. e. 

x'^^y^^c + xi2g + k) = 0 ; 

or, writing 2 A for the variable coefficient of x, we have 
x^-^y^ + c + 2\x = 0. 

The constant c is fixed ; by varying the coefficient A the equation 
of all the circles of the system can be obtained, and further, to every 
value of A there corresponds a circle of the system. 

Properties of a system of coaxal circles. 

(i) The general equation of a circle of the system 
X^-{-l/-\-C+2\x==:0 
can be written {x + \)^+y^ = 

and if A has either of the values ± v^c, this reduces to 
(a;— -/c)2 4 -y 2 — 0 or (a7+ + = 0. 

These equations represent circles whose centres are (Vc, 0) and 
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{ — V'c, 0) and whose radii are zero : the only real values of j and // 
which can satisfy them are the coordinates of these centres. 

These points (\/c, 0), (— a/c, 0) are called the Limiting Points of 
the coaxal system : they lie on the line of centres at equal distances 
from the radical axis on either side. They are often referred to as 
the Point’Circles of the system. 

The limiting points are real when c is positive, and imaginary 
when c is negative. 

Now the circle + 2 = 0 meets the radical axis :r = 0 

in points whose coordinates are given by y^ + c 0, i. e. the radical 
axis meets the circles of the system in real or imaginary points 
according as c is negative or positive. 

Thus a system of coaxal circles which intersect only in imaginary 
points has real limiting points : a system of coaxal circles which 
intersect in real points has imaginary limiting points. 

Hence + 2 A a; = 0 represents in general a system of 

coaxal circles which do not intersect in real points, and whose 
limiting points are (8, 0), ( — 8, 0). 

(ii) The limiting points are conjugate with respect to every circle 
of the system and have the same polars with respect to all circles of 
the system. For the polar of (8, 0) with regard to 

x^^y^ + b^- + 2\x=0 
is a'8 -f- 82-f A (a;+ 8) = 0, 

i.e. (.r-fS)(6 + A)=0, 

i. e. x + b 0, 

a line through the other limiting point parallel to the radical axis. 
Thus the polars of the limiting points are the same for all circles of 
the coaxal system and are conjugate with respect to every circle of 
the system. 

(iii) The equation of any circle of the system can be written 

+ = A2 — 8“' ; 

hence if the circle is real ; the centre is ( — A, 0), hence no real 

circle of the system has its centre between the limiting points. 

(iv) Any circle through the limiting points cuts all the circles of 
the system orthogonally. 

Any circle through (8, 0), (—8, Oj is [p. 162] 

which cuts any circle of the system 

.T2-f/ + 2Aa: + 62 = 0 

orthogonally. (The condition 2 6r^ + 2 F/= C+ c is satisfied. ) 
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Ex. i. All circles which bisect the circumferences of two given circles 
form a coqxal system. 

Let the equations of the two given circles be 

+ c + = 0, (i) 

-f + c + 2 = 0. (ii) 

Any diameter of (i) is of the form 

a?+/+A*y = 0, 

since its centre is ( 0). 

Hence the circle 

a;* 4- y’ -f c + 2/a? + X (a; +/-f A-y) s= 0 (iii) 

bisects the circumference of (i). 

The common chord of th ; ciicles (ii) and (iii) is 

2 if-g) a: 4- X (a? 4-/4- ky) = 0 ; 

but this is a diameter of the circle (ii) if the circle (iii) bisects its circum- 
ference. Hence the centre of (ii), viz. ( - y, 0), lies on this line. Hence 
~2y(/-y)4-X(/-y) = 0; 

X = 2y. 

The circle bisecting the circumferences of the circles (i) and (ii) is accord- 
ingly a;2 + yH c + 2fx 4- 2 y (a? -1-/4- ky) == 0, 

i.e. a;“4-y^ + 2 (/+y) j;4-c4-2/y 4- 2yA:y = 0, 

which for different values of the undetermined constant k represents a 
system of coaxal circles, the radical axis being y == 0. 

Ex. ii. If C = a:2 -|- 2ya; + 2/y - 2// = 0, 

C/ = a;2 + y 2 4 . 2 y'a; + 2/y ^2/g' = 0 

are two circles of a coaxal system, show that the point-circles arc given by 
the equation {/ -f gT ~ 2 CC' {/-h g') [f + (/-f ,y)‘^ = 0 . 

Any circle of the system is (7+XC'= 0, or written in full 

a:^ 4 - yH 2gx 4- 2/y - 2fg 4- X {aP’ 4 - if + 2y'x + 2/'y - 2/'y') = 0. 

This is a point-circle of the system if its radius is zero, i. e. if 

+ V 4 2/y + 2 Vy' _ 

\\fx) ^ \ 1+\J^ f-fX 

i. e. (y + N y')^ 4 (/4- XfJ 4 2 (1 4 X) (/y -f X/y ) = 0, 

or X* (y' + f'f 4 - 2X {gg' + ff \fg 4- /y) -f (y 4 Z)® = 0, 

i.e. A* (y + /r + 2 X (/-f g) (/' 4 y) 4 (y -f /)« = 0. 

Hence, if X has either of the values given by this equation, C + \C' ^ 0 
is a point-circle of the system. 

Thus the coordinates of the point-circles satisfy 



where X satisfies the above equation. 

Therefore the equation of the point-circles is 

W +/')* ~ 2 CC' (f-^g) (/' 4 y) 4 O'* (5^ + f? » 0. 
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II. Three Circles. 

The radical axes of three circles taken in pairs are concurrod. 

For, if Cl = 0, C 2 = 0, C'j ~ 0 are three circles, their radical axes 
when taken in pairs are the lines 

Cl - = 0 , C.-C^ 0 , C.-Ci = 0 , 

which evidently are concurrent. Their point of intersection is 
given by = 6^ = C-> ; it is called the Radical Centre of the three 
circles. 

The lengths of the tangents from the Radical Centre to the circles 
are equal, since its coordinates satisfy Cj = 

The circle whose centre is tho Radical Centio and whose radius is 
equal to one of these tangents is called the Radical Circle, and cuts 
all three circles orthogonally. 

If Cl (L = 0, C., = 0 are three circlrs^ their six centres of 
similitude lie in sets of three on four straight lines, 

(a) the three external centres of similitude of CyC.y, CJJ^, 

(b) the two internal centres of similitude of CiC^y CyC-^, and the 
external of C.^C-.. 

(c) the two internal codres of similitude of 6^6j, and the 

external of C\C-^, 

(d) the ttvo bdcrnal centres of simililnde of C^f \y and the 

external of Cff- 

These four lines are euUed Axes of Similitude. 

Let the centres and radii of the circles bo i'l ; ( 0 l^ 2 , ; 

The external centres of similitude are 




' r 

1 ’ 'X - y , ] 



1 >\->-2 ’ 



Let tx-}-n///-i-n = 0 be the straight line joining the lirst two; then, 
substituting the coordinates of tho first in this equation, we obtain 

la.j + md^-h^^ __ l(X3-i- /I 

and, substituting the coordinates of the second, 

+ + _ l(Xi-h7nf:^j -h n 

^'1 


li67 


N 
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Hence /I, + »_ ia2 + »n/J2 + ” 

»i “ ’ 

and the third centre of similitude also lies on the line. 

To obtain the equation of this line, let 

I(Xi + mj 3 j + n _ Zo(2+»t^2 + n _ lag + m/Sg + n _ 

»'i ~ ~ »-3 ~ 

Thus Ix +my +n = 0 , 

loii + m/^i + n-kri = 0, 

loc^ + miS^ + n—kr^ = 0, 

lot^ + mfis+n—kr^ = 0. 

If we eliminate I, m, n, and k, we obtain the equation in the form 
a: y 1 0 

a, /^i 1 r, ^ ^ 

^2 ^^2 ^ ^*2 

If we change the sign of / j we obtain the equation of the axis of 
similitude which passes through the external centre of (72, and 
the internal centres of Ci, and ( 7 i, and similarly for the 
other two. 

Ex. i. Prove that the locus of the centre of a circle cutting three given 
circles at the same angle is the perpendicular let fall from their radical 
centre on an axis of similitude. 

Let the circles he C, = = 0, 

^2 = (a; - 0^2)* + {y ~ ^2 )* “ ^2 = 0 , 

= = 0 ; 

and suppose (f, fj to be the centre and p the radius of the cutting circle. 

Then )* + (»?- ft)* = *f p* + 2 Tj p cos a ; 

i.e. the coordinates 1; satisfy 
, (7j = p^ 4 2 }\ p cos (X. 

Similarly they satisfy = p* 4- 2r2 P cos cx, 
f's = P* + 2 ; 3 p cos (X. 

Eliminating p* and p cos (X from these three equations, we get the 
equation Cj 1 

C 2 1 ^*2 = 0, 

1 ^-3 

i. e. n - C,) + r2 (O3 - C,) 4- r, {C, - C,) = 0. ^ (i) 

This is a straight line, and it evidently passes through the radical centre, 
which is given by Cj = Cj = Ca. 

The equations of the axes of similitude were found above; it can be 
verified that the straight line (i) is perpendicular to the axis of similitude 
which contains the three external centres of similitude. 
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The angle at which two circles cut can be taken as the acute or the obtuse 
angle between the tangents at the point of intersection. 

We might therefore have taken 

cos or, 

Cj = cosa, 

Q ~ p^±2r3pcoB or, 
giving as the locus of the centre 

C, 1 

^2 1 ±^2 = 0, 

1 ±rs 

i.e. four different straight lines, 

(^2 ~ ± ^2 (^3 “ ^ l ) ± ^*3 ( — C2) = 0 . 

These will be the pei*pendiculars from the radical centre to the four axes 
of similitude. 

Ex. Uk/i/ Cl = 0, 62 = 0, Cj = 0 are three circles, then 

represents for different values of Ag, A 3 a system of circles cutting 
a fixed circle orthogonally. 

Let (Of, /3) be the centre of a circle and p its radius, and let C/, Cj', C3' 
stand for the values of Cj , Cj , when or, /3 are substituted for x and y. 

Now this circle cuts the circle 

+ + = 0 (i) 

orthogonally, provided that the square of the tangent from (Or, fi) to the 
circle (i) is equal to 

The coefficients of and if in equation (i) are (A1 + X3 + X3). 

Hence the square of the tangent from (or, j3) to the circle is 
X^C7| +X2C2 

Al +A2*f- Ag 

Thus, if the circle whose centre is (or, /3) and radius p cuts the circle 
orthogonally XiC^ + XaCj' + Xg^g'* p^ (X^ + Xj + Xg), 

Le. A,(C,'~p«)4-X2(C2'~p*) + Xg(C3'-p*) = 0. 

It will then cut all circles represented by (i) orthogonally if this condition 
is true for all values of Xj, Xj, and X,, i.e. if it is possible to have 

CV-p2 = 0, C2'-p’ = 0, O3'~p^ = 0 
simultaneously, i.e. = C,' = Cg' = p®. 

This is possible if (or, 0) is the radical centre of 

Cl = 0, €2 = 0, Cg = 0, 

and p® is the square of the length of the tangent from the radical centre to 
either circle. 

Hence for all values of Xj, Xg the circle 

X j Cl H" Xg C 2 4* Xg C^ ~ 0 

cuts orthogonally the circle whose centre is the radical centre of Cj = 0, 

N 2 
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(7j = 0, = 0, an<l whose radius is equal to the tangent from this centre to 

either circle. 

In particular the circles Cj =0, Cg = 0, Cg = 0 each cut this circle 
orthogonally, corresponding to the cases when two of the coefficients 
Xj , Xj, Xg are zero. 

Examples V 1. 

1. Find the radical centre of the circles 

+ 3:r+2y+ 1=0, 

+ 5 = 0, 

f/® + 5ar— 8y 4 15 = 0, 
and find whether it lies inside or outside the circles. 

Hence find the equation of a circle cutting all three orthogonally. 

2. Find the radical axis of 

2:^*4 2y^-3ic4-5f/4 2 = 0, 

.^*4 1/^4 8a?4-4i/~5 = 0, 

and show that the circles cutting these two circles orthogonally pass through 
two fixed points on their line of centres. 

3. Find the equations of the three radical axes of the circles 

ix-af-^(y^hy=^h\ 
ix-b)^^{y-a)^ = a\ 

(x-a-b-c)^ t/ = abi 
and prove that they are concurrent. 

Find also the equation of the circle which cuts them all three ortho- 
gonally. 

4. Find the coordinates of the limiting points of 

ic*4-y’*4-2a:4-4f/4-7 = 0, 

4 y* 4- 5 a? 4- y 4- 4 = 0. 

5. Two circles whose centres are (a, 6) {b, 6) have the axis of y as radical 
axis. If the radius of the first circle is r, find that of the second. 

6. If two circles cut a third circle orthogonally, the radical axis of the two 
circles passes through the centre of the third circle. 

7. Show that the locus of a point the tangents from which to two given 
circles are in a constant ratio is a coaxal circle. 

8. The polars of a point P with respect to two given circles meet in Q : 
show that the radical axis of the circles bisects PQ, 

9. In the equation a;’*4 y’4-2ya?4-c = 0, if y is a variable parameter and 
{x'f y) a fixed point, then the polars of {x\ y) with respect to the circles all 
pass through a fixed point lying on a circle through {x\ y) and the limiting 
points of the circles. 

10. Show that the three circles of similitude of three given circles taken 
in pairs are coaxal. 

11. If the equations of one circle and of the radical axis of this circle 
and another are respectively 

a(a?^4-y*)4-2ya:4-2/y4-c = 0 and lx-¥my^n = 0, 
find the equation of the other circle with the proper number of arbitrary 
constants and the coordinates of the limiting points, 
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12. Circles which cut two fixed circles of a coaxal system at constant 
angles will cut all circles of the system at constant angles. 

13. Two systems of coaxal circles are such that the radical axis of either 
is the line of centres of the other. Show that the product of the radii of any 
two circles, one of each system, which touch one another, is constant. 

14. A certain point has the same polar with respect to each of two circles: 
prove that a common tangent subtends a right angle at the point. 

ir>. Prove that the locus of the middle points of chords of a fixed circle 
which subtend a right angle at a fixed point is a circle, and that the fixed 
pojnfc is a limiting point of the two circles. 

16. A common tangent is drawn to two circles so as to intersect the line 
joining the centres when produced, and .S is a limiting point external to one 
circle and internal to the other. Prove that twice the perpendicular from .S’ 
to this tangent is a harmonic mean between the greatest distances of 5 from 
each of the circles. 

17. Aj J5, C, D are four circles: the radical axis of A and B is perpen- 
ilicular to that of C and 7) ; also the radical axis of A and C is perpendicular 
to that of 7^ and D; prove that the radical axis of A and D is perpendiculai' to 
that of B and C. 

18. Show that the limiting points of the circle and an equal 

circle with centre on the line + = 0 lie on the locus 

{x^ -f y^) {lx 4 - my + n) + {lx -f my) == 0. 

19. Find the limiting points of the system of circles defined by the 

equation -f- f 4 c + X 2/y + c) = 0, and show that they sub- 

tend a right angle at the origin if cir®4-c'/-^ ~ 2. 

20. Show that the circle of similitude of any two of the circles described 
on the sides of a triangle as diameters cuts orthogonally the circle circum- 
scribing the triangle. 

21. Dj E, 7' are points on the sides of a triangle ABC such that AD, BE^ 
CEuve concurrent. Prove that the radical axes of the circle ABC and the 
circles on AD, BE, CF as diameters meet BC, CA, AB in three colliiiear 
points. 

§ 16 . Other Forms. 



I. Let the four sides of a quadrilateral ABCD be 


u = x cos Oil +^sin — ^>2 = W 

V = X cos ^2 + y sin = 0, (ii) 

w = X cos CX3 + y sin cx ^ ^p. = 0, (iii) 

^ cos oc^ + y sin ^4 —p^ == 0. (i v) 
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Consider the equation uw = \vz, which, written in full, is 
(a; cos «! + 2/ sin (Xj — [x cos 0(3 + ^ sin ol^ — jpg) 

= A (a? cos (X2 4- 2/ sin (Xg — jpg) cos OL^ + y sin CX4 (v) 

where X is a constant. This is satisfied by the coordinates of each 
of the points -4, i5, C, 2) : thus, B is the point of intersection of m = 0 
and t; = 0 ; its coordinates therefore make u and v zero, i.e. satisfy 
the above equation. Hence equation (v) represents a locus passing 
through the four points Aj By C, JD. In order that the equation should 
represent a circle two conditions must be satisfied, but we have 
only one constant, A, undetermined: thus the equation can only 
represent a circle when some definite relation exists between the 
coefficients of the equations of the lines w, Vy w, z. 

The conditions for a circle give us 

cos oCi cos (X3 — A cos (X2 cos (X4 = sin oCj sin 0(3 — A sing sin , 

and sin (X-j cos cXj -f sin (Xj cos (X3 = A (sin cos tXg + sin cXg cos ^4), 

i. e. cos («! + (X3) = A cos ((Xg + a4), 1 

f (vi) 

and sin ((Xj + CX3) = A sin (cXg -f oc^)^ > 

Hence the condition that the lines (i), (ii), (iii), (iv) should form 
a quadrilateral which can be circumscribed by a circle is 
tan («! + ^3) = tan ((Xg -f ^4), 
or = niTy 

where n is an integer. 

This corresponds to the proposition ‘the opposite angles of a 
cyclic quadrilateral are supplementary \ 

Note. It follows also from (vi) that A = +1, and n is even or odd 
according as we take the upper or lower sign ; for example, taking X — 1, 
the equation 

[x cos (XH-i3 + y8in(X-f/3-a cos (X — /S} {x cos y-f^ + ^siny + fi-a cos y — 3} 

~ {x cos a + y + y sin (X + y ~ a COB (X - y} {a? cos 0 + d H y sin j3 + 5 - a cos 3 - 6} 
represents a circle; it can in fact be reduced to ic” + y® = o*. 

II. Now suppose that the lines w = 0, v = 0, ii; = 0, ^ = 0 are 
such that the two points A and D coincide, then ^ = 0 meets the 
locus represented by 

uw = A . vz 

in two coincident points, i. e. = 0 is a tangent to the locus. 
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But in this case = 0 is a line through the intersection of = 0 
and = 0 ; hence [Chap. II, p. 62] z^lu + mw, 
where I and m are constants. 

Thus the equation of the locus ABCD 
(when A and D coincide) becomes 

uto = v (Zw -f- mw) 

where Zw + ?n«(; = 0 is the tangent at the 
point of intersection of w = 0, w = 0. 

Thus, if w = 0, i; = 0, «(; = 0 are the three sides of a triangle, 
luv + mviv + nuiv = 0 

represents a locus passing through the vertices, and the tangents at 
the vertices are iwv 4* = 0, nw-\‘lv =0, Zw + mv = 0 respectively. 

Example. To find the cqmtimi of the circle circumscribing the 
triangle formed by the lines + = 0, Z^r-}- w// + n = 0. 




Suppose that the tangent to the circle at the origin is 

Ax ^ By 0, 

then, for some values of A and J5, 

+ 2 hxy + hf = (Ax + By) {lx + my + ti) 

represents the circle. 

The conditions for a circle give \i6 

a—Al = b-Bm and 2h = Am-\-BL 
Thus, Al-Bm + b-a = 0 and Am + Bl-2h = 0; 

A ^ B _ ^ _1 

2Zim + (a-b)Z 2hl-{a-b)m P + m^ 

The equation of the circle is then 

{ax^ + 2 hxy + htf) {P + nP) ss{i2hm^a-bl)X'^{2hl-a-bm)y} {lx ^ my -^n]) 
which reduces to 

(a;* -f 1 /®) {am^-2hUn + bP] == 2hn{mx + ly) + n {a - b) (lx- my). 
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III. Again, in tln^ quad ri lateral ABC7\ suppose that the pair of 
nj)posite sides (ii) and (iv) coincide : then the equation viv — Xvz 
becomes %iw — 



This locus meets the line u = 0 in coincident points at A, B and 
the line w = 0 in coincident points at C, 7), i.e. the locus touches 
the lines u = 0, = 0 at the points where r = 0 meets them. 

Thus, 

(j cos cX] + y sin cXj — p]) [x cos + y sin o^;. — p.;) 

= A (.r cos ex, + y sill 

represents a curve to which the lines (i) and (iii) are tangents, tlie 
line (ii) being the chord of contact. 

As in I, this curve can only be a circle if 

cos( 0 ^i + O 3 ) = A cos2of.j, sin(ai -f = A sin 
i.e. Ofj -f 0^3 = 

which is equivalent to /.EAC=z A EDA, i.e. the tangents must be 
equally inclined to the chord of contact. If this condition is 
fulfilled, either of the above conditions gives the value of A. 

IV. Let C = x--\-y--\-2yx-{-2fy-j-c = 0 be any circle and 

n = X cos oCj + y sin eXj — pj = , 

V^x cos (X^ + y sin CX 2 —p^ 2 , — ^ 

two straight lines cutting it at A, D and B, C respectively. 

Now the equation C = \nv represents some locus; the coordinates 
of the points A and D satisfy both C “ 0 and n — 0, and therefore 
lie on this locus. So also for B and C. Hence 0 = Xuv represents 
a locus passing through the points A, B, (J, D, 

This can never represent a circle unless the locus C — Xuv 
coincides with the original circle, i. e. A = 0, for three points are 
sufficient to fix a circle. It can, however, for certain values of A, 
represent the pairs of straight lines AB and CD, or A (7 and BJ). 
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Example. If a pair of straiijht lines is drawn t/iroiu/h a fixed 2^0 in t 
to meet tu'o fixed siraighi lines in four cone g die p)oinis, show that the locus 


of the centre of the circle is a straight line. 

Let tlie two fixed straight lines be 

y — n/.r = 0, (i) 

//-f?n.r = 0. (ii) 

Suppose that ./•’ -[ f 4 2yx 4 2fy + c = 0 (iii ) 

is any one of the circles. Then the equation 

A (if — nd X') — 4- y ' 4- 2 g.v 4 2 fy c (i v) 


is satisfied the coordinates of the four points common to (i), (ii), and (iii), 
and hence represents a locus passing through the four points. For some 
values of A this equation represents two straight lines through the four 
points, and we are given that these straight lines intersect in a fixed point, 
say (p, q). 

The equation (iv) can be written 

(1 4- ndA) 4- (1 - 4- 4- 2/y 4- c = 0, 

and (Chap. Ill, § 11), if this represents two straight lines through (p, ^f), 
we have (1 + + = 0, 

(1-^)2+/= 0. 

Hence, eliminating A^ we have 

(/(p4-<7)4-m*p(g4-/) = 0. 

Hut the centre of the circle is (—p, — /) ; it therefore lies on the straight 
qix- if 4 ni^jy^y — q) = 0. 


Examples V m. 

1. Find the equation of the other two pairs of straight lines which pass 

through the intersections of + — 4 = 0, and the circle 

a24-t/2-2a’~2y-2 = 0. 

2. A circle touches the straight line 3a;4-4y = 0 at the origin and cuts 

the straight lines 7a:^4 ILry 4 = 0 at the points P and Q, 

If PQ passes through the point (1, —3), find its equation. 

3. The common chord of a given circle and any other circle of given 
radius a passes through a fixed point. Find the locus of the centre of the 
circle of radius a. 

4. Show analytically that if a parallelogram is inscribed in a circle it 
must be a rectangle. 

5. Show that the two pairs of straight lines 

— Axy '\-\Qx~Qy — 2i = 0 , 

3 4 4a’y 4 2/* — 26.i? — 18i/ 4 56 == 0 
form a cyclic quadrilateral. 

Find the equation, centre, and radius of tlie circumscribing circle. 
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6. Circles are described through the intersections of 

+ n = 0, (i) 

and + 2 hxy + hy^ =x 0. (ii) 

Show that the other chord of intersection with (ii) is fixed in direction, and 
find its equation in a form containing one arbitrary constant. 

7. Find the equation of a circle touching the a:-axis and passing through 
the points of intersection of the circles 

+ y^‘¥4x— 14i/“68 = 0, 

^4.^2 — 6a?— 22y + 30 = 0. 

8. The circles a?® + — 2 Ara? ~ d* = 0, 

iP* + y*~2A?'a?-d’^ = 0 

intersect in A and B. Through A a line is drawn perpendicular to 
meeting the circles in C and D respectively. Find the equation of the 
circle circumscribing the triangle BCD. 

9. Write down the equation to the circle which passes through the point 
(2, 1) and the points common to the circles 

2a?® + 2i/®~3a?-f5j/ + l = 0, 
a?* + y* = 1 . 

10. Find the equation of the circle whose diameter is the portion of the 
line 3a? + 4y =s 12 intercepted by the lines 5a?*-7a?y + 2y’* =0. 

11. The points of intersection of the circles 

a?* + y® + 2ya? + c = 0, 
a;® + y^ + 2/y-(? = 0 

subtend a right angle at the origin. Prove that -/* = 2c. 

12. Find the area of the triangle formed by the three points where the 
circle a?* + y® = 2ax + 2by is cut by the pair of straight lines 

Ix^ + 2ma?y + wy® = 0. 

13. Find the equation of the circle which passes through the intersection 
of the circles a?® + y®-3a:-2y-6 = 0, a?® + y®-5a?+4y + 2 = 0, and has 
its centre on the straight line x= y. 

14. Show that the equation of the circle whose diameter is the portion 
of the line Ix+my = 1 intercepted by the lines aa?® + 2 ^a:y + fcy* = 0 is 
(x^-hi/)(afn^-2hlm + hP)-h2x(hm-bl) + 2y{hl-am) + a'{-b = 0. Ua + b= 0, 

this passes through the origin : to what geometrical fact does this corre- 
spond ? 

15. If aa?® + 2/w7y + 5y® + 2ya? + 2/y + c = 0 

and Ax^ + 2Hxy+ By^-^2Gx-\-2Fy + C = 0 

are the equations of the pairs of opposite sides of a quadrilateral inscribed 
in a circle, show that H(b-a) = h(B- A). 

16. The straight line a?cos(X+y8ina = p being called the line (CX, p), 
find the equation of the circle circumscribing the triangle formed by the 
lines (Of, p) O, q) (y, r), and show it passes through the origin if 

qrBin(j3-y) + rpsin (y-OC) +pqsin (Of-^) = 0. 
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17. Find the equation of the circuincircle of the triangle formed by the 

lines bx + cy + a = 0, ra; + ay + == 0, aa? + + c = 0, and show that it passes 

through the origin if (fe® + c®) (c* + a®) (a? + 5®) = ahc (h + c) (c + a) (a + h). 

18. Prove that the equations of the common tangents of the circle 
a?* + y* 289 and the circle whose diameter is the chord a? cos a + y sin a = 15 
of the first circle are 3 (a? cos a + y sin a) + 4(y cos a - a? sin a) *= 85. 

19. If uv = is a circle, where w «= 0, t? = 0, iv = 0 are straight lines, 
show that any point on the circle is the point of intersection of two lines of 
the form \ti = w, v = \w. 

Indicating any point on the circle by the parameter X, show that the 
chord joining two points whose parameters are \ and Xg is 

X^XjU + v — (X^ + Xj) = 0. 

20. Show that the equation of the tangent to the circle in Question 19 at 
the point whose parameter is X is \^uA'V — 2\w = 0. Show also that the 
tangent at the points X and fi intersect at a point whose coordinates satisfy 
the equation 

u/2 = v/2 Xp = to/{\ + fi), 

21. Use the notation in Question 20 to solve the following : — 

OA, OB are tangents to a circle, P is any point on the circle, and the 
lines PAf PB meet any line through 0 at (7 and P. Find the locus of the 
intersection of BC and AD. 

22. OA and OB are tangents to a circle, a line through 0 meets the circle 
at P, Qf and AB at R. 

If tf = 0, t; = 0 are the tangents OA and OP, and the equation of the 
circle is uv = find the equations of the lines AP^ AQ^ and thus show that 

0, Ry P, Q form a harmonic range. 

23. Show that the pole of the line lu + mv + nw ^ Qj with respect to 
a circle uv = w^y is the intersection of the lines nu + 2mw = 0, wi? -f 2 /m^ = 0, 

1. e. is given by u/2m = v/2l ^ wj — n. 

24. The coordinates of a point make ti, v, and w equal to Uy v\ and w* 
respectively. Show that the polar of this point with respect to a circle 
whose equation is uv = is uv +u'v = 2 ww . 

25. Show that the triangle whose sides are = 0, w + = 0, = 0 

is self-conjugate with respect to the circle uv = 

26. OA(u = 0), OB(v = 0) are tangents to the circle = and any 
other tangent to the circle meets them in A' and B', Show that the locus 
of the intersection of AB' and A'B is uv = 

§ 16. The * circular points at infinity 

If Cj = 0, C 2 = 0 are the equations of two circles, then for 
all values of \ except unity the equation = A Cg represents 
a circle. When the circles Cj, C 2 intersect in two real points, 
all the circles represented by (7i = A O 2 pass through these two 
points. In order to obUin complete generality we introduced in 
Chap. IV the ideas of imaginary points and coincident points; so 
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that we may say that all the circles represented by the equation 
Ci = kCo i>ass through the two points of intersection of the circles 
Cj = 0 and Ccj, = 0. Now any other type of locus might pass 
through these two points of intersection ; this property is not 
therefore a geometrical explanation of the algebraical result that 
(\ = always represents a circle. 

Again, if zfc = 0, ?; = 0 are the equations of two straight lines, the 
locus Cl = Kuv passes through the four points of intersection of 
the straight lines w, v with the circle Ci* This locus is not a circle 
except in the special case when A is zero. On the other hand, the 
equation C 2 = Atf always represents a circle ; this circle passes 
through the two points of intersection of the line it = 0 and the 
circle Ci = 0, but this property evidently does not correspond to 
the fact that the locus is a circle. We have seen in Chap. IV that 
in order to obtain complete generality we had to adopt the ideas 
of ^ points at infinity ’ and ^ the line at infinity Also we saw that 
the properties of a locus with respect to the line at infinity could 
only be satisfactorily examined by using homogeneous coordinates. 
Euclidean Geometry fails to explain the facts given above ; we 
proceed to examine, by the use of homogeneous coordinates, whether 
projective geometry offers an explanation. 

The general equation of a circle in homogeneous coordinates is 
4- + 2 fyz + 2(jzx = 0. The points of intersection of the circle 

and the line at infinity, z = 0, are therefore given by x--^y^ = 0 and 
z ^ 0. The homogeneous coordinates of these points are therefore 
(1, if 0), (1, —i, 0), i. e. a pair of imaginary points. Now the co- 
ordinates of these points are independent of the coefficients g, /, 
and c ; hence, all circles intersect the line at infinity in the same pair 
of imaginary xjoints. These points are called ‘the circular points 
at infinity’, and will be referred to as 12, 12'. 

Note i. Cl — €2 = 0. 

This equation becomes in homogeneous coordinates 

(x^ + y- + + 2fyjz + 2(j^zx) - + y'^ + + 2f^z + 2(j^zx) = 0, 

i. e. z{2(yi-g.i)x+2 (./j ^ + (Cj - c ^) = 0. 

The equation represents two straight lines, viz. the straight line 
at infinity and the radical axis. Thus in projective geometry we 
may say that one common chord of every pair of circles is the 
straight line at infinity. 

Note ii. Cl — Xu = 0. 

This equation becomes in homogeneous coordinates C\~~Xza = 0; 
it therefore represents a locus passing through the points of inter- 
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section of the straight lines w = 0, ^ = 0, and the circle (Ji = 0. If 
th(3 straight line u = () cuts the circle in the points A and B, then 
Cl — Atf—O represents a locus circumscrihing the quadrilateral 
ABiUr, 

Note iii. Ci— XC 2 = 0, 

In the same way, since the circles C\, (J^ intersect in two finite 
points (real and distinct, real and coincident, or imaginary and 
distinct), say A and B, and also in the points 12, 12', the equation 
6^ — AC 2 = 0 represents a locus circumscribing the quadrilateral 

ABiUr. 

The general equation of the second degree 

-f -f -f 2 fyz + 4- 2 knj 0 

contains Jive independent constants ; if we know Jice points on the 
locus we can therefore find its equation, and the locus is completely 
determined. 

We have seen that both the equations Oi — A-e/r = 0 and 
Cl — ACg = 0 imply by their form that the loci they represent pass 
through four given points ; only one more point on the locus is 
required then in order to determine its equation completely ; it 
follows, therefore, that the equations Ci — A^?« = 0 and Ci — ACo = 
should contain only one undetermined constant ; this constant is A. 

Note iv. The centre of the circle in relation to the line at 
infinity. 

The polar of a i^oint F, with respect to a circle, was defined as 
the locus of the points of intersection of tangents to the circle 
at the pairs of points in which chords, passing through ]\ cut the 
circle. Now chords which pjiss through the centre of the circle 
cut the circle in pairs of points the tangents at which are parallel 
In Euclidean Geometry, therefore, the centre of the circle has no 
polar with respect to the circle. In projective geometry we say 
that pairs of pjarallel straight lines meet in * points at infinity and 
that the locus of these ‘ points at infinity ’ is the straight line at 
infinity. Thus Hhe polar of the centre of a circle with respect 
to the circle is the line at infinity and conversely ‘ the pole of the 
line at infinity with respect to a circle is its centre 

In homogeneous coordinates the equation of the polar of the 
point yij with respect to the circle 

+ cz- + 2 fyz + 2 gzx = 0 
is x (xi +()Zi)+y{yi +M) ;f 13 { 9 x 1 +fi/i + c.?i) = 0. 

The homogeneous coordinates of the centre of the circle are { 9 , f. — 1), 
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and the polar of the centre is therefore c) = 0, or, what 

is the same thing, ;er = 0, which is the line at infinity. 

Note V, The equation of any circle, by a proper choice of axes, 
can be written a^, or, in homogeneous coordinates, 

x^+y^ a^z^. 

This equation may be written (oj + iy) Or— /y) = aV, which is in 
the form m = Jcw^, and represents a locus touching the imaginary 
straight lines x + iy^O, x~iy mO, the line at infinity ^ = 0 being 
the chord of contact. 

We have seen that every circle passes through the two fixed 
imaginary points i2, 12' on the line at infinity. Conversely, every 
locus of the second degree which passes through 12 and 12' is a circle. 
The points 12, 12' are determined by the equations x^+y^ = 0 and 

= 0 ; i. e. are the points of intersection of the line ^ = 0 and the 
lines x + iy = 0, x~-iy 0 respectively. 

Now we showed in Chap. IV that, having adopted the ideas 

there explained, we could state that every 
straight line meets a locus of the second 
degree in two points. If, then, a locus 
of the second degree passes through 12 
and 12', it meets each of the straight lines 
x-hiy = 0, x — iy in one other point, 
say A and B. Let ax-\-hy + cz 0 be 
the equation of the straight line AB. 

Since the locus circumscribes the quadrilateral ^451212', its equation 
is of the form {x + iy) (x — iy) + z {ax +hy + cz) = 0, 

i. e. x^ + y^-h cz^ + ^y^ + (ixz = 0, 

which is a circle. 

We may therefore define a circle in projective geometry as a locus 
of the second degree passing through 12 and 12'. Thus, if the locus 
represented by the general equation of the second degree 
ax^’\’'by'^-\-cz'^'\-2fyz-\‘2gzX’^r2hxy = 0 
passes through the points 12 and 12', then a = 6 and A = 0 ; and 
this locus is called a circle. 

§ 17. Polar Coordinates. 

Let the centre of a circle be the point (c, a) and B the radius: 
then if P(r, 6) be any point on the circle we have 

Pa^ + 0C^^20P. OC cos L COP = PG\ 
i. e. 2rocos{6— a) = R^, 

which is the general polar equation of a circle. 
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The equation of the circle takes the following simple forms in 
special cases : — 


(i) The origin at the centre of the circle 

r=E. 

(ii) The origin on the circumference 

r = 22?cos(fl— a). 

(iii) The origin on the circumference and the initial line passing 
through the centre r = 21lcoad. 

Polar coordinates can be used W'ith advantage in certain types 
of problems ; the following examples illustrate the method. 

Ex. i. A triangle given in species lias one vertex fixed, and a second 
moves on a given circle ; find the locus of the third. 


z 




Let the fixed vertex be at the origin and let the initial line pass 
through the centre of the given circle. The equation of this circle is 

t^+c^—2rccoad=It^. (i) 

Suppose that OPQ is one position of the triangle, and let the 
given angles of this triangle be a, /3, and y.. Let the coordinates 
of the point P be {r, 6) and those of Q {/, 00 ! then, since the triangle 
is given in species, the ratio r:r' is fixed, let r — k. r'. 

It is evident from the figure that 0 = 0'— a. Now the coordinates 
of P, r and 0, satisfy equation (i) ; substituting r = A:/ and 6 — 6'— OL 
in this equation, we obtain 

jfc2/2+c2_2fc/ccos(0'~a) = EK 
Hence, the equation of the locus of Q is the circle 
jV + c2-2A?rcco8(0-a) = 

Note. In general, if P lies on the locus r=/(0), then the locus 
of Q is kr =/(0— a). 
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Ex. ii. Ttvo circles of radii a, b have their centres distant c apart. 
The origin being the centre of the fomer and the initial line the line of 
centres, find the equation of the locus of centres of circles touching the 
former and cutting the latter orthogonallg. 



Let P, the centre of such a circle, be the point (r, 6), and let the radius of 
this circle be p. 

Since this circle touches the circle .1, r= a + />. 

Also, if Q be a point of intersection with the circle, 

FB^ =PQ'^ + QB\ 

i.e. 4 c- — 2 re cos ^ + 6“. 

Hence r® 4 - 2 rc cos ^ = (r-ay + h-, 

or 2rccos ^ — 2 ar-i a^4-5^-c^ = 0, 

is the required equation. 


Ex. iii. Show that the equation of the circle of similitude of 
r^ — 2ar cos0 + a^cos-^'a = 0 , 
r^— 2 &r cos 0 4 - cos^ cx = 0 

is {a^b)r =z 2 ah cos 0. Hence prove the propertg of the circle of 
similitude of ttvo circles, that the tangents from any point on it to the 
two circles are in the ratio of their radii. 



The equation of the circles can be written 

r’ — 2 ar cos ^ = a* sin^ (X, 

- 2 hr cos d 4* 6® =6* sin* X. 

Hence their centres are {a, 0)' (6, 0) and their radii asinx, hsin X 
respectively. 
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If ^ ^ or — a, the corresponding value of r is given by (>•- a cos (Xf = 0 ; 
thus 6 = OC and ^ meet the first, and similarly the second, circle in 

coincident points, i.e. are tangents ; this is otherwise evident. 

The centres of similitude lie on the initial line ; one is at the origin and 
the radius vector of the other is 

asin a.ft + fe sina.a 2ah 
« sin (X -f 6 sin (X a + b 

Thus, if P (r, 6) is any point on the circle of similitude, since OPS is 
a semicircle and hence Z OPS a right angle, 

OP= OS C09 By 
2 ah . 

i.e. r = — ; cos^, 

a + 6 

or (a + h) r = 2 ab cos d. 

Let PT be a tangent from this point to the first circle, then 

pr2c=p^2-^r*, 

= r^ + a* — 2arcos ^ — a^sin^a, 

= ~ 2 ar cos B + a^ cos^ OC. 

But (a + r = 2 ah cos By 

i.e. ar = — 6 (r— 2 acos^). 

PT^ = - + a* cos^ (X =a y (ab cos* X - ;•*). 

6 b 

So if PT'^ is a tangent to the second circle, 

Pr’ = ^(n6cos»a-r»). 

PT^:PT'^ = a^:b\ 

or PT: FT' ^ a:b ^ aBinOiibsinOC. 

Ex. iv. Prove that the polar equation 

r^~A;rcos(0— (x)-f = 0, 

ivhere k is variaUej represents a system of coaxal cirdeSy and find the polar 
coordinates oj the limiting points. 

Any two circles of the system are 

/*^~A;ircos {B-oCj-k-kfi = 0, 

1 *“ — k<^r cos (^ — (X) -f- k^d = 0. 

The equation 

r^~^qrcos(^-X) {)^-A*2^*cos [0-oC) \-k^d) = 0, 

i.e. {^’Cos(d--a)-d} =0, 

i.e. rcos (^ — X) — = 0 

represents a straight line through the real or imaginary points of inter- 
section of the circles. 

This is therefore the radical axis of the two circles and, since the equation 


1267 


o 
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does not contain or Atj, every pair of circles in the System have the same 
radical axis, i.e. the system is coaxal. 

The equation of the circle can be written 

r®-^rco8 + = \k^-kd ; 

thus the radius is \/\k'^-kd and the centre (\k^ oC). 

The circle is a point-circle when ^k'^—kd = 0, 

i.e. A; = 0 or 4(^. 

Hence the coordinates of the point-circles are (0, O) and (2d, oc), i.e. the 
origin and (2d, (X). 


Examples V n. 

1. Find the polar eq lation of the circle on the line joining the points 
(^i, 0^) (f\, 6^) as diameter. 

2. Find the equation of the tangent to the circle r = R at the point 
whose vectorial angle is (X. 

3. The equation of the chord joining two points on the circle r= 2/2cosd, 
whose vectorial angles are 6^, is r cos (^, 4- ^ 2 ^ ^ * 
Deduce the equation of the tangent at the point . 

4. Show that the vectorial angles of the points of contact of tangents 
from the point (r^, B^) to the circle r 2 R cos B are given by 

cos Bj . tan^ B — 2t\ sin B . tan B-\-2R-->\ cos B^ *= 0. 

5. The polar of (rj , Bi) with resjDect to r = 2R cosB is 

cos (B - = R (r cos B -f ;'j cos B^), 

6. Show that r^-2 arcosd-Sa^ = 0 is the polar equation of a circle 
whose centre lies on the initial line. If OF is any radius vector of this 
circle and a point Q is taken on OF so that OF. OQ = 6a^, find the equation 
of the locus of Q and show it is a circle whose radius is double the radius of 
the given circle. 

7. OA is a diameter of a circle, Q any point on the polar of P, E the 
mid-point of PQ\ EL is perpendicular to OA and QM is perpendicular 
to OF. Show that A, L, P, M lie on a circle. 

8. If PQ is a chord of r = 26 cos d which touches r = 2a cos d at R, then 
OR bisects the angle POQ. 

9. If P, Q are two points on the circle r = 2Rcosd whose vectorial 
angles have (ij their sum, (ii) their difference constant, find the locus of the 
centroid of the triangle OFQ. 

10. FQ is a chord of the circle r = 26cosd which touches the circle 
r = 2a cos B. Show that the locus of a point R on PQ, such that OP. OQ are 
harmonic conjugates of OR and the tangent at the origin, is 

r {6* — (a~6y* sin^d} =2a6*cosd. 

11. A straight line OP meets the circle r = 2 7? cos d at P and a point Q 
is taken on OP such that OP .OQ ^ find the locus of Q. 

12. Show that the equation 2(a — X)rco8d-f' = 0 for different 
values of X represents a system of coaxal circles, and find the radical axis 
and limiting points. 
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13. From a fixed point 0 a line is drawn to meet a fixed circle at P. 
A line PQ is drawn equal to and perpendicular to OP. Find the locus of 

14. OP is the radius vector from a fixed point 0 to a given circle, the 
angle POQ is constant and equal to a, and the area of the triangle POQ is 
fixed. Show that Q lies on a circle. 

15. Show that 2/r = 4 sin ^ — 3 cos d is a common tangent of r=2cosd 

and 12 rcosd + 20 = 0. 

16. The equation of the pair of tangents at points on the circle 

+ d® — 2 rd cos (d *- a) = 
whose vectorial angles are 0, is 

— + {>‘*cos^(d — <^)~2rdcos (d — a)— d*co8® (</> — a)} 

= r’^d^ cos (S—Oc) {2 cos (</)~0() cos (0 — d) - cos (d — 0()) 

-“2rci^cos (d-(X) cos* 

and show that when 0 = a this reduces to 

r* cos* (d — a) — 2drcos (d — a)-f = 0. 

17. u^^ is the line cos (d — dj cos d,^ = «, and circles are drawn about 

triangles formed by the lines w,* ^ 4 » taken three at a time: 

circles are then drawn through the centres of these circles taken four at 
a time : show that the five centres of these circles lie on the circle 

4rco8 djCos djcos djcos d^ccsdc = a cos (d — dj-da-dg-d^-dg). 

§ 18. We conclude this chapter with the solution of some 
important and typical problems. 

Ex. i. Find the condition that the four point i> 2 mi), 2^2), 

(nif^ 2 m3), (m4^, 2m4) ahould lie on a circle, 

Shoiv that (0-25, 1), (2-26,3), (1-69, —2*6), (0-49, — l-4)^ie on a circle, 
and find ita equation. 

The equation of any circle is of the form 

x-^y--\-2gx-^2fy’\-c = 0. 

A point of the type (m-, 2m) lies on this, provided that m satisfies 
the equation -f 4 m- -f 2gm- + 4/m + c = 0, 

i.e. m^-f 2(^+2 ) 4/m -fc = 0. 

This is of the fourth degree, and for any given values of g, / and 
c gives four values of m, the corresponding points to which lie on 
the circle. 

On the other hand, four chosen points of the type will lie on 
a circle provided that we can find values of g, f and c such that the 
four given values of m are roots of an equation of this type. 

If the roots of the above equation are mj, m2, m3, m4, then 
2m = 0, Smirng = 2^ + 4, = —4/, = c. 

Hence, provided that 

Wi + m2-hm3-hm4 = 0, 
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values of and c can be found from the remaining three conditions. 
This, then, is the necessary and sufficient condition that the given 
points should lie on a circle. 

In the numerical example 

= 0-5 ; wig = 1*5 ; WI 3 = — 1-3 ; ni^ = -0-7. 

-f Wig + WI 3 -f WI 4 = 0-6 + 1-5 — 1-3— 0-7 = 0, 

i.e. the points lie on a circle. 

Now 

2^ 4 = 2 wii Wig = {n%i + Wig) (wi^ + Wi4) + wi^ wig + Wi^ Wi4 
= -4+0-76 + 0-91 = -2-34. 

2^= --6-34. 

Again, 

4/= 2wiiWigWi3 = (wii+wtg) Wi3Wi4 + (m3 + wi4) wi^wig 

= 2x0-91 -2x0-76 = 0 32. 

2/=0.16, 

c = wiiWigWi 3 Wi 4 = 0-6826. 

The equation of the circle is then 

/c-4.^2_g.34^^(3.2g^^0-6825 = 0. 

Ex. ii. Show that all circles of the familif 

x- + t/2 + 2 Aa; + 2/uty + r = 0, 

tvherc AA + JS/x+Cr + D = 0, have a common orthogonal circle, and find 
its equation. 

Suppose that the circle 

a:2+2/- + 2^x + 2/^ + c = 0 (i) 

cuts the circle a;- + f/- + 2Aa: + 2/i^+r = Oat right angles; then 

2^A + 2jui/— c— r = 0. (ii) 

We are given that AA + J^/x + Cr + D = 0. (hi) 

Eliminating v from equations (ii) and (iii), we obtain 
A(A + 2Q/) + /x(i? + 2C/) + Z)-Cc = 0. 

In this equation A and p are independent ; hence, if the circle 
(i) cuts evay circle of the family at right angles, this equation must 
be true for all values of A and /x : so that 

A + 26^ = 0, i/ + 26/=0, I>-(7c=0. 

o ^ or ^ ^ 

2i/=-0. .2/=-o’ ' = 0- 


Hence 
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and the circle (i) becomes 


4. ^2 _ 4 - — 0 


or (7(.r^ + ?/^)— yla; — 7?^ + -D = 0. 

This circle cuts all the circles of the family at right angles. 


Ex. iii. A frianrjlc circumscrihes the chrle 

x^-\ry- = r^, 

mxA two of \h vertices lie on the circle 

+ 11 ^; 

show that, if d* = 7J--f 27?r, the third vertex also lies on this circle. 

Let P, Q, R be the points of con- 
tact of the sides with the circle 

(i) 

and By G be the two vortices on 
{x^d)nif^ R^. (ii) 

Let Py QyRhe the points or, i3, y ; 
then, since B is the point of inter- 
section of tangents at P and P, its 
coordinates are 

jr cos }, (or + y) r sin .V (or + 7) ) . 

(cosi (or — y) ’ cosi^cx — y) P 

and since this lies on the circle (ii), 

; r cos }, (or -f y) — d cos h (or — y)] ^ + r- sin- ^ (ot + y) = cos- ?t (or — y ), 
i. e. r- — 2 dr cos I (or-f- y) cos I (or — y)-f (r/- — /t^) cos- i (or — y) = 0, 
i.e. r- — 2r/rcos I (a + y) cos I (o( — y) I 2Prcos- 1 (^or — >) = 0, 
i.e. >•— 2dcos h (or + y)cosi (or— y)-!- 2Pcos^ I (or — y) = 0 ; 
r— 7(cosor + cosy) + P(l-|-cosor — y) = 0 ; 
cosor(Pcosy — (/) + Psiny sinor-f (?cosy = 0. 

Similarly, since C lies on the circle (ii), 

cos or (P cos — d) + R sin sin or -f P + r— d cos /J ~ 0. 

Hence, by cross multiplication 

cos or sin or 

(P^ 4- Rr) (sin y — sin/:i) — Pdsin(y — /7) (R^-j-Rr— d") (cos /i— cos y) 

1 

R’^ sin (/d — y) — Rd (sin ^ — sin y) 
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Put d'^ =i?2 + 2 Rr, and multiply each fraction by 2 R sin ^ (y—P) ; 
then 

cos a _ sin a 

(R+r)cos ^(y + /i()-dcos|(y— /i) ~ rsin^(/:l + y) 

1 

~ d cosj^^d +y)—Iicos^(p— y) 

Now the coordinates of A are 

r cos 1 (p + y) r sin i (/3 + y) 

^=c-^F=^y)’ 

hence 

cos a ^ sin a _ 1 

(It -h r) X — rfr Tjj dx ~ Ixr * 

Thus {(R + r) X - dr}^-^rh/ = (dx-^Itif, 

i.e. x‘^{E^-{-2Rr+r‘^~d^]+7‘^f-2dr^-x-\-{d'^-E^)r^^ = 0. 

Substituting for d^ in the coefficient of x^, this becomes, after 
dividing through by r^, x’^ — 2dx -{• d‘^ —E^^ = 0, or 

i.e. A also lies on the circle (ii). 

Note. Since we have chosen the point P in any position, any 
number of triangles can be drawn circumscribed to the one circle 
and inscribed in the other, if d^ = 2Pr. 

Ex. iv. Show that the equations of any two non-intersecting circles can 
be written in the forms 

{(x-af+if) = A {[x+af + if], 

{ (a-- a)2 + iy2} = { (a; + «)2 + y ^} , 

and find the equation of the polar reciprocal of the first imth respect to the 
second. 

Note. The polar reciprocal is the envelope of the polars of points 
on the first circle with respect to the second. 

Since the circles are non-intersecting, their limiting points are real; 
let the limiting points of the two circles lie (a, 0) ( — o, 0), then the 
equation of either circle is of the form 

aJ^ + 2/^ + 2/3f.T-f = 0. 

Put g = equation becomes 

( A — 1) -f + a^) + 2 (A -f 1) = 0, 

i.e. (a;-a)2 + 2^2 — X {{x + af’^-if}. 

This proves the first part of the question. 
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Let {m/y y[) be any point on the first circle, then 

(/-a)2 + y2^A{(rr' + a)2 + y'2}^ (i) 

and the polar of (rr', with respect to the second circle is 

{x - a) {x' - a) -f yy' — fj. {{xi- a){x' ^ a) + yy '} . (ii) 

Hence, from (ii) 

{X’-a) (x' - a)- fx{x-^ a) (x' + a) = (/x-l)?//, 
and from (i) (a;'— a)^ — A + — 1)^^- 

Eliminating y' so as to get the equation of the polar with only one 
variable x% 


■{x—a) {x'—a)—fx{x + a){x' + a)}-{\— 1) 

= 2/^ [(x'— a)^ — A(a:' + a)^]. 


Now let the fraction 



then 




or 

— 2/*(A — l)(x*— (\_i)(a5+a)* + A(f( — = 0. 

The envelope of this line for different values of P is (cf. Chap. II, 

§ 12 ) 

M*(A— l)2(a;*— 

= [(A - 1) (:r - a)2 - (fx - 1)2 ^2] [p2 (A - 1 ) (^ + a)2 + A (p - 1 )2 ?/2] , 
'which reduces to 


A (/X - 1)2 ^2 _ _ 1) I X (,r _ rt)2 a)2 } . 


Ex. V. Shoiv (hat the locus of the point from which the pairs of 
tangents to the hco circles 

Cx = a:® + >/^ + 2(7ia;+2/,^ + Ci = 0, 

(^2 =.r2+/+25r2a’+2/,a^ + C2 = 0 
are harmonically conjugate to one another is 

(.</iH/i2-c,) C, + {g./+A^-c,) Cx 

= [x{/i-/i)-y({fi-9i)+A9^-f29\}-- 
If the pencil formed by the tangents from a point {x', y') is 
harmonic, so will a pencil of lines through the origin parallel to the 
tangents be harmonic. 

We shall use the usual notation. 

Cl' =a;'2 + /2 + 2</,2;' + 2/y+Ci, 

C 2 ' = a:' 2 + 2 2/72®' + 2 / 2 I/' + c^. 
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The equation of the pair of tangents from tlie point {x', y') to the 
circle C, = 0 is 

C,C/ = {•r(j-' + (7i) + ,v(/+/i) + <7ia;'+/i2/' + c}-, 

and lines parallel to them through the origin (retaining only terms 
of the second degree in .r and y) ai'o 

(.r- + iy2) (,>•' + ^j) + y {y' +/,) } '•i, 

i.e. X- + -2(.r'+//,)(/+/i) xy + y- {C/-(/+/,)^] = 0. 

So the tangents from [x'.y') to C., = 0 are parallel to 

{C./-iy+y.;)^\-2{x't-y,){/+/,)xy+,/ {C/-(/+/,)^} = 0. 
These pairs of linos are harmonic conjugates if 
{C,'-(x' + g,V] ^C/-(y’+f^: + iC/-(x' + y^^} {C,'-{y' 

- 2 [x’ + r/i) (x' + //.,) iy' +/]) (// +/;,) 

(seo Ch.ap. IIL § 5). 

If we omit the accents, the resulting equation therefore gives tlio 
locus of jr' ?/'. 

This equation is 

2C,C\-C, {(^>’4-.^,)- + (?y+/i)'} 

+ ( + Pi) in + A) - ^ P-) iy +/i) I " = 0, 

i.e. 2C,C\-C\ 

+ iA-f\)-!i{g2-0i) +/2 r/i ~/i (k \ “ = 0, 

or C, A— 

^ >^i f\ -A) - y [pi - fii) -f/i po - A P\ [ ^ • 

Definition. If a radius vector OP is drawn from a fixed point 0 
to meet a given curve at ]\ then the locus of a point P' on OP such 
that 

OP, OP' = constant 

is called the inverse of tlie given curve wdth respect to the point 0 . 


(a) To find the inverse of a strai(/ht line irith regard to amj imnt. 

Let the origin of coordinates (O) h’O I ho centre of inversion, and 
let the equation of the straight line ho 

A x-\~Pif-^ C — th 

The equation of any straiglit lino through the origin is 

./• 

cos 0 sin d 

The distance from 0 of the point P, in which this line intersects 
the given line, is given by the equation 

r ( A cos 0-\-B sin -f = 0, 
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Suppose that P' is the point on the inverse corresponding to P 
and let OP' = r\ then sul>stituting for r it follows that 
(A cos 0 + P sin 0) + r' C 0. 

Now, since the point P' is on the straight line OP, its coordinates 
are r' cos 6, r' sin 0 ; hence the equation of the inverse is 
/c- ( + i>V/) + C (,i^ + .V-) 0 . 

This equation represents a circle passing through the centre of 
inversion, whose centre lies on the line JU' — A// ==: 0 drawn through 
the centre of inversion perpendicular to the given line. 


(b) To prove analyt}calJij that the inverse of a system of coaxed circles 
with respect to a limiting point is a system of concentric circles. 

Let x^ + y‘^-\-2 gx + (l- = 0 bo any one of the system of coaxal 
circles, whose limiting points are ( + 0). Any line through 


a limiting point is 


X + d 
cos 0 


Jf 

sin 0 


r. 


This line meets the circle at points whose distances from the 
centre of inversion are given by the (piadratic e(juation 

(r cos 0 ±(l r- sin- 0 -f 2// (r cos 0 ±d)-h d^ = 0, 
i. e. -j- 2 r cos 0 (g f d) + 2d (d f g) = 0 . 

The equation connecting the distances of corresponding points on 
the inverse from the Ci'utro of inv(‘rsion is accordingly 

' - - f- 2 A:- . r'. cos 0 -h 2d. = 0. 

(//±d) 

Hence the equation of the inverse curve is 


J'L 
(// ± '^1 ^ 


2/r(,r+(/) + 2(l{(.v + fiy^ + ?/-^} 


- 0 , 


which represents a circle whose centre is the fixed point 


I 


+ 




Miscellaneous Harder Examples on the Circle. 

(For Revision.) 

1. If the chord of contact of tangents from (/<, /. ) to the circle .r“ } //* — r- 
subtends a right angle at (h\ /r'), prove that 

(//2 //2 _ , /.2^ ^ 2r' (hi/ 4 U-' - 

k/^. Show that the equation of the circle circumscribing the triangle 
formed by the lim'S y — rn/q + .r////j, // ~ mun 1 x/m.,, y — am^Xx/m^ is 
I V'S:m)ay f = 0, 

and tind the points where it cuts tln‘ ;r*axis. 
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3. A variable circle is drawn through the origin and is such that the 
tangent at the origin makes a constant angle with the line joining the points 
of intersection of the circle with the coordinates axes. Show that the circle 
belongs to one or another of two coaxal systems. 

4. Points P, Q are taken, one on each of the two circles 

+ + r) = 0, 

so that they subtend a right angle at the origin. Show that the locus of 
the point of intersection of the tangents at Pand Q is the circle 
c {x^ + 1 /) + a® (a? + c) = 0. 

, 5.J Prove that the coordinates of the centre of the circle which passes 
through the points (a cos a, 6 sin a) (a cos & sin (a cos y, ft sin y) are 
given by = (a® - 6®) cos | O + y) cos 1 (y + a) cos |(a + /3), 

by - (a® - 6®) sin | (0 + y) sin \ (y + Oc) sin ^ (a + 3). 

6. Through the origin pass two circles which cut the rectangular axes of 
coordinates in the points (a, 0), (0, a) and (~o, 0), (0, a) respectively. Prove 
that, if straight lines be drawn through the origin to cut both circles, the 
locus of the intersection of the tangents to the two circles at the correspond- 
ing points where they are cut by these lines is 

(a® + -2 ay (x^ + a®) - = 0. 

7. Show that the locus of a point, such that tangents from it to two equal 
circles are at right angles, consists of two curves of the fourth degree placed 
symmetrically with respect to the line of centres. 

8. If IS^ -\-mS 2 + vS^ = 0 is the equation of a circle orthogonal to == 0, 

= 0, then the tangents from its centre to are in the ratio 


9. If the axes of x and y are conjugate lines with respect to a circle, show 
that the general equation of such a circle is 

x'^ + i/-¥cos<o[2xy-2xr)-2y$-^^rji] = 0 . 

10. ABC is a triangle, AB, AC^re axes of x and y. A point P is taken on 
the circle 

x^-^y^-^2xy cos ^ ~ 2 (c 4 ft cos A) x — 2{h'¥c cos -4) y 4 4 ftr cos -4 = 0, 
and PJy, PM are drawn parallel to the axes to meet AB,AC in L, M, On AB^ 
A C points L', M' are taken such that BT/ = PL, CM' = CM, Prove that 
LJ/', L'M are perpendicular. 

11. Find the coordinates of the centre and the length of the radius of 
the circle which is the inverse of {x — aY-^-iy-hy = with respect to the 
origin, I? being the constant of inversion. 

12. Show that the envelope of chords of the circle 

a?® 4 y® 4 2gx 4 2fy 4 c = 0 
which subtend a right angle at the origin is 

(2 c - y® -^/®) (aj* 4 y®) + (gx ’Vfy 4 c'Y = 0. 

What does this become when the origin lies on the circle ? 
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13. Show that the system of circles = 0 can be obtained by 

inverting a system of concentric circles, jf C and C' do not intersect in real 
points. 

14. The axes AB, AC are inclined at an angle of 60®. A circle touches 
AB at P and intercepts on AC a chord whose length is equal to AP, Show 
that the locus of the centre is a straight line and give the equation of th.e 
circle when AP = c. 

15. If at any point P of a circle chords PQ, PR are drawn making given 
angles with the tangent at P, show that the locus of the intersection of QR 
with the radius at P is a circle. 

16. If each of three circles touches two parallel straight lines, prove that 
their three angles of intersection 20(, 23 , 2y are connected by the equation 
sinCX + sin^isiny = 0. 

17. Two fixed circles intersect in P; P is a variable point on one of 
them, PA meets the other circle in X, and PB meets it in F. Prove that BX 
and AY intersect on a fixed circle. 

Discuss the case when the given circles are orthogonal. 

18. Two circles touch one another at 0 ; on their common diameter fixed 
points A and B are taken and a variable straight line through 0 cuts the 
circles at Pand Q, Prove that the locus of the intersection of AP and BQ 
is a circle which becomes a straight line if OA/OB = r^/rg. 

19. Find the equation of a circle through the origin cutting the axis of x 

at right angles and the circle = a* at an angle of 45°. 

20. If a circle cuts.two given circles oiihogonally, show that the locus of 
its centre is a straight line. 

21. The three segments of the radical axis of the circles = 

^. 24.^2 — 16 crr + 14 c’ = 0 made by the circles and their common tangents 
are equal, 

22. If P is the point (p, q) and Q, R are the feet of the perpendiculars 
from Pto the straight lines ax^-h2hxij-\-h^'^ = 0, find the equation of the 
circle PQR and show that the length of QR is 

W^ah) 

I ) 

23. Show that the locus of a point, such that the square of the tangents 
drawn from it to three given circles are in A. P., is a straight line which 
forms a harmonic pencil with the radical axes of the circles taken in pairs. 

24. If A^ P, C are the respective centres of three circles 

S == a?* + y® + 2gx + 2fy + c = 0, 

,S" = + + 2/'y-f c' = 0, 

= x'^^-y^-\2g'x-\-2f"y-k‘c" = 0 , 

and 0 the centre and p the radius of the circle which cuts each of them at 
right angles, show that the equation of the latter may be written 
OBC. P+ OCA . S'^OAB . S'' = 2p» . ABC, 

where OBC denotes the area of the triangle OPC, &c. 

Show how to find the coordinates of 0 and the value of p. 
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25. Given a circle and a point P in its plane, show that there is in the 
same plane a straight line L such that the square of the distance of any 
point on the circle from P is equal to the distance of the same point from L 
multiplied by a constant length, and find the position of L. 

26. Find the equation of the tangent at any point of the circle 

+ y* + 2gx + 2 fy -f c = 0. 

Prove that the polar with respect to the circle ty* = c* of any point on 
the circle + + = P always touches the curve 

( ax + f.r* -f y®). 

27. If one of the external common tangents to two circles meet their 
radical axis in P and a perpendicular drawn to it from the internal centre 
of similitude .S' in T, and if SP produced meet the radical axis in P', then 
F, the middle point of PP', will be such that VR is equal to the tangent 
from V to either circle. 

28. Tangents to a circle from a point P cut a fixed diameter of the circle 
at A and B, If the mid-point of the segment ^IP is fixed, find an equation 
for the locus of P. 

29. Show that four points of the type {a cosd, 6sin^), where a and h are 
constants, lie on any given circle; and if four given points of this type lie on 
a circle, then 2d = 2n7r. Interpret when a = 2>. 

30. How many points of the type (X^ X) lie on a given circle ? If four do, 

then — 4- S4 — S'j.Sj = 1, where P,. = sum of the X*8 taken r at a time. 

31. A point C is taken in the diameter of a circle; on AC, CB an 
diameters circles are described ; PQ is a common tangent to these latter 
circles; show that AP, BQ and the common tangent at.G meet on the first 
circle. 

32. A point P moves in the plane of a triangle ABC so that 

PA\BC^ = PP’. CA^ + PC\AB^ ; 

prove that the locus of P is the circle which passes through P, C and cuts 
the circle ABC orthogonally. 

33. Show that the circle through the three points {a\, ftX”^), (ay, 

(av, passes through the point (a/X/xv, a\yv), 

34. Prove that the difference of the squares of the tangents drawn from 
any point to two circles is proportional to the distance of the point from the 
radical axis of the circles. 

Two circles are such that the sums of the squares of the tangents drawn 
to them from the vertices of a triangle are the same for each circle ; prove 
that the radical axis of the circles passes through the centroid of the 
triangle. 

35. Show that a homogeneous equation in x and y of degree n represents 
n straight lines through the origin, and find the equation giving the six 
straight lines joining to the origin the points where the curve 

+ 3a:y^ + 5y®4- 6a; = 7 

cuts the circle a;’4 y’ = 1. 

36. Given three non-intersecting coaxal circles, prove that the lengths of 
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the tangents drawn from any point of one of them to the other two are in 
a fixed ratio. 

37. Prove that the locus of the middle points of chords of a fixed circle 
which subtend a right angle at a fixed point is a circle, and that the fixed 
point is a limiting point of the two circles. 

38. Find the locus of a point the tangent from which to a fixed circle 
bears a constant ratio to its distance from a fixed point. 

If Si 2 denotes the circle coaxal with the circles and having its 

centre at their external centre of similitude, and are the circles 

obtained in the same way from 63 , and 62 , ^ 3 , prove that 
coaxal. 

39. Form the equation of a system of coaxal circles of which the points 
( + a, 0 ) are the limiting points. 

Prove that, if log {(x + iy + a)/(x -f ~ a)} = w + iv^ the curves u = constant 
and V = constant are two families of coaxal circles. 

40. Aj 0, B are three collinear points; circles are described with centres 
A and B to cut orthogonally a circle of variable radius r, whose centre is 0, 
Prove that the product of the perpendiculars from 0 on all common tangents 
to the first-named circles is in a constant ratio to 

41. Show that a circle can bo drawn to touch the four circles 

= + y* - 2 6a; = 0, 

+ = 0, a;^ + y^-2dy = 0, 

if (l/a-l/ 6 j*-(l/c-l/df. 



CHAPTER VI 


THE LOCUS REPRESENTED BY THE GENERAL EQUATION 
OF THE SECOND DEGREE, 2hxy ^by^ + 2gx + 2fy + c. 

§ 1. Preliminary. In the following discussion it is assumed 
that neither a nor b is zero : this involves no loss of generality, for 
if either or both of these coefficients is zero, by a simple change 
of axes the equation can be transformed into one in which a and b 
are not zero. Now, if any value of x is substituted in the equation 
g = 0, we obtain a quadratic equation giving two values of y ; these 
may be real and distinct, equal, or imaginary. Thus, to every value 

of X there correspond two real, 
two coincident, or two imaginary 
points on the locus. Similarly, to 
every value of y there correspond 
two points on the locus. As the 
value of X is increased continuously 
from —00 to +oo, the two corre- 
sponding points move across the 
plane of the coordinate axes and 
trace out the complete locus ; as, 
for example, P^Q^y P3Q3 — 

in the figure. 

We propose to investigate by 
elementary algebra the values of y as a; increases from — qo to + 00 , 
and the values of a? as y increases from — 00 to + 00 , and to classify 
the loci by their principal graphical properties so found. 

The equation 5 = 0 can be written 

ax'^ + 2{hy+g)x-\‘by^ + 2fy’^c = 0, 
or by' + 2{hx^f)y’\-ax^ + 2gx + c = 0. 

Hence ax = - {hy ■\-g)±V {{hy-k-gf-a [hy"- + 2fy + c) } 

= -(Ay+g)±\^{-(ab- y"- + 2y(Jig - af) - {ac-g'^)} 
= -ihy+g)±^^{-Cy^+2iy-B}, 
which for convenience of reference we will write 

= —{hy+g)±Vl). 
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Similarly, hy = { — Cx^-]r2Gx—A] 

= — {hx+f)± VE. 

(For the notation refer back to Chap. Ill, § 10.) 

The values of x and y will be real only when D and E respectively 
are positive. 

Now {vide Hall and Knight’s Higher Algeira, § 120) D has the 
same sign as — C for all real values of y except when the equation 

Uy 2 - 2 FV + R = 0 

has real distinct roots (say y and d), in which case Z) has the opposite 
sign to — C when y lies between y and 6 , but otherwise has the same 
sign as — C. 

The condition that the equation 

C/- 2 F> + i? = 0 (i) 

should have real and distinct roots is that F^—BG should be positive, 
i. e. that A . a should be negative. 

Thus B has the same sign as —(7 except when A . « is negative 
and y has a value between y and 6 . 

In the same way E has the same sign as — C except when A . 6 is 
negative and x has a value between the roots of the equation 

Cx’-2Gx + A = 0, 
which we will call a and [i. 

I. C positive, i. e. ah > h'^. 

Since is essentially positive, ab is positive, and consequently 
a and b have the same sign. 

Hence A . a and A . b have also the same sign. 

(a) A . a and A . b positive. 

Now D and E have the same sign as — C, i. e. are both negative. 
In this case the locus is wholly imaginary ; e. g. 

x^ + y'^—2x-4ey + 6 = 0. 

(b) A . a and A . b negative. 

Now D and E are negative, except when y lies between y and 6 , 
and X lies between ot and ^ respectively. Hence x is only real when 
y > y and < 6, and y is only real when x > a. and < /3. Thus 
the i-eal part of the locus lies inside the parallelogram whose sides 
are x = <x, x = ^, y = y, y = S. 

When y has either of the values y or. 8 , then B is zero and the 
corresponding values of x are equal: the paths of the two points 
which correspond to those two values of y meet each other {vide P 4 Q 4 , 
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Fig. p. 222), and the lines y = y, p— b touch the curve. So with the 
lines a; = a, a; = /3. Hence the locus in this case is a closed curve 
inscribed in the above parallelogram. 



The locus is in this case called an Ellipse ; the whole curve is 
at a finite distance from the origin. A particular case is the circle. 

II. C negative, i. e. ab<K‘, 

(a) A . a and A . b positive : then Z) and E are positive, therefore 
X and y are real for all values of y and x respectively. 



(b) A. a positive, A.b negative. 

As in (a) x is real for all values of y. E has the same sign as — C, 
i. e. positive, except when x lies between a and /3. Hence y is real 
for all values of x except those lying between a. and /3. 

As before, when x = (X or x = the values ofy become coincident, 
and the locus touches the lines a: = Ot and a; = /3. 

The curve thus consists of two branches which extend in opposite 
directions from a; = a and » = /3 respectively to infinity. 
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A. a negative and A.b positive gives a similar result. 

(c) A. a and A.b negative. 

In the same way it can be seen that x and y are always real 



except when x> OL and < and y > y and < 6 respectively. 
The curve touches the four lines x := oc, x = jS, y y, y = ^ but 
no part of it lies within the parallelogram formed by these lines. 



In each case the curve consists of two branches extending in 
opposite directions to infinity : the curve is called an Hyperbola, 
a special case being a pair of straight lines, viz. when A = 0. 

Note. It must be borne in mind throughout that no straight line 
can meet the curve in more than two points. 


1267 


P 
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III. C = 0, i. e. al) ~ Ifi. 

In this case I) and K are both linear: all cases give a similar 
result. As an example E ~ 2Gx — A, If G and A are both positive, 

A 

E will be positive for all values of .r greater than and negative 
for all values of x less than 

2 Cr 

The values of y are coincident when r = . 

*1 Ct 

Thus the curve consists of a single ))ranch extending on one side 

only of the line to infinity. 

The locus in this case is called a Parabola, a special case when 
A is zero being a pair of parallel straight lines. 



Summary. 

If 

C positive, A 7^= 0, 
positive, A = 0 , 
C negative, A ^ 0, 

C negative, A = 0, 
C zero, A ^ (», 

A = 0, 


> 9=0 is 

an Ellipse which is a finite closed curve, 
a pair of imaginary straight lines, 
an Hyper))ola which has two branches ex- 
tending to infinity, 
a pair of straight lines, 
a Parabola which has one branch extending 
to infinity. 

a pair of parallel straight lines. 


C zero, 
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Examples Via. 

1. Classify the following curves : — 

( i } 9 jr -f- O .I'lj -f } if + 2.r I 5 y + 0 0 ; 

( ii) + xy — ‘2 1 if -f 0 x — f>y -t 4 == 0 ; 

(iii) X- -f xy w if ~ G ./• - :i — 0 ; 

(i V ) a/“ — 4 xy + 4 + ‘) x - G y | ‘2 = 0; 

(v) 2*^:- -f xy — 21 //“ -1- ()x — T) y -{- 15 = 0 ; 

( vi) 5 - 2 xy 2 f -f 2 - 4y f 2 = 0. 

2. Sliow tliiii tlie curve 4.6*^ -i- 12./// 4 10/r 4 + '*^17 + 7 = 0 lies between 

the lines y = 1 and y = 2,. 

Where do tliese line<; touch tin* curve? 

Find tln‘ equation of two lines pa.rallel to tin? //-axis which touch the 
curve. 

2). Show that the line ./• = c* cuts the curve ae f Fry foy^ — 1 = 0 in veal 
points for all valinvs of r. 

4. Prove that tlie curvii 4(.r- 2i ( y - 2,) = (aM // + t)j^ lies altogether on 
tin' same side of the lines a? = 2, y — 2 as the origin. 

5. Show that th(‘ curve la^’ -•‘^a-y-l y^q 12 y = 0 touches the sides of the 
]iarallclograin formed by the linos a' = 1, x = 2, y = 0, y = 4, and that no 
part of the curve lies within the paralhdograin. 

Find the ]ioints of contact of the sides and the chords of contact. 

G. Find the condition that the axis of // should meet the locus S=0 
ill (i) r(‘al, (ii) coincidimt, (iii) imaginary points. 

7. Prove that the tangents at the points vliere the straiglit line 
ax^hy ( // — 0 meets the curve N = 0 aio parallel to the asaxis. 

S. Find tlie equation of the chord of contact of tangents to S = 0 which 
are parallel to the y-axis. 

9. Find an equation giving tin.* ordinates of the points whcv»* the line 
X -if = 0 cuts ,S' = 0. 

If tliese aa’e real, prove that 2 7/ > .4 4- />. 

10. Prove lh;if the line /• 4 // - 0 touches the curve S 0, provided that 
A { B \ 2 II 0. 

§ 2. 'In find fJic Ix us rf the widdlr points of vhords of fhr corro 

- + 2 Jij // 4 hf d 4 t2/y 4 c ~ 0 

irldcJf (in' poradet to tho. stnidfht fine 7 = - • 

I in 

Suppose tliat tlio point il/, whose coordinates are (a j.yj), is the middle 
point of a chord ff ) : if tlie cliord is parallel to itseipintioii is 

I 

i’ 


o 
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The coordinates of any point on this line -are {Xi + It, yi + mi ) ; if this 
point lies on the curve jS = 0, we have 

a (x^ -h Itf -f* 2 A (xy^ -f It) {yy 4 m/) + fc (yj + mtf 

"t* ^9 (^1 + "I" ^fhf\ + ^0 + c = 0, 

or <2 ^2hlm+ bm^) + 2 1 {IXy^ + mYy) + 8i = 0, (i) 

where Sy = axi^^2hxyyi-{^hyi^ + 2gxi-^2fyy-^c. [Chap. Ill, § 10.] 



This equation gives the two values of t which correspond to the 
points P and Q in which the chord cuts the curve. Since the point 
(xi, ?/i) is the mid-point of PQ, the coordinates of P and Q are of the 
form {Xi + lt, yi + fnt), (Xy-’U, yi-^mt); in othejc words, the values of 
t given by equation (i) are equal and opposite. Hence we have 

?Xi-fwiri = 0. 

This is the condition that the point (x^, y^ should be on the line 

iX4-mr=0. 

Thus, the ihiddle points of all chords of the curve S = 0, which are 
parallel to mx^ly 0, lie on a straight line whose equation is 
iX4-wF= 0. Such a straight line is called a diameter. 

Now if the coordinates Xi, y^ satisfy both the equations 

X = + = 0; r= fcr-f 6^4-/= 0, (ii) 

the coefficient of t in equation (i) vanishes for all values of I and m, 
and the equation gives equal and opposite values of t 

If a6— 7^2 is not zero, there is a finite point whose coordinates 
satisfy the equations X = 0, X = 0. In this case any straight line 
through this point cuts the curve in two points which are equidistant 
from this point and on opposite sides of it. This point is called the 
centre of the curve. 
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If a6— = 0, there is no finite point whose coordinates satisfy 
the equations X = 0, X = 0 ; in this case the curve has no centre. 

The loci, represented by /S = 0, can be divided into two classes 
according as is or is not zero. They are called central and 

non-central curves. The reader, on referring back to the Figures in 
§ 1, will see that this is in accordance with the general shapes of 
these loci. It is convenient to examine the two classes separately. 

1. Central curves, (ab— A^ ^4: 0.) 

Since the centre is given by the equations X = 0, P = 0, and the 
equation of a diameter is IX + mY = 0, it is evident that all diameters 
pass through the centre. 

Conjugate Diameters. 

We have seen that all chords of the curve = 0, which are 
parallel to mx--ly = 0, are bisected by the diameter iX-f mP = 0 ; 
the equation of this diameter written in full is 

X (al + Am) + ^ (AZ + hm) -f gl +/m = 0. 

This is parallel to the straight line = 0 if 

all' + A (Im' + I'm) + bmm' = 0, 

The complete symmetry of this result in the numbers Z, pi and 
Z', m' shows that if the diameter which bisects chords parallel to 
mo;— Z^ = 0 is parallel to m'x—l'y^O, then the diameter which 
bisects chords parallel to m'x — l'y = 0 is parallel to mx—ly = 0. 

Such a pair of diameters is called a pair of conjugate diameters. 

The pair of diameters ZX + mF = 0, Z'X-f m'F = 0 are conjugate, 
therefore, if aZZ' + A (Zm' -j- Z'm) + = 0, 

Ex. The lines a'o;^ + 2 = 0 are parallel to conjugate diameters 

of = 0, provided that they are parallel to {mx — ly){ni'x — Vtj) = 0, where 
all' + A {Im + Vm) + hmm' = 0 ; that is, if ah' + a'6 = 2 hh'. 

Axes of Symmetry. 

It has been shown that the diameters ZX-f mF = 0, Z'X-f m'F = 0 
are parallel to m'o?— Z'y = 0, mx--ly — 0, and are conjugate if 
aZZ' + A(Zm' + Z'm)-f6mm' = 0. If this condition is satisfied, these 
diameters are therefore perpendicular when the lines m'x-^Vy = 0, 
mx^ly Q are perpendicular. 

If the coordinate axes are rectangular^ the condition for this is 
ZZ'-fmm' = 0. 

Thus, if the ratios Z/m, I'/m' are determined by the equations 
all' + A (Zm' 4- Z'm) + hmm' = 0, ll' -f mm' == 0, 
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the diameters ?X-f mY = 0, VX-\-m'Y = 0 are both conjugate and 
at right angles. 

These equations give 

= (a — hn, 

from which we obtain two directions for the line mx — hf = 0 ; these 
directions are at right angles, and theref<.)re correspond to the 
directions of the two diameters IX + mY = 0, /'X-fm'Y 0, which 
are both perpendicular and conjugate. The equation of these dia- 
meters is therefore 

(/X+iirY) (rx + ?i/'y) = o, 

or h (X‘^ - Y") [a - h) X Y. (iii) 

This, therefore, is the equation of the two diameters which arc 
botli conjugate and perpendicular; the diameters are always real, 
for the condition that Y“) — (a — 6) XY should have real 

fiictors is 'that {a iJt' should be positive; this is always 

true. Now, a straight line which bisects all chords perpendicular 
to itself clearly divides the curve symmetrically. There are then 
two straight linos, at right angles to each other, which divide the 
curve symmetrically. These are called the axes of symmetry, or 
simply the axes of the curve. 

Note. Since tlie axes are parallel to = 0, where 

= {a — h) hn, 

tlieir inclinations (d) to the a;-axis are given by tand = ; thus 

h (cos ' 0 - sin^ 0) = (a — h) sin 0 cos d, 

2li 

or tA\20=^ 

a — h 

If dp 0., are the values of 6 given })y this e<iuation, the equations 
of the axes are X sin dj = Ycos dj and X sin d^ = Ycos 

Ex. If the axob of coordinates arc oblique* and inclined at an angle o), 
show that the equation of the axes is 

Ji {X^ - r^) - (a - &) XY - cos cu {hX^ - a Y' j. 

II. Non-central curves, (ad — A^ = 0.) 

In this case both the lines X ~ 0, Y = Oare parallel to ax + hy = 0; 
hence every diameter tX + mY i) in j^^^rallel to this straight line. 

The diameter aX + dY=: 0 is therefore parallel to ax + Jiy = 0 and 
bisects all chords jiarallel to hx — liy — 0; hence, the diameter 
aX-fAY=:0 bisects all chords at right angles to itself. A non- 
central curve has therefore one axis of symmetry. 

Ex. If the coordinate axes are oblique, show that the equation of the 
axis of a non -central locus, 5 == 0, is (a — 7^ cos w) X -f (/t — a cos o)) Y = 0. 
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§ 3. The graph of S = 0. 

Since the equations of the axes of the locus are of the form 
0, the axes pass through the intersection of the lines 
X = 0 and 0: this point of intersection is the centre. 

Let CA^ CB be the axes of 
symmetry, then if is any point 
on the locus 5=0, the points 
P^, P3, P4 are also by symmetry 
on the locus. 

Pi, P2, P3, P4 form a rectangle 
whose sides are parallel to the 
axes and are bisected by the axes. 

Incidentally, we see that if a 
point Pj on the locus and the centre of symmetry C are known, 
a second point on the locus P. can be constructed, since CPi — CP^> 

We have seen that the line iX-fmX=0 bisects all chords 
parallel to x y 

I ~ m 

Two important sj^ecial cases arise when I and m are respectively 
zero. 

Thus the line X = 0 bisects all chords parallel to y = 0, i.e. parallel 
to the 2-axis. 

So also Y = 0 bisects all chords parallel to the ^/-axis. 

This is of practical importance when drawing the graph of a given 
equation : the following general rules will be useful ; the student will 
discover with practice their relative utility. 

To draw the graph of a curve 5 = 0. 

(a) Draw the graphs of the lines X = 0, Y = 0 ; these intersect at 
the centre C, 

(b) If hX--{a-h)XY-hY'^ has simple factors such as 
(X-f X Y) (X-f /xY), next draw the axes X-fXY=0, X + p,Y=0, 
A single point on each is sufficient for this purpose, since we know 
the axes pass through C. Even if the above factors are inconvenient, 
as when X and \x involve surds, it is often possible to find convenient 
points on the axes, e.g. the points of intersection of 

7,X2~(a~6)XY-/iY2 = 0 
and the 2:-axis ; these points can be joined to C. 

(c) Try to discover a point P on the curve : it is generally con- 
venient to try the intersections of 5 = 0 with x = 0, y = 0, x = //, 
or X = --y. 
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Having found one point P, other points can be found thus : 

(i) Construct a chord parallel to the a:-axis and bisected 

by X = 0. 

(ii) Construct a chord PQo, parallel to the y-axis and bisected 
by r = 0. 

(iii) Construct a chord PCQ^ such that PC= 

(iv) Construct points which are symmetrical with P with respect 
to the axes. 

The last method involves drawing perpendiculars to the axes, 
but is useful when (as in the case of the hyperbola) the points 
(Ji, Qo may bo off the paper. 

It will be helpful to the student at this stage to draw a few curves and 
thus to acquire a knowledge of their shapes and to become familiar 
with the notation we have employed. (See also Chap. VIII, § 9.) 

Illustrative Examples. 

(i) 9a:;2^24x^+16y--44ic-f 108?/— 124 = 0. 
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Here C = 9 x 16 — 12^ = 0 ; /. the curve is a parabola. 

X = 9a;+12//~22 = 0. 

Y= 12a:+16t/ + 54 = 0. 

The axis of symmetry hX-\ fePs=0 is 3^ + 4y + 6 = 0. 

X = 0, F = 0, and the axis are parallel. 

The points ( — 2, 0), (2, —3) lie on the axis, draw this line. 

X = 0 passes through (2-45, 0) and is parallel to the axis. 
r = 0 passes through ( — 4*5, 0) and is parallel to the axis. 

The point P ( — 2, 0) is on the curve. 

The other points shown in the figure are found by (i), (ii), or 
(iv) above. 

(ii) 6^^— lOjr-f 20y + 5 = 0. 

Since C = 54 — 4 = 50, i. e. is + vCy the curve is an ellipse. 

X= 9aj-f2y— 5 = 0. Points on this line are (1, —2), (0, 2*5). 

F= 2a; + 6y + 10 = 0. Points on this line are (1, —2), ( — 2, —I). 

The axes are 2X+ F = 0, X~2 F = 0, which give 
2 X + y — Oy a; — 2y = 5. 

Point on curve P (0, -3-06). 

The curve does not cut either y = 0 or a: = t/ in real points. 
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(iii) 2a;2-f + — 6a: — 6^— 8 = 0. 

Since C = 4-^, i.e. is — i?e, the curve is an hyperbola. 

X= 2a:-f — 3 = 0. Points on this line are (1*5, 0), (—1, 2). 

^a; + 2y~3 == 0, Points on this line are (0, 1'5), (2, —1). 
The axes are X- F = 0, X-h F = 0, i.e. x-y = 0, and x + ij = 
Points on the curve are (0, 4), (0, ~1), (4, 0), (-1, 0). 
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Examples VI b. 

Classify the following curves and draw their graphs : — 

1. + + — «= 0. 

2. -f 4xy + — 2a? + 2y 4- 6 = 0. 

3. (a?~l) (a? + 2j4-(y~2j (y + 4) = 0. 

4. 3a?'^ + rry-4y^+ 18a?4- lOy + 24 = 0. 

5. 2a?’ + 5a:y + 2y'’ — 6a? — 6y — 8 — 0. 

6. a?^ + 9y^ + 6a:’y~5a; — 9y + 1 =0. 

7. (a? + 3y)® ~4 (3a?-y)* = t5. 

8. 3a;^ — 5a?y + Sy** — a? — y = 0. 

9. 9^2_24a:y + 16y2 + 21a:-28y + 6 = 0. 

10. 2a?- + a7y-y®-a? + 2y = 0. 

11. a?"-ajy + 2y®-2a;-6y + 4 = 0. 

12. Draw with the same axes of reference a?' + a?y + y^ = c, when c = 1, 4, 
9, 16 respectively. 

§ 4. In this section we propose to find the equations of certain 
linos relative to the general curve 5 = 0; this will prevent repetition 
in the following chapters when special forms of the equation are 
considered. 

(I) To find the equation of the chord of the curve 

S = ax2+-2hxyH-by2 + 2gx+2fy + c = 0, 
whose middle point is (Xj , yj). 

Let the equation of the chord be — ^ ’ then the coordi- 

nates of any point on this line are {Xi + It^ y\ + As in § 2, the 
values of i corresponding to the points of intersection of the line and 
the curve are given by 

{al^ +- 2 him -f hm^) i^-\-2 (IXi + m ^ +- 5| = 0, 
and since y{) is the mid-point of the chord, 

?Xi + mri = 0. 

Thus the equation of the chord is 

(x-Xi) Xi-+(y-yi) Yi = 0, 

i.e. ^rXj-f y Yi = x^Xi^-yiY^, 

or xXi+yYj-\‘Zi^ (A) 

(II) To find the equation of the tangent to S = 0 at the 
point (x', y'). 

When the two points of intersection P, Q of a line and the curve 
become coincident, the mid-point of the chord evidently coincides 
with this point : hence we can deduce the equation of the tangent 
y') from (A) by writing Xi = x\ yi = y' ; remembering that 
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(x', y') is on the curve and therefore S' = 0, the equation of the 
tangent at («', y') becomes 

xX'+yY' + Z' = 0. (B) 

Note. If the axes are rectangular the normal at {x', y') is therefore 
(x-x'}Y'-(y-y')X'=0 or xY'-yX' = x'Y'-y'X'. 

(Ill) To find the equation of the chord of contact of tangents 
from (x'j y') to the curve S = 0. 

Let the points of contact of the tangents be (ajj, y^), (x^, y^. 

The tangents at these points are 

xX^ + y Tj "^Zi — 0 5 xX<i + y + Z^ = 0 j 
and since by hypothesis each of these passes through (*', y') 
we have 

x'Xi+y'Yi + Zi = 0-, x'X^+y'Y^ + Zo^ = 0. 

But these are the conditions that the points (ajj, y^) {x.^, y^) should 
lie on the line 

x'X+y'Y+Z = 0, 

which is therefore the equation of the line joining (aii, yi), {x^, y^), 
i. e. of the chord of contact. 

This equation is equivalent to 

x'{ax+hy+g) + y'(Jix+by+/)+yx+fy+c = 0, 
i.e. to x{ax' + hy'+y)+y{hx'+hy'+/)+gx'+/y' + c = 0, 

i.e. xX'+yY' + Z' = 0. (C) 

(lY) To find the equation of the polar of the point (s', y') 
with respect to S = 0. 

Suppose that PQ is any chord passing through {x', -J) and that 
the tangents at Pand Q meet at (x^, y^ ; the locus of (xi, yj is the 
polar of (x'y y'). Since PQ is the chord of contact of tangents from 
(Xi , y^ its equation is {vide (C) above) 

xX.+yY^+Zi = 0. 

This line therefore passes through (a^, y'), hence 
x'Xi+y'Yi + Zi = 0, 
which is algebraically equivalent to 

XiX'+yiY'+Z' = 0. 

Now this is the condition that {xi, y^) should lie on the line 

xX'+yY'+Z'^O, (D) 

which is consequently the polar of (x', y'). 

Note. If (x'f y') is the centre, then X'=0 and Y' = 0, so that the 
centre has no polar ; we shall see later that, as in the case of the circle, 
the polar of the centre is ‘ the straight line at infinity’. 
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(V) To And the coordinates of the points where the straight 
line joining the points (Xj, y^), (Xg, yg) cuts the curve S = O. 

Let P be the point (a?!, and Q the point (iTg, 2/2), the coordinates 
of any point on the straight line PQ are 

I I -hm ^ /-fm ) 

If this point lies on S = 0 , we have 
a (hi + mx2} 2 -h 2 A (tel + (Ipi + my 2) + b (lyi + wiyg) ^ 

+ 2 (gihi-hma;2)‘h/(lyi-hmy2)} (l-hm)-hc(l + m)^ = 0 , 

which may be written 

PSi + 2 lm {X2 Xi+y2Yi + Zi\^ S2 = 0 . (E) 

This equation gives the two values oil \m corresponding to the 
two points X, M in which PQ cuts the curve. 

Cor. i. If the points of intersection, L and Af, are coincident, then PQ is 
a tangent to the curve. In this case the two values oil:m given by (E) are 
equal, hence + 

Thus, if PQ is a tangent to the curve from the point P(x^^ yj, the locus 
of <?is {xXi + yFi + Zi}*. (F) 

This equation, therefore, is that of the pair of tangents from (a?!, to the 
curve. 

Cor. ii. If (xi , yj lies on the curve, then S, = 0 ; the locus of Q then 
reduces to a:Xi -f yFi + Zj = 0, which is the tangent to the curve at (a?i, y^). 

Cor. iii. Again, suppose that Q lies on the polar of P, so that a straight 
line through P cuts the curve at L, M and the polar of P at Q. The polar of 
P{xi, yj is yFi + Zi = 0, so that, if Q(x,^, lies on it, we have 

a?2-yi-fyar, + Zi= 0 

The equation (E) now becomes 

so that the two values oilini are equal and opposite : hence the points L, M 
are harmonic conjugates of P and Q, 

Thus any chord of the curve 5 = 0 through P is divided harmonically by 
P and the polar of P. 

Cor. iv. In the equation (F) of the tangents from [x\ y) to the curve 
5=0, omit all except the terms of the second degree in x and y ; we find 
then that the Jt-an gents from (x^^ to the curve 5 = 0 are parallel to the 
pair of lines through the origin whose equation is 

(ar* + 2Aa:y + V)5^'= {xX'^yY'\\ 

which reduces to 

x^ (Cy '^ - 2 py + B) -2xy{CxY - Fx' -Gy-\-H) + y\ Cx'^ -2Gx' + A)^ 0. 

These are perpendicular (the axes of coordinates being rectangular) if 
Cx'^ + Cy'> - 2 Ga:' ~ 2Py' + ^ + B = 0, 
i.e. if (x'f y') lies on the circle 

Cx^-{^Cy--2Gx-2Fy + A + B==0. 


(G) 
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Hence the locus of points the tangents from which to the curve S = 0 are 
perpendicular is a circle ; this circle is called the Director Circle ; its 
centre is the centre of the curve N = 0. 

Note. If i.9 == 0 is a parabola, i. e. if (7=0, this locus is a straight line ; 
its equation is 2Gx^2Fy-A-B = 0. (H) 

This straight line is called the Directrix of the parabola; its other 
properties will be discussed later. 

Ex. Find the equations of the director circle of a central curve and the 
directrix of a parabola when the coordinate axes are oblique. 

The student is advised to read the remainder of this chapter 
carefully through so as to maintain a logical sequence : as a study 
it may he postponed until the end of Chap. VIIT. 

§ 5. To find the lengths of the axes of a central curve. 

Definition. If the axes of symmetry meet the curve at the points 
Aj A\ />' respectively, then AA^ and are called the axes of 
the curve. 

Using rectangular coordinates, if the centre of the curve is (.rj, ijx) 
and either axis makes an angle 0 with the .r-axis, tlio equation of 
this axis is x-x^ 

cos d sin 0 

Hence, if r is the length of the semi-axis, the point 
(.r^ -f- r cos 0, //, -f r sin S) 

lies on the curve. This gives us, by substituting in the equation S — 0, 
(a cos- d + 2h cos 0 sin d + sin^ 0) 

+ 2r (X| cosd+ Y|Sin d)-bAS\ = 0, (i) 

But since (^r^, is the centre, = 0 and = 0, so that this 
equation becomes 

{a cos- d -j- 2/i cos d sin 0-\-h sin- d) -f- >S'i = 0. 

A.lsO, Xj ^ i + Zy — '=■ (fJ\ t 

Thus a,i\ + -f- 7 = 0, 

hr^ -f hf/^ +/ — 0, 

rPT+/'/i + c-AS\ - 0. 

Eliminating x^ and we have 

a h fj I 

n h 'f 1 = 0 , 

(j f i 

i. e. Si = -^9 when {xi, is the centre. 
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The length of the semi-axis in the direction 0 is therefore given by 
{a cos- d -f- 2 /< sin d cos d -f t sin^ (?) + ^ = 0. 

\j 

Now, we showed (§ 2, p. 280) that the values of 6 are given by 
h (cos' 6 — sin^ d) = (a — h) cos 6 sin d, 
a cos d + h sin 0 h cos 6-^h sin 0 


so that 
therefore 


cos 0 sin 0 

a cos 0-\-h sin 0 = k cos 0, 
h cos 0+1) sin 0 = 7c sin 0. 


= l-, say ; 


Hence 

a cos^ 0 + 2Ji cos 0 sin 0 + Ij sin“ 0=7' (cos- 0 + sin- 0) = l\ 

A 


Thus 

We now have 
and 


7 = ^ 


rr- 


0 + 7i sin 0 = 0 
(^1) -f- 0 + 7i cos d = 0 ; 


This equation gives the squares of the semi-axes of tlie curve. 


Note i. If is one of the seiai-axos, we have 

(a-f- i^ sin^ = 0. 

But we showed in § 2 that the equation of the axis, whose inclination to 
the .T-axis is 0, is A" sin 0 — Tcos 0, 

Hence the equation of the semi-axis of length r, is 

hot-) 

and that of length is similarly 

Note ii. Since, when (.r^, ?/j) is the centre, we have = 0, = 0 and 

if the coordinate axes are changed to parallel axes through the 
C 

centre the equation S = 0 becomes 

a (u:’-frri)H2/i {x + x^) {y -^h {y + + 2g (x + x^) ^^2/ {y y^) + c = 0, 

which at once reduces to 

ax^ -f- 2hxy -f = 0. 
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§ 6. The Curve S = 0 at inftnity. Asymptotes. 

The coordinates of the points of intersection of the straight line 
(x--x')/l = (y—yym with S = 0 are y' -\-mt where t has the 

values given by the equation 

[al^ + + 6m2) <2 + 2 {W + mY')t-\^S' = 0. 

If al^’\-2hlm-\‘l)m^ = 0, then in the Euclidean sense the straight line 
meets the curve in one point only ; as explained in Chap. V we can 
keep our results general by means of the conventional ‘points at 
infinity ’ and ‘ straight line at infinity thus we say every straight 
line meets the curve S=0 in two points. In the present case, 
then, if al^ + 2hlm + lm^ 0 (for the present ab:^h^), i. e. if the 
straight line is parallel to one of the lines ax^'\-2hxy + by^ = 0, 
we say that the straight line meets the curve in one finite point 
and in one ‘point at infinity’. Again, if al^ + 2hlmi‘hm^ = 0 and 
lX' + mY'= 0, then in the Euclidean sense the straight line does 
not meet the curve at all ; in this case we say that the straight line 
meets the curve in two coincident ‘points at infinity’, or the 
straight line touches the curve at infinity. 

If therefore the point {x', y') lies on a line which touches S = 0 
at infinity, its coordinates satisfy the equation ?X-fwiY= 0, where 
aP + 2hlm-\'bm^ = 0. The equation of the locus of {xf, y') is therefore 
bX^-2hXY+aY^^0; 

this equation represents two straight lines passing through the 
centre of fif = 0 ; these lines are called the Asymptotes of the curve, 
and may be regarded as the tangents to the curve from the centre. 

The equation of the asymptoteis, written in full, is 

{ab - h^) {ax^ ’^2hxy + by^ + 2gx -f 2/y) + bg^ - 2fgh + ap = 0, ' 
or CS—A = 0, which only differs from the equation of the curve 
in the term independent of x and y. 

The asymptotes are therefore straight lines through the centre 
parallel to the lines ax^ + 2hxy-\‘by^ = 0; if 2/o) the centre, 
their equation can also be written 

a {x-XoY+2h {x-xo) [y-Vn) + ^ = 0, 

a form which is sometimes useful. 

The asymptotes are real or imaginary according as ab-h^ is 
negative or positive ; thus an ellipse has imaginary asymptotes, and 
an hyperbola has real asymptotes. When the asymptotes are real 
and at right angles, the curve is called a Rectangular Hyperbola ; 
the condition for this is a + h — SAcosG) = 0. 

In the case of the parabola, when ab = the equation 
al^ -h 2hlm + bm^ = 0 
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gives (al'\-hynY = 0 or {fil-\‘hmY = 0, i. e. two coincident directions 
in which a straight line can be drawn to meet the curve at infinity. 

There is no finite straight line which meets the parabola in two 
points at infinity ; for in this case, since = 0 and hl-^bm = 0, 

the equation + = 0 reduces to gl-\- fm = 0, so that a/= gh. 

When it is possible to satisfy simultaneously the equations al + hm = 0 
and ZX' + mY' = 0, the equation of the parabola becomes 

which is not a proper parabola but a pair of coincident straight 
lines. The parabola meets the straight line at infinity in coincident 
points, i. e. touches the line at infinity. 

Application of Homogeneous Coordinates. 

The equation of the curve S = 0 in homogeneous coordinates is 

the points at infinity on it are given by its intersections with C = 0. 
We have therefore for these points + + ~ q 

The points are real, coincident, or imaginary according as h^ — ah 
is positive, zero, or negative: hence an hyperbola meets the line 
at infinity in real distinct points, the ellipse meets it in imaginary 
points, the parabola meets it in coincident points or, in other words, 
the parabola touches the line at infinity. 

I. When the points are not coincident, let their coordinates be 
(fi. ^ 1 . 0) and (^ 2 , 1 ) 2 . 0), then 

_ fl^2 + ^ 2^I _ ViJh . 
b —2h a 

The equations of the tangents at these points, i. e. of the asymp- 
totes, are ^iX+iJiYrsO and f 2^+’)2 7^=^> their combined 
equation is therefore 

(^iX+v,Y){^^X+r,,Y) = 0, 
or bX'‘-2hXY+aY^ = 0, 

as previously shown. 

This equation can also be written CS—A^^ = 0, and if Z7, V are 
the linear factors of S—A^/C, then U = 0, F = 0 are the separate 
equations of the asymptotes. The equation of the curve can then 
bo written in the form UV+ A^/0 = 0, which indicates that U=0, 
V = 0 are tangents to the curve, C = t) being the chord of contact. 
If U and V are real, we can take the asymptotes as coordinate axes, 

l!«T q 
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in which case the equation of the curve becomes 
Cartesian coordinates, cry = 

Note i. It is evident from the form of the equation that the centre, in 
this cast* the origin, is the pole of the ‘line at infinity’. 

Note ii. It is evident from tliis form of the equation of an hyperbola that, 
if ^Ovl', are ihe asymptotes, the curve lies altogether within either 

the angles AOJi, A'OIi' or Ihe angles AOB', A'OB ; also, that the distances 
from the centre of the points of intersection of the hyperbola and a diameter 
increase without limit as ihe diameter approaches the imsition of the 
asymptotes. 

The following important proj>orties of central curves are left as 
exercises for the reader : — 

(i) Tho bisectors of the angles between the asymptotes arc the 
axes of the curve. 

(ii) The asymptotes are liarmonic conjugates of every pair of 
conjugate diameters. 

(iii) An asymptote, regarded as a diameter of tho curve, is its 
own conjugate. 

II. When fitciminfs arc coincident, i.e. ah — Jr, wc have af +/n/ = 0 
and ( = 0, hence tho coordinates of this point are [h, ~a, 0). 

The tangent at this point is 

Ji {a f + </C) - « Ui f -f /C) = 0, 

which reduces to C = the line at infinity. 

To obtain the separate equations of the asynrqdotes of an ]iyp)erhola 
n'licn its equation is yiven with numerical coefficients. 

The equation of the asymptotes in the form hX^ — 21iXY A- ciY^ 0 

may be used. 

When, however, ?>?/- has rational factors, we may 

proceed as follows : — 

Let the equations of the asymptotes of S — 0 be ir-]rmyA-'n — 0 
and VxA-ni'yA-n—O] then 

S={lxA- my -f n) {Vcc A- m'y + n') -f /q 
so that m'n + mn' = 2/, Vn + In' = 2g, 

hence n {Ini' — I'm) = 2 (/? -gm). 

Thus the equation of one asymptote is 

{Ini' — I'm) (lx + piy) A- 2 (fl—gm) = 0. 

Hence the following rule: Express ax^A’21ixyA-hy'^-^2gX'^2fy 
in the form {lxA‘my)(l'xA-m'y)A-2gxA-2fy: in this expression put 
x^m and // = — /, except in the factor lx Army, The resulting 



OF THE SECOND DEGREE 24:i 

oxpi’cssioii <'quatetl to zoro is tho o([uatioii of iho asj’mptote parallel 
to lx-{-mi/=:0. Similarly, for the other asymptote, put rr = 

// = — r, except ill the factor 

Ex. To find the asymptotes of the hyperbola 

— xy — 6 //^ — 4a' 4 - 5 // + 1 — 0. 

Tn the expression (‘2a; -j 2;/) (x-2y)-~Ax-\ Tmj put a; = 3, y — —2, except 
in (2ar + 3y) ; this gives 7 (2.^4 3//) -22 = 0. 

Again, i)ut a; = 2, y = 1, excei>t in f.r — 2 //) ; this gives 7 f.r— 2/y) — 3 " 0. 
The erpiation of the curve can then he written 

{7.r-14y-3) (14x- + 21 //-22) = 17. 


'To determine in irhieh quadrant the infinite paH of arjiven parabola lies. 

Let (ex.r-h /3//)" 4- 2y.r-f 2/y + c = 0 be the equation of the parabola. 
Change the origin to the point of intersection of the lines 
C(x-{’l3y = 0, 2f/x 3 - 2fy c — 0, the equation then becomes 
{yx+i3yf-\-2(jx-^ 2fy = 0. 

The position of the infinite part of the parabola relative to tin* 
coordinate axes is clearly not altered by a change of origin. 

Let x/fl = y/[ei~(X)y where e is a very small number, be a straight 
lino through the origin nearly parallel to the axis of the i)arabola. 
This will meet the parabola again at a point which is at a very grt^it 
distance from the origin, and which lies in that (piadrani in which 
the infinite part of the parabola lies. 

Substituting y~[^ — 0 ()x/f^ we obtain for tlie ;r-coordinate of 
the point 

( 2 .^; =z - 2 {y +/(€ - a)/ ^3] ^ 2 {fa -(Ji3)/i3 - 2f€f3. 

Since e is very small, x will have the same sign as (fy—yi3) 'i3^ 
and therefore y wdll have the same sign as (///4— /cx) 'a. 

Hence, if the equation of the parabola is 

(ax + ^3yY -f 2(jx h 2fy 3-e = < b 

the signs of x and y, determined so that ax + fy — 0 and yx-\-fy is 
negative, indicate the quadrant in which the infinite part of the 
parabola lies. 

Ex. {iyx-^2y)^ -i-7x — Sy+8 0. 

Take 5.r-f2/y = 0 and 7ir — 3y — a negative quantity; then y= 
and (7 4-^/)^ is negative, therefore x is negative and // is positive. 

The infinite part of the curve lies therefore in the second quadrant. 

This rule will be found useful when drawing a parabola from its equation. 

« 2 
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§ 7. The foci and directrices. 

To find the locus of a point tvhich moves so that its distance from 
a fixed point is proportional to its distance from a fixed straight line. 

Let the fixed point be S {x\ if) and the fixed line be 
rrcosd-f-^sinfl— jp = 0, 
using rectangular coordinates. 

If P(x^ y) is any point on the required locus, and PM the perpen- 
dicular from P to the fixed line, we have SP = e . PM where e is 
a constant ; hence or 

{x — x'f + (y ~ y')^ = cos 0 4- y sin 0 —p} (i) 

which is the equation of the locus. Now this equation contains five 
arbitrary constants, x\ y\ dy p, and e : we may expect then that the 
equation S^ax^ + 2hxy + by^ + 2gx -f- 2fy c = 0 can be put into this 
form, and we proceed to show that this is always so. 

The locus represented by the general equation of the second 
degree can therefore be described as the locus of a point which 
moves so that its distance from a fixed point S is a constant (e) 
times its distance from a fixed straight line. 

The point is a focus, the fixed line is the corresponding 
directrix, and the constant e is the eccentricity of the curve. 

19'ote. This is the fundamental property proved in geometrical conics for 
the various curves which are sections of a cone by a plane. The locus 5=0 
is therefore usually referred to as a oonio section, or briefly, a conic. 

The equation (i) above will be referred to as the focus-directrix form 
of the equation of a conic. 

I. To express the equation S=0 in the focus-directrix form. 

Using lectangular coordinates, suppose that the equations 


(x — x^ + (y — (x cos 0 -f y sin d — pY (i) 

and S^ax^’\‘2hxy^by^’\-2gx-^2fy+c ^0 (ii) 

are identical. 

Change the origin of coordinates to the point (x\ y ') ; these equations 
then become 

^ e^ (x cosd + y sin 0 —p'Y (iii) 

where p' '=^p—x' cos d — y' sin 0, 

and ax^ -f 2hxy + -f 2 X'x + 2 Y'y -f 5' = 0. (iv) 


Observe the way in which the terms containing x and y and the 
independent term occur in equation (iii) ; this suggests writing 
(iv) in the form 

(T^^aS')x^^2{X'T^hS')xy^-(Y^-^bS')y^ 

. -{Yx+Ty + SJ. (v) 
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This equation will be of the same form as equation (iii) provided 
that we can find a point y) whose coordinates satisfy the equations 
X2-aS « ; XY = AS, (vi) 


or 


a — b 


XY^ 


Note i. For a central conic, the equation h (X* - Y^) = {a-b)XY indicates 
that the foci (if any) lie on the axes of the conic. 

Note ii. For a parabola, the equation h (X^- P) = (a-b) XY reduces to 
F{aX+hY) = 0 , which indicates that the foci of a parabola (if any) lie on 
its axis. 


Now, if we substitute the usual values of X, Y, and S in equa- 
tion (vi), we obtain 

C{x^-y^)-2Gx + 2iy + A-B=:0l . 

and Cxy^Fx-Gy + H^ 0) ‘ 

Thus, (1) If the conic is a parabola, i. e. C= 0, we have the two 
linear equations 2GX’-2Fy—A-^B = 0i 

Fx+Gy-H= os' 

There is therefore a single solution ; hence the equation of a para- 
bola can be put in the focus-directrix form in one way. We have 
now proved that a parabola has one focus, and that this focus lies on 
the axis. 

(2) If the conic is central, i.e. C ^ 0, equations (vii) can be written 
(Cx^Gf-{Cy-Fy- = G^-t^ + BC-CA 
= A{a^bl 

and {Cx-G){Cy-F) = FG-CII = Ah. 

If we write X for Cx—G and /x for Cy — F, these give 

= A {a — b), kfx = Ah ; 

hence — A (a — A) A‘^ — A^Ji^ = 0, 

or 2A^ = A{a — b) ± A \^(a~6)‘^-f 4/r, 

The expression under the radical is alwfiys positive ; we get 
therefore two real values of A‘^ ; evidently one of these values is 
positive and one negative, hence A has two real and two imaginary 
values. We have note proved that a central conic has four foci, two 
real and two imaginary, and that these foci lie on the axes. 

II. To prove that tivo foci lie on each axis of the curve. 

Now, if (f, 1 ]) are the coordinates of the centre of the conic, the 
equations for the foci may be written 
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If, tlion, [x— sill 0 — (?/—)/) cos = 0 is the equation of one of the 
axes, the coordinates of the foci on that axis are (^4:/»;cos0, 
4 /rsiiid), where cos d sin d = A/i. 

Tlie equation of the other axis is (x — ^) cos 0 + (//—?]) sin == 0, 
so that the coordinates of the foci on this axis are ± sin 
7} 4 // cos 0) whore cos 6 sin — A //. Hence 4 == 0 ; this 

shows tliat two foci lie on each axis, one pair being real and one 
pair imaginary. 


III. 7b //ic distance between the real foci. 

Let 2ri be the length of the axis which lies along 
{x — f ) sin — 7]) cos 0 = 0, 

and 2r> l)c the length of the other axis. 

We showed (Chap. VI, § 5) that = A“/C^ and that 
u cos 04/^ sin 0 __ A 
cos 0 ■”* ' 


so that 


a cos Oyh sin 0 __ ry 
cos 0 A 


Since the axes are perpendicular, substituting 7t/2-^0 for 0, we get 
a sin 0 — cos 0 _ 

sin 0 A 


Subtracting these equations we have 

0^ — r./) _ h 

A sin 0 cos 0 


'Thus ]r=^7Y — rf] evidently 1z is real if ri>r.,^ so that in the? 
case of the ellipse the real foci lie on the major axis, and the distance 
between them is 2 Vrf rf. 

If the ellipse is real, it is evident from the e(][uation giving the 
lengths of the axes that A must be negative ; hence the foci lying 
on the axis (.r— sin 0 — (^ — ?/) cos 0 = 0 are real or imaginary 
according as h cos 0sin 0 is negative or positive. 

In the case of the hyperbola the real foci must lie on the axis 
which meets the curve in real points. 


IV. To Jind the eccentricity of the conic S = 0. 

Comparing coefficients in the equations 

(tf-^ 4 2 hxy 4 tny 4 2ffx 4 2fy 4 c — 0 
and {x — '/f -i [y—yf = c- {x cos 0 i y sin 0— 

we have 

1 — cos^ 0 = Aa, 1 — c‘^sim0 = A6, c^cos0sin0= — -A/i, 
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so that 

and 

or 

thus 


2 - c- = A {a -f b) 

(1 — — c- sin- 0) — 6*‘* cos- 0 sin" (J 

l-e2 = A^(a&-/r); 

1 — ab — h^ 


A“(rd^-»A“|, 


Note i. Since \^{ah-h ‘^) : 

(i) If the conic is an ellipse^ ab-h^ is i iv, e <\. 

(ii) If the conic is an hyperbola^ ab — h’ is —re, /. e>\. 

(hi) If the conic is parabola, ab-W is zero, e = \. 

(iv) If the conic is a circle, a - b and h = 0, and c — 0. 

Note ii. This c<iuation gives two valu<‘s for e, one corresponding to the 
real and one to the imaginary foci. When the t'ceentricity of a conic is 
referred to the eccentricity corresponding to the real foci is meant. (Cf. 
the example given helow, p. 240.) 


We have also from the above relations 

c‘‘^(cos‘^t/— sin-^^) = — A(a — ^), 
c-sin dcos 6 ^ — A//, 

so that (a — h) sin 6 cos 0 ~ A (cos" ^y — siir b) ; 

but this is the e(iuation which gives the inclinations of the axes of 
the conic to the :r-axis of coordinates. Hence the directrices of the 
conic fire parallel to the axes. 

The equations 1 — rcos‘^^ = A a, cos 6^sin 6^ = —A A give 
c“ =: A/cos 0 (A cos 6 — a sin 0 ) ; 

but, if 2r| is the length of the axis inclined at tlio angle 0 to the 
.r-axis, we have shown that 

a sin ^ A cos 6^ __ ^ j — _ A 

sin b A ‘ A sin 0 cos 0 ’ 

hence c" = 


V. To find the eqiiatlons of the dircdrkcs of a eo)tk. 

Referring back to equation (v) we see that the directrix 
Y'^4-S' = 0 is the i)olar of the origin with resi>eci to the conic 
(/.r- -f 2hxif -f by- + 2X'x + 2 Y'y -f *S' = 0 ; we took t lie focus as the 
origin, hence the directrix corresponding to a focus is its polar. 

(a) Central Conks, 

The coordinates of the foci lying on the axis 
{x —£) sin 0 — (y— v) d — 0 
are ^4: A cos d, ?/4:Asind, where (f, ?/) is the centre and 
G- A“ sin d cos 0 — A A. 

The corresponding directrices, which are the })olars of these points 
with respect to S = 0, are therefore 

r7/H-Z±A(Xcosd+ }^sin d) = 0. 
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Now Xf-f r7/-f-Z = A/C’, therefore the equation of the pair of 
directrices is 

A^ = CU* ^ (X cos d + r sin 0)% 
or h (X cos d -f- F sin 0)^ = A cos 0 sin 0. 

(b) The Parabola. 

The coordinates of the focus are given by the equations 
2Gx--2Fy--A + B = 0, Gif-^Fx-lI = 0, 
and the equation of the directrix may be found as the polar of 
this point. The case of the parabola is, however, practically and 
theoretically, most simply dealt with by reducing the equation to 
the focus-directrix form. 

Let the equation of the parabola be 

((XX-\-l-iljf-\-2[fX+2fl/-{-C=: 0, 

where we have written a^, and (XiS for a, h, and h. The 
eccentricity of the parabola is 1, so that the focus-directrix form is 
(a;— = (a? cos 0 + ysin0—q)^. 

Comparing coefficients of and xy, we get tan 0 = ’-oc/l3, so that 
the directrix is perpendicular to ocx + f3y=^ 0, and therefore to the 
axis of the parabola. We may write the equation of the parabola 
then in the form 

((x^ + ft'^)(x--x'^+y-y''^) = {t^x-0Ly^py\ 

Hence, comparing coefficients, we have 

= -cf, (i) 

(«■•* + l3^)/-oip= -/, (ii) 

{x' ■-* + y' 2) = c. (iii) 

From these equations we find 

{fy} + g)^ + {ot}) -/)^ = (a''^ + + c), 

or (a‘^ + i 32);>2 + 2(/i^— 0 (/)jp + (/2 + /’2 _ ^ ^ ^0(2 ^ ^2) ^ . 

• ■ • 2jj(/jg-a/) = c (cx^ + /i2) -g ,2 _y 2 
=:c(a + b)-g^-/^ = A + B. 

But (/3g-a/) = bg-h/= - G, 

oc{i-^g- a/) = Jig -a/=F, 

so that the equation of the directrix (/3a:— o(^+j) = 0) may be written 
2Gx+2Fy-A-B = 0. 

Using this value of p in equations (i) and (ii), we can write down 
the coordinates of the focus ; thus 

{a + h)x' =biA+B)/2G-g; (« + %'= aiA + B)/2F-/. 
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It can be readily verified from equations (i) and (ii) that the 
coordinates of the focus also satisfy the equations 

+ (? = 0; (a + &)r-hF=0; 2(a+6)Z = ^ + 

VI. Methods of finding the foci and directrices of a central conic, 
tvhose equation is given with numerical coefficients. 

The coordinates of the foci involve complicated surds unless the 
factors of A(X^— — (a— b)XY are rational. If these factors are 
not rational the coordinates of the foci may be found as on p. 246. 

When the factors are rational the following method is useful. 

If ax^ + 2hxy + -f- 2gx + 2fy + c 

= Jc [{X‘-x'f + (y’-j/f] + 1 {x cos 0+y sin (i) 

identically, on considering the terms of the second degree, it is evident 
that ax^ + 2hxy + b^^ — ifc (x^^ + y"^) is a perfect square. This is the case 
when (ifc— a)(A; — b) = and this equation gives two values of h 
which are rational when the factors of l^)“(a— b) XY are 

rational. Take either of these values of h and then we have 


ax'^’\-2hxy + l)y'^~-lc(x^+y'^) = l[x cosfl+y sin^)^ 
from which we can determine I, cos 6, and sin 6. 

Comparing the coefficients of x and y and the independent terms 


in equation (i), we obtain ^ ^ 

(ii) 

ky' -Vlp sin $ — —f, 

(iii) 

whence, kixf^ +y'^) + lp^ = c, 

(iv) 


h{c-lp^) = = (^ + ?pcose)2 + (/+?i?sin ef. 

This gives a quadratic equation from which we can find p, and the 
corresponding values of x' and y' are given by (ii) and (iii). 

This gives the directrices, foci, and also the eccentricity which is 

V-yk. 

Ex, To find the foci and directrices of the conic 
x^-\-4,xy’{’y^ — 2x-‘^y = 0. 

If is a perfect square, we have (A-1)^ = 4, i.e. 

A* = — 1 or 3. 

Thus 4- Axy + 4 y*) = 2 (a; + y)^, 

and a?^44a:y4y^-3 (a:* + y*) = -2{x-yY. 

(a) When A == -1, 

a:* + 4a?y4y^-2a:-6y = 2 (a7 4y 4p)*-(a7-a:')*~(y ~y')®» 
a7'4-22?=-l, y'4-2j?=~3, a;'®4-y'* = 2p* ; 

(2i?4l)-4(2p + 3)2; 

3p® 48p4-5 = 0 ; 
p = -1 or -g. 


so that 
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If 2 ^ — -1, then y ^ 1, y'^ -1, and the equation of the conic 
reduces to {x — \f A {y — 2 {x + y — 1)^ 



If i) = -fj, then X — I, !/' = i, and the equation reduces to 

(h) When h — d, 

x^-\ A:xy + if — 2x — ^y = 3 (j? — -f 3 fy — y')^ — 2 {x — y—pYj 
so that "dx'-2p = 1, 3 ;/' + 22; = 3, == 2 /r ; 

6^/ = {2;;-tl)‘’ + (22>-3)^; 

— 4 4 5 = 0 ; 

p — 2±L 

If p — 2±i, then x =~ ^(5 + 2/) and y'-- ->.(1 + 2 0, and the equation 
can be written in either of the forms 

/ r ) + 2 /\- / l + 2/\2 4 [. r -//-(2 + 0 r ' 

3-J ■' (»' V j-sl-VS" I ' 

We liave now the real and imaginary foci ; the equations of the real 
directrices are x-\ y-l ^ 0 and 3 .r 4 3// -5 = 0. and the eccentricity corre- 
sponding to the real foci is 2. 

VIL The foci in relation to the circxdar points at infinity. 

The equation of a conic in the focus-directrix form 

{x~x'Y + {y — iff = c" cos d-\-y sin 0--p} “ 
may 1)0 written 

\(x-x')+i{y-ii')]\{£-x')-i(!j-if')] = r [xcos 6/-f y sin 4 
(his is of the form itv — hw^j from wliich it appears that (lie conic 
touches the imaginary lines 

{x - . 1 -') + i (y -y) = 0, (a; - ,«') -i(y-y') = 0, 

tlie chord of contact being the directrix 

X cos 0 -f y sin 6 —p = 0. 

These imaginary lines intersect at the focus {x', y') ; hence the 
directrix is the chord of contact of the imaginary tangents from the 
focus to the conic. 

These imaginary lines are 2>ai’an<^l to x V iy — 0 and .r*-7// = 0, 
i. e. they 2 )ass through the circular points 12, iT at infinity. 

This argument apjdies to each of the ways in which the eiination 
of the conic S = i) can be put in the focus-directrix form. 

Hence the foci are the points of intersection of tangents to the 
conic from the circular {joints 12, 12'. 

Since these points 12 and 12' are imaginary, we cannot properly 
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represent them in a figure ; the following diagram shows the relative 
properties of these points and lines. 



Si , S,y NV are foci ; d^, d .^ d^ are the corresponding directrices. 

Two of tlie foci are real and two are imaginary, and tln^ conic 
is inscribed in the quadrilateral /S\, So, S^, S^. 



When the conic is a parabola, since 12 12^ touches it, we have only 
one focus, S. 
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Note. Since the tangents from a focus to the curve are parallel to 
{x-^iy) {x^iy) = 0, i.e. to + = 0, the equation of a pair of tangents to 

the curve from a focus satisfies the conditions for a circle. This gives us 
another method of finding the foci. 

§ 8. The equations of the various conics in their simplest 
forms. 

When the axes of symmetry are taken as coordinate axes, the 
equation 5 = 0 reduces to its simplest form. 

Two cases arise : (i) C is not zero, being positive for an ellipse 
and negative for an hyperbola ; there are then two finite axes of 
symmetry. 

(ii) C = 0, the curve being a parabola ; there is only one finite 
axis of symmetry. 

It has already been shown that when the coordinate axes are 
changed from one set of rectangular axes to another the quantity G 
is unaltered : this is also self-evident so far as sign is concerned, since 
a change of axes cannot affect the nature of the curve. 

(i) When the coordinate axes are the axes of symmetry, if the 
point (Xy y) lies on the curve, so also do the points (.r, — ?/), (— ic, y), 
(-‘Xj — j/) ; hence the coefficients of xy^ Xy and y in the e(j[uation of 
the curve must be zero. The equation is then of the form 

ax^’^ly^-\-c = 0. 

(a) For an ellipse ah is positive, i.e. a and h have the same sign. 
If a and h are positive, c must be negative, otherwise no real values 
of X and y could satisfy the equation. 

We can thus write the equation of the ellipse referred to its axes 
of symmetry in the form 

a2 ^ 

where a, h are evidently the lengths of the semi-axes. 

(b) For the hyperbola ah is negative : hence the equation of an 
hyperbola referred to its axes of symmetry can be written in one of 
the forms 

nr 1 

o*-* 62-1 or ^2 yi- 1- 

Consider the first equation ; the a?-axis meets the curve at the 
points ( + », 0), (—a, 0), and a is the length of the corresponding 


axis. 
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The axis of y does not meet the curve in real points ; h is, however, 
usually called the length of the other semi-axia 

(ii) Take the finite axis of symmetry as axis of ^ ; if the point 
(Xj y) lies on the curve, so does the point (a?, — whatever value 
X may have, hence the coefficients of xy and y in the equation of the 
curve are zero. The equation is of the form 
ax’^ + + 2gX‘\-c = 0. 

Now ah = 0, since the curve is a parabola, hence a = 0 or 6 = 0. 
We cannot have 6 = 0 unless the curve is a pair of straight lines 
parallel to the axis of hence a = 0. 

The equation is then of the form 

= 0 . 

Now take the origin at 0), i.e. on the curve ; the constant 

of the equation then becomes zero. 

The equation of the parabola now takes the form y^ = 2g'Xy or, as 
it is usually written, = 4ax; 

The axes of coordinates are the axis of the parabola and a tangent 
to the parabola at the point where its axis intersects it. 

In the following chapters we propose to discover the properties of 
the parabola, the ellipse, and the hyperbola from their equations in 
these simple forms. 

§ 9. Envelopes. 

In Chapter II we showed how to find the equation of the 
envelope of a straight line whose equation contains an arbitrary 
constant in the first or second degree. It will be convenient to 
extend this method to the equation of any curve which contains an 
arbitrary constant, or the constants of which are connected by given 
relations which leave one of them undetermined. 

If P, (2, B are three functions of the coordinates x and y, of the 
first or second degree, then 

A2p-|.\g+2?=0 (i) 

is an equation of the first or second degree, and represents some 
straight line or curve whatever value A may have. 

Two of these lines pass through any proposed point {x\ y\ for if 
P', Q\ JS' are the values of the functions P, Q, B when x\ yf are 
substituted for x and y, we have the condition 

A2P' + A(2' + -B'=0 

to determine A for loci of the type which pass through (a?', y')* 
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These two lines will be tangents, straight or curved, from the 
point (x\ ?/') to the curve enveloped by the system. 

If (;/, y') is on the envelope, then these tangents become coincident. 
The condition for this is 4 V'R' = 

Hence the equation of tlio envelope of loci represented by (i) is 
4 PR q;\ 


Examples VI c. 

1. Write down the equation of 

(i) tin? tangent at (x\ y ) ; (ii) the normal at {x\ y) ; 

(hi) the polar of (.r', y') ; (iv) a pair of tangents from {x\ y'), 

for the curves whose equations are given in Kx. Via, 1. 

2. Find the coordinates of the centre of these curves, and explain your 
results. 

Ih Find the eccentricity of the curves in FiX. VM a, 1 (i), (iii). 

4. Find the focus-directrix form of the parabola t 2 //)^ ~ 4,r + 2//-f- 1. 

5. Express the equation 15^^ q 24u?^ 4 2x-\ 4// -5 -- 0 in the focus- 
directrix form. 

G. Find the equations of the asymptotes of the hyperbolas in Exs. VI b. 

7. If the coordinate axes are oblique, show that the foci of the conic 

S — 0 are given by the equations — Y’^ — hS = secco (XY—hSf). 

8. Find the lengths of the axes of those curves in Exs. VI b which are 
ellipses or hyperbolas. 

9. Find the equations of the ellipses in Exs. VI b referred to their principal 
axes as axes of coordinates. 

10. If the coordinate axes are turned through an angle d, what does the 
equation of the conic ax'^-\^2hxy-\^by’^ + c = 0 become ? 

For what values of 0 does the xy term in the result vanish ? Explain this 
result. 

11. Show that the equation of the axes of symmetry of the curve 

1 1 6 a-y 4 19 — 2 — 26 y 4 3 0 are 3 x — y 4 1 = 0 and .r 4 3 y - 2 = 0. 

Determine p, g, and r so that p(3x — y4 l)®4g (x4 3y — 2)^4/’ = 0 may be 
identical with the given curve, and hence show that the equation of the 
curve referred to its axes as coordinate axes is 5a;^4 lOy'* = 3. 

(Note. When the separate equations of the axes take a simple form, as in 
this example, this is the easiest method of finding the equation of the curve 
referred to its axes. Exs. VI a and VI b give other curves which can be 
similarly treated.) 

12. Where are the focus and directrix of a circle ? 

13. AA' is a given finite straight line and PN is perpendicular to it. If P 
moves so that : AN , A'X is a constant ratio, show that its locus is 
a curve of the second degree. If the given ratio is A : I, distinguish the 
cases of the circle, parabola, ellipse, and hyperbola. 

Find the eccentricity of the curve in terms of X, 
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14. Draw graphs of (i) i/“ — 4.r ; (ii) ?/“ -- -4.r ; (iii) .rM 4//^ = 1 ; 

(iv) — ~ 1 ; (v) .r^-4//" = ~1 ; (vi) cnj = 4 ; (vii) .r// = ~4. 

15. Find axes, eccentricity, centre, foci, efpiations of axes, asymptotes, and 

directrices of 4.r// + y^ — 2ir — Oy = 0. 

16. Draw the curve and find the foci and eccentricity of 

5 xP- 4 Axy 4- 8 — 12c — 12// ~ 0. 

17. Find the condition that an asymptote of S 0 may pass through the 
origin. 

18. Determine completely the position and nature of the curve 

2 4 4;r// — //“ 4 4.r — 6// 4 2 ~ 0, 

finding its centre, its eccentricity, and the equations to its axes. Sketch the 
curve. 

19. Find the condition that the line Ix + my = 1 should be (i) a tangent, 
(ii) a normal at a point on the curve aa‘^4 21ixy-\^hif = 1. 

20. Find the coordinates of the centre and of the foci, and the equations 
of the axes, asymptotes, and directrices of the conic whose equation is 

IxP — 48:r// — 7//^ 4- 60 rr 4 - 80?/ — 50 •— 0. 

21. Find the position and magnitude of the axes of the conic whose 
equation is oa;^4 2hxy + hy'^ ^ 1. 

22. Find the asymptotes of the hyperbola 

6.r^ — 7a7/-"3?/“ — 2a7 — 8?/ — G = 0. 

23. Trace the conic whose equation is (.r — 4?/)^ = 51//. 

Find the eccentricity of the conic whose equation is x'^ + xy-¥y'^ = 1. 

24. Show that one focus of the conic :/•“ 4 - ?/^ 4 - 2 hxy H- 2 r/ (x 4 - y) +g'^lh == 0 
is the origin, and that the other is x — y— ( — 2g)/{\ 4 -//)- 

25. Trace the curve 81:>r'^4 90ar// + 25//^4 59.r + 21?/4 9 = 0, and find the 
coordinates of its focus and the equation of its direedrix. 

26. Trace the curve 3a;^4 8.r// — 3?/^ — 40a:— 20// + 50 = 0, and find the 
equations of its directrices. 

27. Reduce to its simplest equation and draw the figure of the conic 

12a:^ 4- 7 xy — 12//^ — a: + 7 ?/ = 26. 

28. Mark on a diagi-am the position of the focus and directrix of the 
parabola whose equation is — 2a7//4-f/*4-.a: — 3// + 3 = 0. 

29. Show that the equation (a — l/?-^)a:4-//// = 0 represents one of the 
axes of the conic ax'^ ^'2hxy ^-hif — \y if r is a root of the equation 
(a-l/;-2) (5-1/?^) = 

Trace the curve 3a:^4 4a://d?/^ — 3a: — 2?/4'21 = 0. 

30. Show that the equation of the directrix of the parabola 

axP 4 2gx f 2 /// r 0 

is 2afy 4- ca —g'^ — = 0. 

31. If the axes are so inclined that x^-\xy-\ if " is a circle, trace the 
conic xP~xy-\-y'^ ~ a^, and obtain the lengths and positions of its axes, 
the coordinates of its foci, and its eccentricity. 

32. If the straight line // ~ :rtan 6 is an axis of the conic 

a.r^ 4- 2 hxy + hif ~ 1 , 

and the length of this axis is 2r, show that 1/c^ = o 4- /< tan 6 — h 4 h cot d. 
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33. Show that the equations to the tangents to the ellipse 

17 a?* — + 8y^ + 50.r--20y -f 21 = 0 
at the extremities of its axes are 

(2a?-y + 3)*= 4, (a? + 2y + l)*= 16. 

34. Prove that 

X (ax' -f- hy' + 5r) + y (hx' + hy' +/) ^gx'-^fy' + c = A/{ah - 
where A is the discriminant, is the diameter parallel to the tangent at x' tj, 

35. When the coordinate axes are oblique, the eccentricity of the conic 
S 0 is given by (a6 — /i*) (2 — e*)* sin*a) = (a + 6-2 coso))* (1 — c*). 

36. If (x, y') is a focus of the conic = 0, and d its distance from the 
corresponding directrix a?co3 ^ + y8in d— ^ = 0, show that X'sinS =hd, 
Y' cos B = hd^ and cos d sin ^ 

37. Show that a pair of intersecting straight lines possesses the focus 
directrix propei-ty. Where is the focus ? 



CHAPTER VII 


THE PARABOLA 

§ 1. The parabola referred to its axis of si/mmctry and the tangent at 
the vertex as coordinate axes {y‘^ = 4 ar). 

The equation i ax (Chap. VI, § 8) can ho put into the focus- 

directrix form 



(x — x'Y'\-{g—f)'^ = [u;cos(X-f ^ silica 
in one way only ; viz. 

(a;— a) 2 -fy 2 ^ (x \-af. 

Hence the Focus S of the parabola is the point (a, 0), and the 
Directrix X3I is jthe line a = 0. 

The following definitions are common to all the conics ; — 

(i) The perpendicular (PN) from any point (P) on the curve to the 
axis is called the ordinate of the point P with respect to the axis. 

(ii) The double ordinate through the focus {LSIJ) is called the 
latus rectum. 

(iii) The length of the normal at a point (P) moans the distance 
(PG) measured along the normal to the axis, unless otherwise stated. 

(iv) The length NT is called the sub-tangent, and the length NG 
the sub-normal. 

1207 li 
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(a) Since tlio focus is the point {a, 0), we have AS = a, and the 
equation — 4 ax expressed geometrically is 

VN- = 4AS. AN. 

When the point 1’ is at the end L of the latus rectum 
SIA - 4 AS\ or SL - 2 AS ; 

Ih US tlio latus rectum LS]/ = ia. 

(b) Tlie equation in the focus-directrix form 

ex])rGssed geometrically gives 

aST- or 67^ ^ PJL 

Tims the focal distance of any point on a para))ola is equal to its 
distance from the directrix. 

Tlie focal distance of the point (.r, y) is x-\ a. 


§ 2. Tangent, Normal, Diameter, Polar. 

The student should lefer back to Cliapter VI, § 4, and work out 
the equations given below for the Ccase of the parabola = iax, 

(1) The equation of (he chord whose midqmnt is (/, y'):-- 

— "lax yy' ~-2ax> = — 

or y ' (y — y 'j = 2 a (x - xf 

(2) The equation of the ianyent at the iwint y') : — 

— 2 ax + yy' — ax' = ( ), 
or yy' 2a(x-f x'). 

Example i. If the ianyent at P nircfs the axis at T, then SP = S'J\ 
Let P be the ])oiiit {x',y'); then tlie tangent at P is ijy' ~ 2a (x X x) ; 
hence, iiutting // ~ 0, the point 7’ is {-x\ 0), and since S is (n, Oj we have 
ST ^ a x\ which is, § 1, the focal distance Sl\ 

Hence ST ST 


Example ii. If the ianyent at P meets the tanyenf at the vertex at T, 
SY is perpendicular to the ianyent. 

Let P be the point (Xy y ) ; then the tangent at Pis 

yy' = 2a {x + x')y (i) 

therefore the point Y is ^0, )• f^^it ?/^ — 4«a;', therefore the point Y 

is (0, ^y). 

SY is therefore the line lay f y' [x-a) = 0 which is perpendicular to (i). 


(3) The equation of the normal ut (/, y'). 

The normal being perpendicular to the tangent, its equation is 
y {x-x')-^2a(y-!f} = 0. 
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Example. If f/ir normal at P meets the axis at SP = SG, 

Let P be the iK)int {x\f), thou the normal at P is 

-} 2 (/(//-//') = 0 ; 

hence, puttin^^ ^ 0, G is the point {(2«-f .c'), 0]. 

Thus SG — a + x' — SP. 

(4) To find the locus of the. nial-i)oints of parallel ehords of the parabola^ 
i,c, the epiatiojz of a diameter. 

Let p/, //') be the mid-point of any chord parallel to the fixed line 
}f ~ mx. 

Since the c<j[uatiun of the chord is 

y ('/-/) ■-= 2 rt (.»■-. c'), 

2 a 

the condition that it should be parallel to the given lino is if — ; 

hence the locus of the inid-})oints of all chords parallel to y — mx is 
my = 2 a, i.e. a lino parallel to the axis. 

Hence all diameters of a parabola are parallel to the axis. 

Note, The diameter bisecting all chords parallel (o the tangent al. 
( f', y'), viz. f/y' — 2a {x -t x) is the line // = //, which passes through the 
point of contact of the tangent. 

Thus the chords bisected by any diameler are })arallel to the tangent at 
its extremity. 

Definition. If the chord through a point P on the parabola, 
drawn parallel to the tangent at (f meets the diameter through 
at F, l^V is called tlio ordinate of P with resi)oct to this diameter. 



(5) The rquafio7i of the polar of the point {x\ y'). 

This takes the same form as that of tlie tangent at a point {x\ if), 
viz. yif — 2a{x~{-x'), (Chap. VI, § 4, IV.) 

Note. If Q{x\f^ is a point on the parabola, the polar (jf any ])oint 
f) on the diameter through Q is yf — 2a{xXl(. , which is parallel to 
the tangent at Q and to. the chords bisectea by the diameter: coiivei'scly, 
the i)ole of any chord lies on the diameter bisecting the chord. 

R 2 
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(6) The equation of a pair of tangents from a point (x'y y') to the 
parabola. 

This equation (Chap. VI, § 4) is 

{y^—iax){y'^—iax') = {yy' ~-2ax—2ax']'^. 

Retaining terms of the second degree only, we find that these 
tangents are parallel to the straight lines 

yi (/2-4oa;') = (yy' -2 ax)\ 
i. e. —y'xy + ax^ = 0. 

The angle 6 between the tangents is therefore given by 


tan 6 = 


4aic' 
a;' -fa 


Thus the locus of a point, the tangents from which include a 
constant angle 0, is 

7/^ — 4 ax = (a; -f a)^ tan^ 6. 

The locus of the intersection of orthogonal tangents is a;-f a = 0, 
i.e. the directrix. 


§ 3. (a) The equation of the parabola refened to the axis and latus 
rectum as coordinate axes. 

When the equation of the parabola is if' = 4a.r, the focus is (a, 0). 
Changing the axes to j>arallel axes through this point, wo obtain 
the required equation as 

y2 = 4a(x + a). 

(b) The equation of the parabola referred to any diameter and the 
tangent at its extremity as coordinate axes. 

Let the origin be 0, and let the axes of coordinates be the diameter 

Ox and the tangent Oy. Since all chords 
of the parabola parallel to Oy are bisected 
by the diameter Or, the ordinates of 
points on the parabola, which have the 
same abscissa, are equal and of opposite 
sign. 

Hence the equation of the parabola 
must be of the form y^ = 4tXx ; we 
have then to find the value of A. 

Let the angle between the coordinate 
axes be w : draw the ordinate PV afid 
PNy OR perpendicular to the axis of the parabola. 

If the coordinates of 0, referred to the principal axes of the 

2a 

parabola, are (A, A*), tlion tan w = • 

iC 
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Since A;^ = 4a/f, we have /i = a cot‘^ w and h = 2 a cot w. 

Let P be the point (x, y), then 
PA^ = PM -f OB = y sin co -|- A; = ^ sin w + 2a cot w, 

AAT = AP+OF+ VM = A-fic+ycosco = acot^w-f-^ + ycoso). 

But PiV^ = 4a . AiV; hence 

(y sin w -f 2a cot uy)^ = 4a (a cot‘^ o> 4- ^ + y cos <«>), 
or = 4 ax* cosec^ w, 

and consequently A = a cosec^ w. 

This is then the equation of the parabola referred to a diameter 
and the tangent at its extremity ; it is of the same form as = 4 ax, 
consequently the equations of the tangent, polar, and diameter will 
be of the same form as those already found, but the normal which 
involves the condition for perpendicularity will not be the same, 
since the axes of coordinates are now oblique. 

The equation translated into geometrical notation gives 
Pr^ = 4ASfcosec2w.OF. 

Now /S0 = a + /i = a + a cot^ w = a cosec^ oj ; 

hence PV2 = 40S.0V. 

Example i. To find the coordinates of the focus of the parabola 
2 /^ = 4ax cosec^ cd. 

If the tangent at 0 (see Fig., p. 260) meets the axis at P, the x-coordinate 
of S is equal to ST But ST — SO — a + h; 

= a + a cot* o) ; 

=5 a cosec* w. 

The y-coordinate is equal to 07\ hence 

y sin 0 ) = - OR — — 1; = ~ 2 a cot w. 

The focus is therefore the point (a cosec* w, — 2a cosec* w cos w}. 

\/^xampl0 ii. On the diameter through a point 0 of a parabola are 
taken points P, P' so that the rectangle OP - OP' is constant : prove that 
the four points of intersection of the tangents drawn from P, P' lie on two 
fixed straight lines parallel to the tangent at 0 and equidistant from it 

Take the diameter and tangent at 0 for axes of coordinates and let the 
points P, P' be (|, 0) 0), where = c\ 

The equation of the pairs of tangents from P to the parabola is 

(y*-4ax) = (2ax + 2a^)*, 

which reduces to a^* + (y*-2ax) f + ax* = 0. (i) 

The equation of the pair of tangents from P' to the parabola is obtained 
by writing for 
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Tims, if (.r, y) is oin* point of intersection of the tangents from Panel P\ 
^ and satisfy equation (i). 

The product of the roots of this equation is .7*^ ; thus 

Hence the points of intersection of tangents from P, P' to the parabola 
lie on one or other of the lines x-\'C — 0, x- c — 0 ; these lines are parallel 
to and equidistant from tiie tangent at 0, viz. rr = 0. 

^Example iii. The lines joinhuf the wid^iioinis of the sides of a 
irkmcjle, which is self con juffatc with respect io a paraholaj touch the 
parabola. 

Let the vertices li, C of the triangle be the points (a’j, yi), (-^2, ^2^ 
2/3)* 

The conditions that the polar of each of these points should i>ass through 
the other two are (x, + a*,), 

//3I/1 = 2a (^3^ .Tj), 
y^y^ = 2a{x^~\ x^). 

Now, the coordinates of the mid-points of AB and AC are 



(o'j -I .r 2 \ I (ij, .V 2 )} and (.r, -4 . 7 - 3 ), \ (y^ 4 - 1 / 31 } ; 
i.e. {•'51% iO/i-l'/.t] and J (?/i + ?/;,)} • 

The equation of the straight line joining these points is 

I .'/ 1 j 

I ViUt 2« (</, -I .V 2 ) 4« ^ = 0, 

' '/l?/3 2«(>/, ^//3) 4(1 ■ 

I a- »/ 1 

i.e. i/ij/t 2rt(y,4.V2) 4rt =0, 

!/i 2« 0 

i.e. 2;/!/i — 4ax+ 

This is the equation of the tangent to the parabola at the point 

!/i^ > which proves the proposition. 
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Examples VII a. 

v^rhe tangent and diameter at a point are perpendicular onl}» when the 
point is the vertex^^ 

2. The point (f, j]) lies outside, on, or inside the parabola 1 / — 4 ax, 

accoiding as is positi\e, zero, or negative. 

3. Obtain the coordinates of a point the tangent at which makes an 
angle </> with the diameter through the iioint. 

4. If the ordinate of a point on the imrabola is 2aty find the abscissa. 
Nj^TFind the condition that the straight line my = 1 should touch the 
parabola //^ = 4a.r. 

Find the equation of the pair of straight lines joining the iiitersoc- 
tions of the straight line Jx^ >/?//--! and the parabola i/ — \ax to the 
vertex. What are the conditions that they should be (a) perpendicular, 
(b) .coincident? 

7. Show that the tangents at {x\ y'), fx", y") into sect on the diameter 
2y = y'-\-y\^ Find also the xeoordinate of tluur point of intersection in 
terms of //'jind 1 /, 

8. The tangent at P meets the axis at T and the tangent at the vertex 
at Y. Prove that Pr=: YT, 

9. ^The subnormal of any point on a parabola is half the latus rectum. 
\JK). At what angle does the* straight line mx \ y - am^ --2(im — 0 cut the 
parabola ? 

11. The tangent at V and the ordinate of P meet the nxis at T and N: 
sho\^hat AN = AT. 

Find the equation of a parabola, with latus rectum 4/>, which touches 
tin* axis of x at the origin and has the axis of y for axis. 

13. PG is the normal at P\ prove that the projection of PG on the 
focal radius of P is half th(‘ latus rectum. 

14. Show that the length of the focal chord bisected by the diameter at 
P is ASP. 

15. The iieiqiendicular from the focus .s' to the tangent at P meets it at 
Y . showtluit SY'^ = SA.SP. 

16. Find the vertex, axis, foeus, and dlrt‘ctrix of the following parabohu : — 

(i) (x-f2)^-4y-f5; 

(ii) (y — 1)^ = 2x— 7 ; 

(iii) x^~8x + 2y = 0 ; 

(iv) (x~lf -t-(y-2f = J (x-f 

and write down their equations when referred to their principal axes. 

17. The tangents at P ami Q to a parabola are at right angles : show that 
PQ passes through the focus. 

18. The tangent at P meets the directrix at R : show that the angle RSP 
is a right angle. 

\1J9; Express the coordinates of a point on a parabola in terms of the 
angle^hich the normal at the point makes with the axis. 

Find the equation of the directrix of the parabola = 4ax cosec* w. 
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21. Find ilio coordinates of the points of intersection of the parabola 

]p- — ix with the straight line 3y~4a* + 4 0. Find the equations of the 

tangents at these points, and show that they are perpendicular and meet on 
the directrix. 

22. Tangents are drawn to the circle from two points on the 

axis of X equidistant from the point (c, Oj. Show that the locus of their 
intersections is the parabola — a^{c~-x)\ 

23. Show that the normals to the parabola if — ^ax at its points of inter- 
section with the line 2.r-3y4 4a = 0 intersect on the parabola. 

'V>24. Prove that the distance between a tangent to a parabola and the 
])urallel normal is a cosec 0 sec^0, where 0 is the angle which either makes 
with the axis. 

25. Find the focus and directrix of the parabola (y — ^xY — 5rr-f 1, and 
draw^the curve. 

^^6. Two points are taken on the parabola if — Aax, on the same side 
of the axis, such that the product of their distances from the axis is 4a''^. 
Show that tlui tangents at these points (i) intersect on the latus rectum ; 
(ii) ini(;rcept on the directrix a segment whose length is the difference of 
their distances from the axis. 

27. Obtain the conditions that the straight line }x -\ my-\^n = 0 should be 
(i) a tangent ; (ii) a normal to the parabola if = Aax. Find the locus of 
the middle points of the portions of (i) a tangent ; (ii) a normal intercepted 
between the point of contact and the axis. 

Find the equation to the parabola whose vertex is the point ( 1 , 2) and 
directrix the straight line ^x — Ay-\ 10 = 0. 

De;termine its focus and latus rectum. 

For the parabola iY — show that the middle points of all chords 
parallel to 3.r f4// — 2 -- 0 lie on the straight line 3y-i 8n = 0; and that 
tangents at the extremities of any one of these chords intersect each other 
on that diameter. 

30. A point P is such that the line drawn through it perpendicular to its 
polar with respect to the parabola y'^ — A ax touches the parabola x’^ — Ahy. 
Show that P lies on the line 2 no: -f ft f/ + 4 = 0. 

If the normal at a point P, on the parabola if — 8.r, whose abscissa 
is 18,^cuts the parabola again at Q, show that 9P^ = 80>v/l0. 

\JlA. A tangent is drawn to a parabola of latus rectum 4a and makes an 
angle i\) with the axis ; prove that the sum of the radii of th^ two circles 
which pass through the focus and touch the tangent and the corresponding 
normal is 2 a cosec </) (1 4 cotc/>). 

33. 4'he tangent to a parabola at P meets the tangent at the vertex in 2\ 
the normal at P meets the axis in 6r, and the diameter through T meets 
the curve in Q. Prove that T(P — ASP. SQ, 

^-iA. Through the vertex A of the parabola if = 4a:r two chords AP, AQ 
are drawn and the circles on AP, AQ as diameters intersect in li. Prove 
that if d,, ^ 2 , and </> be the angles made with the axis by the tangents at 
P and Q and by All, then cot dj 4- cot dg 4- 2 tan (/) = 0. 
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§ 4. Parametric coordinates. 

(i) When the equation of the parabola is in its simplest form, 
^2 — the coordinates of any point on it can be expressed in the 
form 2 at): for since t can have any value positive or negative, 
if the ordinate of any point on the parabola is//', we can iind t so that 
t = ///2a ; and since //'“ = 4a.r', we have by substitution x' — (it\ 
Hence the coordinates of any point on the parabola //-r=:4a.r can 
be expressed in the form (a/', 2 at), and coiiversel}" it is manifest by 
substitution that any point whose coordinates are of this form lies 
on the parabola. The quantity t is called the parameter of the 
point. 

(ii) When the curve is referred to the axis and latus rectum as 
coordinate axes, //- = 4 a (.r + a), any point on the curve can be 
represented by (rtf- — a, 2rt/) for some value of /. 

(iii) When the curve is referred to a diameter and the tangent at 
its extremity as coordinate axes, we have //' = 4 x.r where 

a = rt cosec- co. 

We can then use 2o(t) to denote any point on the curve. 

The following results apply equally to this case except when we 
assume the axes to be rectangular, e. g. when we are using the 
condition that two lines should be perpendicular or the condition 
that an equation should represent a circle. 


§ 5. I, To find the parameters of the points of- intersection of any 
straight line and the parabola //^ — 4rtrr. 

Let the straight line be Zor-f w//+ 1 = 0. 

If any point (at^, 2 at) of the parabola lies on this wo have 

ZrtZ^ -h 2 mrt Z + 1 = 0. (i) 

This equation is quadratic in t and gives the two values of the 
parameters of the points where the straight line cuts the parabola. 


Cor. i. The points of intersection are real and distinct, coincident, or 
imaginary according as the roots of the equation (i) are real, coincident, or 
imaginary, i.e. as anr is >, =, or < I, 

In particular the line touches the parabola when — I, 

Cor. ii. Let be the roots of the quadratic (i), then 


= ~ 


2 m 


thus 


b 


(it 1 tq 


and w = - 


_ 1 
L 4 


2 (//, /j 


If we substitute these values of I and m in the equation of the straight 
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line, we find tha* the equation of a chord of the parabola joining the 
points whose parameters are , /j is 

t^-2x (ii) 

Cor. ili. The direction of the chord joining the two points whose para- 
meters are depends only on the value of (^ + ^ 2 )* 

When the axes are rectangular the angle which this chord makes with 
the a?-axis is given by cot 

Consequently, if the direction of a chord is constant, the sum of tiie 
parameters of its extremities is constant, or since the ordinates are 2^/^ and 
2 u^ 2* sum of the ordinates of its extremities is constant. Hence the 
ordinate of its mid-point is constant : this gives us another proof of the 
})roperty that the locus of the mid- points of parallel chords is a line parallel 
to the axis. 

Cor. Iv. The focus is the point (r/, 0); hence the chord joining the two 
points (a^j% 2 ((r 2 )f viz. y(f^ \-t^-2x " passes through tln‘ 

focus if —2a^ 2at^tn, or -1. 

Hence, if i« Hie jiarameter of one end of a focal chord, — is the 
liarameter of the other imd. 

II. The length of a chord hi terms of the parameters of its extremities. 
Length = V'l{uti^-af./f + {2ati-2utJ-] 

Thus the lengths of parallel chords + f j =*• constant) are propor- 

tional to the difference of the parameters (or ordinates) of their 
extremities. Also for a focal cliord, since —1, we have 

length = (lih-ii)-- 

'"'Example. To find the locus of the mid-2Joints of chords of constant 
length. 

Let the oonst.ant length be c and let f,, be the parameters of the ends 
of any one of the chords. 

The coordinates of its mid-point are given by 

2x = a(/i^ + / 2 ^), y = «(q + ^ 2 )» 
a nd by hypothesis c® = (f^ - -f 4 } . 

Now - ^ 2 )' = 2 (q2 + _ (f j q 

_ 4.r if 

Hence r = |■^2 + ^|» required locus is 

(4 ax - if) ( y'* + 4 j == c’. 
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III. To find the Cfjifation of the tangent to the parabola = iax at 
a point whose parameter is t, 

Tho equation of a chord joining tlie points whose parameters are 
’s + — 2at^t2> If the points t^^ are coincident 

witli t (i.c. t^ = /o ~ 0 equation of the tangent 

ty — x = afij 

or of^ — ig-\-x-=0. 

Cor. i. Since the paraiuecer t can have any value, it follows that any 
straight lino whose equation is of the form x — tif \ - - 0 is a tangent to 

the parabola. (Chap. IT, § 12.) 

The tangent to the parabola which is parallel to — 0 or 

/ B\ C ^ . / B\ aB'^ A 11 i. c \ 

~ ~ A ^ \ “jT — parameter of whose 

point of contact is (-B/A). 

This result is often useful when the middle point of a chord is recpiired ; 
for the diameter through the point of contact of the parallel tangent 
bisects the chord: thus the chord whose equation is Ax ^ By ^ C ^ 0 is 
bisected by the diameter y = -2aR/^. 

Cor. ii. The geometrical meaning of tho parameter t follows from the 
form of the equation of a tangent; the tangent at the point 2ai) makes 
an angle (p with the axis of y such that t = tan </>. 

'* Evidently (f) is also tin* angle which the normal at 2 at) makes with 

tl^e axis of x. 

It is often convenient to take tan<^ as the parameter of a point; the 
coordinates of this point are then (atan^0, 2(itanf/)). j 

Th(* equation of the tangent at this point can be put in the form 
X — a tan cp y — 2a tan f/> 

sinc/j cosfp 

IV. Since tho equation of the tangent at the point (af, 2 at) is 

at^-ty^-x = 0, 

the condition that this tangent should pass through some specified 
point (o^i, yf) is 

= 0. (i) 

Conversely, then, the parameters of tho 
points of contact of tangents from the point 
(^11 Vi) to the parabola arc given by this 
equation. If t^ are the roots of equa- 
tion (i), then tho tangents at the points 
whose parameters are /j, pass through 
tho point (:rj, yf). 

Cor. i. Since the equation (i) is quadratic, 
it furnishes a proof that two tangents can be 
drawn to a jiarabola from any point: these tangents are real, coincident. 
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or imaginary according as is positive, zero, or negative, i.e. as 

(^i> yi) outside, on, or inside the curve. 

Cor. il. If ty , are the roots of equation (i) we have 


i.e. the point iji) is ^ 2 > ® 

This gives the coordinates of the point of intersection of tangents at the 
points ^ 1,^2 5 ^^cy can also clearly be found by solving the equations of 
the tangents at these points. 

It follows also that (x^, lies on the diameter bisecting the chord 
joining t^). 

Incidentally, if the points /j, arc the extremities of a focal chord we have 
shown that tit^= — 1. Hence, tangents at the extremities of a focal chord 
are at right angles, and intersect on the directrix a;-f a = 0. 


V. To find the lengths of the tangents from any point ?/i) to the 

parabola y^ — A ax. 


A straight line through the point 0{xiy y^)^ making an angle 0 
with the axis of rr, is 


cos 0 sin 0 


(i) 


Let this straight line meet the parabola in the points P, P' ; then, 
if r has the value OP (or OP'), the point P (or P') has coordinates 
(rcosd + iTj, rsind + yj; 

tho condition that this should lie on the parabola gives 
(r sin 0 + yif = ia{r cos 0 + 

which is a quadratic equation whose roots are OP, OP'. 

If we write tii = y^^ — iaxif this equation becomes 

r^sin^6l + 2r(yisin0— 2acos^i) + Mi = 0 (ii) 

Now if the line (i) is a tangent to the parabola, P and P' coin- 
cide, and the roots of this equation are equal. 

In this case 

(yi sin d — 2 a cos 0f = sin^ 0 — 4 ax^\ 

which reduces to 

a cot^ 0 — yi cot d -f a:. = 0. (iii) 

This equation is quadratic and gives two values of 0, viz. those 
corresponding to the directions of the two tangents OP, OQ, which 
can be drawn from 0 to the parabola. 

If 0 has either of these two values, then equation (ii) will have 
two roots each equal to the length of the corresponding tangent 
from 0. 
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Thus, if I is tho length of the tangent, drawn from 0 to the 
parabola, whose direction is Oy we have 

4-cot2^), i.e. coi^O = -- 3. 

sin^ 6 ^ ' Ui 

But the values of cot 6 are given by 

a cot^ O — iji cot O-h^i = 0. 

Hence, eliminating cot 0, we get 

wliich is a quadratic equation in P giving the squares of the lengths 
of the tangents which can be drawn from the point {x^ yj to the 
parabola. 

Since tho roots of this equation are 0P‘*f OQ'^j we have 

(OP2 + 0(2‘^) = Wi(yi2^2ari + 2a2), 
and . OP- . 0Q‘^ = {(^ti — a)‘^ + : 

tho latter result can also be written 

aK OJPK UiK OS^ 

or a.()P.0Q=^u^.0S. 


^ Example i. Two tangents TPy TP' to a parabola meet the tangent 
at the vertex in Q, Q', Prove that the radius of the circle TQQ' is 
tvhere fufj, (i>c the focal chords parallel to TP, TP', 


Let P be the point whose parameter is P' the point i^. 

Since the tangent at P is f^g — x — ati^=^0, the parallel focal chord is 
t^y-x-\-a = 0. 

Therefore if (aX*, 2aX) is either extremity of the focal chord we have by 
substitution X^~2^iX — 1 = 0, which gives the values X^, Xj of the para- 
meters of the ends of the chord. 

Hence Xj -f X, = 2^i,XiX2 = — 1 and 

Length of focal chord = atXi — Xj)® = 4a(l 

Thus A = 4 a (1 + ; and /j = 4 a (1 -f t^^). 

Now the intersection Q of the tangent at P with the tangent at the 
vertex a; = 0 is (0, at^), and is (0, at^). 

If S is the angle between the tangents at the points P, 1^, 


tan 6 = 


sin 6 ■ 


t} ^2 


But the radius of the circle TQQ' 


- J?0' __ . 

ay(i+0(i+o' 


QQ’ ^ rry/d + O (1+V) 

2 8ind 2 8 
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v-^xample ii. Show that an infmife number of triangles can he 
inscribed in the conic — 8a:r— 12/:^^ + = 0, and circum- 
scribed to the parabola if = A^ax, 

Also thafy if P, Q, B are the points of contact of any such iriangl(\ 
the centroid of PQR is (a, f-i). 

It is evident that a triangle can be circumscribed to the parabola f = Aox 
with two of its vcitices on the conic 

8i/^Sax-12fiy-{^9f-l2aa = 0 . 

Suppose that the vertices of such a triangle are 

[rtgr, a (g + 1 /)}, {ai'X, a (i; -f-X)}, {aX/x, a(X 4-g)}. 

Let X + /t = and \iiv p ; then the point a(s — ^)| lies on the 

conic when t is equal to X or p. Hence 

W 2 

8aV'-0'- -12rt/S‘(s-0 + 9p? -12rta = 0. 

or S + 4 a ( 3 /^i - 4 «.!>•) + ( Sa^6^ 4 9 f - 1 2 a a — 12 a/ii 6*) ^ — 8 a^p = 0. (i) 

Two of the roots of this cubic are therefore X and p ; the product of the 
three roots is p (i.e. X/n^), hence the third root of the cubic is v. This shows 
that, if a triangle circumscribes if ~ AaXy and has two vertices on the given 
conic, then the third vertex also lies on the conic. 

Any nuinlier of such triangles can be drawn ; for if any tangent to the 
parabola cuts the conic at A and If and tangents from A and B to the 
parabola intersect in C, then we have shown that C also lies on the conic. 

The points of contact. If Q, E, of the sides are (aX^ 2aX). («/x*, 2a/x), 
(ap'^t 2'ip). The centroid of the triangle FQR is 

{ 4 4 p^)t J5 ft (X 4 /X 4 p) I . 

Since X, fx, v are the roots of the cubic (i), 

^ o 

s = X 4 fx 4 V — 2s — y- ; .s = • - ; 

2 a z a 

, , 8«^.^'H9^“-12«^-12a4.s 

^v4rX4X^=^ 

9;^^ ~ 12a A- 

Hence X^ 4 4 - (X 4 /x 4 — 2 (pv 4 p\ m \p) 

a 

The coordinates of the centroid are therefore (a, 3). 

VI. When the focus is the origin, the equation of tJie parabola is 
if =: 4a (x'4-a). 

It can be shown, by a method similar to that used in I and II, 
that the equation of the chord joining the points {atf — a, 2a/i}, 
{atf — a, 2 at 2 } is y(ti4-y = 2{x + a)-{- 2 atf 2 i that the equation 
of the tangent at the point (a^- — a, 2a^) is yi = x-^a-\-af^* 

A modification is illustrated in the following example. 
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Example. Tico parabolas of the systems y'= 4 — Zi), .; - = 4 aiy — Z.). 
where Ijund U arc variable, touch one another; find the locus of their point 
of contact 

Let the parameters of the point of contact (r, y) for the two parabolas 
be t and 

Then the coordinates of this point are 

{l^-\ at'^, 2 at] or {2a.s*. Zj -f 

Hence x --- t^ -f at* — 2 as ; y == 2 at — -f as^. 

The equation of the tangents at the point to the two parabolas are 

ty — = 0, 

sx — y -f Zj — — 0 ; 

and, since these arc identical, ts — 1. 

Hence xy — .2at = — 4^/^ i.e. the locus of the point of contact 

ix, y) is xy = . 


Examples VII b. 

M^^ln the parabola y'^ — Zx, chords are drawn through the fixed point 
< 9, 5). Show that the locus of the mid points of these chords is the parabola 
~8a'4-27 = 0. 

2. Show that the locus of the middle i)oint of a chord of a parabola 
which subtends a right angle at the vertex is another parabola of half the 
hit us rectum. 

MJT Show that the angle between any two tangents to a parabola is 
cos~^ (yg/c,) where are the respective distances of their point of 

intersection from the focus and directrix. 

4. From the point ((>, (S) two tangents are drawn to the parabola 
f/^ = Aax: show that the square of the area of the triangle formed by these 
tang^ts and their chord of contact is (/5*-4a(>)y4a'^ 
v-^lf the focus is taken for origin, show that the equation of a tangent 
to the parabola can be thrown into the form 

X cos 0( 4 y sin a -f a sec CK = 0. 

Two tangents, and are drawn to a"*parabola; h is the internal 
bisector of the angle between them and f the tangent parallel to h. Show 
that the product of the perpendiculars from the focus to /j and is the 
same as that of those drawn to t and h. 

Show that the envelope of the chords of the paiabola if i ax which 
subtend an angle of 45° at the vertex is 

x’^ + Sif — 2iax-{ 16 «= 0. 

7. The tangents at P, Q, R of a parabola intersect at the points Q\ K ; 
find the ratio of the areas of the triangles FQH and yQ'R\ 

8. The locus of the middle points of all chords of a x^arabola which pass 
through a fixed point is another parabola. 

9. Tangents to a imrabola cut ofi* a length on a fixed tangent which 
subtends a right angle at the vertex : show that their intersections lie on 
a fixed straight line. 
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\J^ Two tangents to a parabola make angles , (/)2 with the axis : prove 
that their lengths measured from the points of contact to their point of 
intersection are a sin ((f)^ ^jl/sin* sin 02 ; a sin (0^ 02)/8in 0i sin* 02 • 

\JW^. Two tangents to the parabola y* = iax make angles 0 respectively 
with the axis of ij. Prove that the equation of their chord of contact is 
y8in(^ + 0) = (x+ a) C09(d — 0) + (ar — a) cos (d + 0). 

The envelope of chords of a parabola, the tangents at the ends of which 
include a constant angle, is in general an ellipse. 

What are the exceptions? 

12. The envelope of the chords of the parabola whose mid-points lie on 
X c is (y + 2aw)* = Sa(x — c). 

The locus of a point, the tangents from which to the parabola 
y* = 4era: make equal angles with y = x cot d + c, is y = (a — a;) tan 2B, 

14. Show that the ratio X of the lengths of the tangents drawn from any 
l>oint on the latus rectum produced to a parabola is given by aX*-yX -f-a = 0, 
wherje y is the ordinate of the point. 

\xl5. Tangents are drawn to the parabola y* = 4aa? at points whose 
abscissae are in the ratio /i : 1. Show that the locus of their intersection is 
the parabola y* = + yT if ax. 

16. A triangle circumscribes y- = 4aa; and two of its vertices lie on 
y* = 4« (a: + ^) ; find the locus of the other vertex. 

17. Tl\ TQ are tangents to a parabola and 0 is the orthocentre of the 
triangle TPQ, Prove that QT is bisected by the directrix of the parabola. 
sJ.Sl An equilateral triangle circumscribes a parabola: show that the join 
of the focus to each vertex passes through the point of contact of the 
opposite side. 

§ 6. The equation of the normal. 

The equation of the tangent at the point [afiy 2at) is 

fy-^x—at^ = 0 . 

Since the normal is the perpendicular to this line through the 
point {at^y 2 at), its equation is 

t (x—af)+y — 2ut = 0, 

i. e. y + tx~2at— at^ = 0 (i) 

or at^-f t (2a— x)— y = 0. (ii) 

Similarly, the equation to the normal at (atan^0, 2 a tan 0) can be 
written 

X — atan^0 y — 2atan0 

^ = r. (ill) 

cos 9 — sin 9 

Note i. The condition that the normal at the point (t) should pass 
through a particular point {x ^ , yj) is (see equation (ii) above) 

at^ '^t{2a-~Xi)—yi = 0, 

and conversely this equation gives the parameters of the feet of the normals 
which pass through {xy^, yJ. Now, since this equation is a cubic in t, it 
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follows that from any point three normals can be drawn to a parabola ; 
these may be all real or one real and two imaginary. 

Note ii. \j/}ie co7idition that three normals should he concu)i'ent. 

If the normals at three points whose parameters are h 
current at the point (ar|, y^), then fj, all satisfy the equation 

+ t(2a—Xi) = 0 , 

i.e. ^ 1 , ^ 2 » ^3 roots of this equation. 

We have then ^ + ^3 = 


t \ ^2 ■!" ^2 ^3 ■1' ^3 “ 


^1^2 ^3 — • 


?/l. 

a 


Hence + + the necessary and sufficient condition that the 

normals at the points should be concurrent: the remaining two 

conditions give the values of the coordinates of their point of intersection in 
terms of these parameters provided that the above condition is satisfied. 

Now if ^ + ^2 + ^3 = 

also 2at^ + 2at^ -f 2(^/3 = 0 , 

hence if the normals at three points on a parabola are concurrent the sum 
of the ordinates of these points is zero, and conversely. 

V2^ote iii. To find the condition that the normals at two yoinis should infer- 
sect on the parabola. 

Suppose the normals at two points whose parameters are t^y intersect 
at a point T{x^^ y^) on the curve whose parameter is A. 

Put iTj = rtX*, yj = 2rtA ; the parameters of the feet of the three normals 
meeting at Pare given by 

af + ^ (2 a — a A^) — 2 fi X = 0, 
or ^^ + f( 2 -X 2 )- 2 X = 0 . 

Evidently one of these three normals is the normal at the point P itself : 
the equation may be written (t -X)'it^ + t\ i 2 ) 0 , so that are given 

by ^^ + fA + 2 = 0 , and the required condition is = 2 ; thus the product 
of the ordinates of the two points is 8 a“ and, further, the chord joining 
them passes through the point (~ 2 a, 0 ). 

Further, the values of t^, t^ are given by 

t = -| ( — X + v^X^ — 

and consequently the two normals which can be drawn from a point 
(aX*, 2aX) on the parabola other than the normal at this point are real, 
coincident, or imaginary according as X* is >, =, or < 8, i.e. according as 
the abscissa of the point is >, = , or < 8 a. 

Note iv. To find the locus of a pointy two of the normals ffvm which to 
a parabola are coincident. 

If the point is (x^y yi), the parameters of the feet of the normals drawn 
from it to the curve are given by 

at^ ■^t{2a-‘X^)-iji — 0 . 

1267 s 
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Now if two of the normals are coincident, two roots of this equation are 
equal. Let the roots he L, L, L ; then we have 

2/i -i /2 - 0, 

or t, ■ z -2/,, 

i.e. the roots of the equation are /j, “2L- 


and — 2/,^— 

a 

Kliiiiinatin^*' /j, we obtain 

27 — 4 (./’i — 2 a )■*’ : 

i.e. tlH‘ erj nation of the locus required i.< 

Ti mr ^ A(:c-2a)\ 

ddiis equation re]u-escnts the locus of the intersections of consecutive 
normals and the curve is called the EroJutc of the parabola. 

Now at a i)oint (if any) where the evolutc meets the i)arabohi the two 
normals which can b (3 drawn through it other than the normal at the 
]ioint itself must be coincident: if this point of intersection is the point 
2(/X) of the parabola we have shown (Note iii) that the parameters 
of the f('et of the other two normals are given by 

Ad ‘2 - 0. 

These arc coincident when X^ = S : hence the points of intersection of 
the parabola and its evolute are {Soy and (8rt, the 



student can verify this by substitution in the equation of the evolute. 
The evolute meets the axis at (2c/, O.i ; its graph is shown in the figure; 
PRy PRy PG are the normals meeting at P. 
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Cor. We have seen that the normals meeting at //,) are given by 

+ f (2e - .rj - //i = 0. 

Now (vide Hall and Knight’s Ilitjher Alj/ehra, § 579) there is always one 
real root of this equation; the other two are real, coincident, or imaginary 
according as 

21 ai/^^ is >, or < 4(a:, 

i.e. according as the point l/^) lies inside, on, or outside the evolut(‘ : 
thus the evolute divides the i)lane of the parabola into two parts such Unit 
from any point (e.g. Q) in the one three real normals can be drawn to the 
parabola, and from any point in the other only one real normal can be 
drawn. 

v<lExamplo i. A chord of flic parabola ?/- = iax passes throutili I he 
point {Xa, 0} : prove that the normals at its extremities intersect on the 
mrre ir = A- a (.r ~-Xa~2a), 

Let the parameters of the extremitiis of any chord through {Xa. 0) be 
, ^2 • equation of the chord is 

(^'l = 'I'*' t- ; 

hence 2 X a -l- 2 af^ = 0, 

or ff., — 

Now if the normals at /i, t.^ meet at {x, ij)y these parameters are given 

by at^ I U 2 — x) — i/ = 0. 

Tiius = 0, A. ^3 +/.,/, = fex ■ 

Hence, by substituting /j -i t., and —X, we have 

^-^' = Xh / 3 - and - — — X^^. 
a ^ a ' 

Eliminating Aj, we get the equation of the locus reijuired, viz. 
if = \a {pd^ — X « — 2 a). 


^'^xample ii. Normals are dratvn to the parabola — 4a.c = 0 from 
the point (X, V): shotv that the e(pialion of the nine-point circle of the 
triangle formed by their feet is 

4 {f + y2) 4 . 2 (10a - 3 X) .?• + -f 2 (2a ~ X) (6 a - X) = 0. 

Let the feet of the normals be A, R, C and the parameters of these 
points be the nine-point circle passes through the mid-points of 

the sides of the triangle ABC. 

Since the normals at A, B, C meet at (A", F), /j, are given by 

2a-X ^ ^ V 

thus + = 0; + "" a * 

The mid-point of BC is {oa(^ 2 ^ + o (#2 + ^ 3 '}* 

s 2 
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Now /j-f /j 

But 


/j , and . . — ^ 2^3 

9 2a-X 


y-\ + 


hence 

i.e. the mid-point of BC is 


2X-4a 

-ti 


and the coordinates of the mid-points of CA^ AB can be found sym- 
metrically by writing /j, for respectively. 

Now let the nine-point circle be 


-1 // -f 2^ar -f 2/t/ -f c = 0. 

Since each of the mid-points lies on this, /j, and /g satisfy the equation 
{X-2a~~lat‘^\'^ + aH‘^ + 2if {X--2a~\af\ -2o/^-fc = 0, 
which reduces to 

{3a2-aX-a^}-8n//-l-4(X-2a)H8/7(A:-2a)-f4c = 0. 

Since the coefficient of f is zero, the sum of the four roots of this equation 
is zero ; but the sum of the three roots fj, /g is zero, therefore the fourth 
root must be zero. 

Hence (X-2a)2 + 2(/(X~2ff)-f-c = 0, (i) 

and the equation reduces to 

a/^ + 4 {3a--X'-^} t-Sf= 0, 
which, having roots ^g, is -dentical with 

(2rt-X)f-r= 0. 

Hence 12«-4X— 4(; = 2 a — X, 

4 }/ = 10a-3X, 

and 8/= Y. 


But, substituting for g in (i), we have 


c = -{X-2a)(X-2a-v2g) 

= -(X-2a)(X-2a + 5a~fX) 

= J(X-2a) (X-6a). 

Hence, substituting in the equation of the circle for (/,/, and c, we get for 
the nine-point circle 

4(a:* + 2 /') + 2(10a-3X)a:-frf/ + 2(X-2a) (X-6a)=:0. 


§ 7. Relations between the coordinates of the points of inter- 
section of the tangents and normals at any two points on a 
parabola. 

Let (a?, y) be the point of intersection of the tangents at two points 
and (f, f]) that of the normals. 

The parameters of the points of contact of the tangents which 
meet at {x, y) are given by 

at*— = 0, (i) 
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and the parameters of the feet of the normals which can be drawn 
from (f, ?;) are given by 

(2a — — 7/ = 0. (ii) 

Hence two of the roots of equation (ii) are the same as those of 
equation (i). These two roots therefore also satisfy 

— — = 0 , 

i. e. — (:r + ^— 2a)^ — = 0 ; 

this equation is therefore identical with (i), and we have 

? = = ,iU) 

a y X 

Suppose now that the points of intersection of two tangents under 
certain conditions lie on some locus f{x, y) — 0, the corn'sponding 
locus of the intersections of the normals at their points of contact 
will be (/) (f, ))) = 0, obtained by eliminating x and y from f{x^ y) ^ 0 
and the equations (iii). 

The converse proposition can be stated more directly ; thus wo 
have from (iii) 




ry 

a a 

and if the locus of the intersections of the normals at the ends of 
a chord moving under given conditions is /(f, r/) = 0, the equation 
of the locus of the intersections of tangents at the ends of the chord is 

fa a) 


Example. 7b find the locus of the intersection of the normals at the 
ends of a focal chord. 

We know that the locus of the intersection of the tangents at the ends of 
a focal chord is the directrix x = 0. 

The locus of the intersections of the normals is obtained by eliminating 
X, y from this equation and 

y X -f ^ — 2 a t] 
a ~~ y X 


Hence 

y = and 

or the required locus is 


y _ 5 - '"1 « _ >7 

a y a * 

= a(S^~3a) ; 
= a(x — 3a). 


Examples VII c. 

1. Find the equation of the normal at the point ( — a-f 2a/) of the 

parabola y^ = 4a(x + a). 

2. Find the parameter of the point where the normal at (a/*, 2at) meets 
the parabola if — 4 ax again. 
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\J^. Find the equation of the normal at the j^oint {df, 2dt) on the parabola 
ty 2 = where r^sin^co = a (oblique axes). 

vAf^how that the normals to a ])arabola at the points [nti, 2 2at^) 

intersect at the point { 2 rM + 

T). Normals at i)airs of points on the parabola ?/^ = 4«.c meet on the line 
.r = h. Find the locus of th(i intersections of tangents at these pairs of 
points.' Also when the normals meet on y — h, 

Mtr Tangents are drawn to a parabola from paints on a line parallel to the 
axis ; prove that the normals at their points of contact intersect on a fixed 
straight line. 

Sliow that, if a variabh.* chord of the ])arabola //^ = 4cC touches the 
])aiabola y^ — the tangents at its extremities meet on the parabola 
y' - IT)./', and find the locus of the meets of the normals at its extiemities. 
V/K. The normal at any i)oint P of a parabola cuts the axis in G and meets 
the curvt' again in Q. If the normal makes an angle 6 with the axis, prove 
t li at G Q si 11 ^ 6 — 2 A G cos 6. 

1 ). Show that the eciuation of any normal to the parabola //* = A:h (.r-l r) 
may be written in the form y^ moc — hm^. 

\A0. Normals are drawn from the point 2(U)i) to the iiarabola //'^ = 4u.r. 
Show tliat the feet 2r(f/i), 2itt2) of these normals are given by 

/' 1 mt 2 = 0. Show also that the product of their lengths is 4u^(l -1 

Show that the middle j^oints of the sides of a triangle formed by 
tangents at P^ Q, P to the parabola lY --=■ iax lie on the parabola 2iY + a.r = 0 
if the noimals at P, (), P arc concurrent. 

vU^If cliords of the parabola lY — ia.r pass through the foot of the 
directrix, show that normals at their extremities meet on y* = (((j'-a). 

13. If the chord PQ of// -- 4o.c passes through l -2u, Oj, the normals at 
P, Q meet on the curv(j and contain an angle equal to PAQ. 

\J4T If the normals at 1 \ , Pn, P> are concurrent, the centroid of the triangle 
J\ /' 2 P 3 lies on the axis. 

If i*, , J\ coincide a,t //'} the equation of is .c/.e'-t /////' ^ 2. 

15, If the normals corresponding to the tangents d]*awn from 7’(A, k) 
meet at iV, then *S5Y^ : S'P' — (r -\ 1r : 

16. If the tangents at i‘, y meet at(.Ci, //j and the normals at (.c 2 ,// 2 ), 
then^-o-.rj = SP-{ SQ and ay.. 

A tr ianglo is inscribed in a parabola and the normals at its vertices 
are concurrent : show tliat tlie perpendiculars to its sides at the points where 
they meet the axis intersect on the tangent at the vertex. 

18. TP, TQ are two tangents to a parabola; PN, Q?s are the corre- 
sj)onding normals; M is the mid-point of TJV. 

Prove that 7^1/ subtends a right angle at the focus. 

10. If P, y, P are the feet of the three normals from a point on the line 
.r = 2o 4 c, the intersections of the tangents at 1\ Q, P lie on // = u(.r4 c). 

\2^. If a tangent to ?/ = 4u(.r \ a) meets a normal to ~ Ah {x + h) at 
right angles, the locus of their intersection is a parabola. 

21. Af By C are the feet of the normals which meet at [0(, /3) ; prove that 
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the straight lines bisecting (VI, AU at right angles are normals to the 
jairabola (4(/ -f — .r) at the points whose ordinates are equal to 

those of A, B, C. 

22 . The normals at P, Q, the ends of a focal chord, meet tin? curve again 
at P', Q\ Show that P'Q' is parallel and equal to 3 P(>. 

Show also that the envelope of P'Q' is a parab('»la whose hit us rectum is 
eight times that of the given parabola. 

Find the ortlioceiitre of the triangle formed by the fi*etof the normals 
from J.V, V) to the parabola. 

v 2 L The thrc'c normals from a ])oint 7* to the parabola //' — 4for and the 
line through P parallel to the axis form an harmonic pem d: show that /' 
lies on 27 ^ 2 (.r — 2 

§ 8. The parabola and the circle. 

Wo propose firstly to discuss the intersoediou of a circle' and 
a parabola by means of parametric coordinates; iu the next 
section we shall discovtu* the fornis of the eipuiiions of cii'cles 
and other curves which are variously related to the parabola. Some 
of the W’ork overlaps ; the student will learn l)y experieiici? which 
method is the more ai)propriate for a given problem. 

The general e<piation of a circle is 

-h //“ + + 2y)/ + c =0. ( i ) 

If ail}' point {(iP, 2(it) on the parabola lies also on this circle, the 
pai-amoter i of the point must satisfy the equation obtained l>y 
substituting x = // = 2 (/^ in (i), viz. 

f 2 //u) P'-f l/u^ + c = 0. (ii) 

Since the parameter of anjj i)oint common to the circle and the 
paral)ola satisfies this O(puition. it is (‘vident that this equation gives 
the values of the parameters of all the points of intersection of the 
circle and the i)arabola. 

Cor. i. The equation is a quartic iu(; lieuce ev»‘i-y circle meets the 
parabola in four points ; these may be all I’cal, two rral and two imaginary, 
or all imaginary. 

Cor. ii. If the four roots of equatioii (ii) are since the 

coefficient of P is zero, wc liave 

h 4 /2-I /3 s - 0. 

Conversely, if the sum of the parameters (/j, V, ( 3 , p) of four points on 
the parabola is zero, these four points lie on a circle ; for if we find y, /, and 
c so that 

4 / = 
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then ^ 2 , ^g, are the roots of the equation (ii); but the condition that 

should satisfy this equation is also the condition that the point [at^, 2at^) 
should lie on the circle if ^ 2gx ->t2fy c = 0. 

Thus the necessary and sufficient condition that four points on the 
parabola should be concyclic is that the sum of the parameters, and there- 
fore the sum of the ordinates, of the points should be zero. 

Cor. iii. If the four points ABCD whose parameters are /j, fg, are 
concyclic, we have + ^ 

These four points can be joined in pairs in three ways, AB^ DC ; AD^ BC ; 
AC, BD. The equations of the first pair are 

+ t<i)-2x = 2at^t^ 

?/(^3^ ^)-2a' == 2at^t^, 

But /, 4 ^ ~ (^3 ^)j hence these chords are equally inclined to the axis 

of tlie parabola. The same is true for the other pairs. 

Hence, The common chords of a circle and a parabola are in pairs 
equally inclined to the axis. 

Cor. iv. When two of the points of intersection coincide (e.g. C and D) 
the circle touches the parabola at C. Also AB and the common tangent 
at Cy being a pair of common chords, are equally inclined to the axis. 

Cor. V. Three of the points (e.g. B, C, D) may coincide; in this case 
the circle both cuts and touches the parabola at B. The circle is then said 
to osculate the parabola, and is called the osculating circle or the circle 
of curvature at the point B. 

Since AB and the tangent at are a pair of common chords, they are 
equally inclined to the axis of the parabola. 

The properties of the circle of curvature can be at once deduced from the 
equation (ii) (4u^ 4 2(j(t) f 4 4: fat 4 c — 0. 

Let B be the point L and A the point /g ^ tfie roots of this e(iuation 
are ^ 2 - 

Thus (a) = 

or = "~3/| , 

so that the circle of curvature at the point {at^, 2at^) meets the parabola 
again at the point — 6a/j) ; the equation of the common chord of the 

parabola and the circle of curvature at the point is 

Ly + ^ 

2 </ 

(b) The sum of the products of the roots two at a time =44 ; 

+4 = 3^ ' -^3^^ = 3^’'-9/,’ = -6<l^; 

a I I i I I 

+ 2rt. 

4/* 

The sum of the products of the roots three at a time “ “ 

... _ i/ = /,3 4 = <,» - 9 = - 8/i» ; 

0 > 

-/=-2ar,’. 
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The product of the roots = ; 

c = -3a*V- 

The centre of the circle, i.e. the centre of curvature, is therefore 
(^at^’\-2a) —2at^). The radius of curvature (p) is given by 

=/H/;-~cs=4a®(l + <i®)^ i.e. p = 2a (1 -l 

(c) If the length of the radius of curvature is given, the parameter of 
the point of contact of the corresponding circle of curvature is given by 



There is only one real cube root of 7— , hence there is only one real value 

4a^ 

of /j^. This value is positive provided that p >2a, in which case has two 
equal and opposite values. 

Thus the ininimura length of the radius of curvature is 2a. 

Two circles of curvature, symmetrically placed with respect to the axis of 
the parabola, correspond to any value of the radius of curvature greater 
than 2it. 

(d) It follows from the results found in (b) that the equation of the ciicle 
of curvature at the point 2a^) is 

^ — 2 (8 af 4 2 a) a? 4 4 a(^y — 3 (i^ = 0. 

(e) If P, Qy R are three of the points of intersection of a circle and 
a parabola, then, when P and R coincide with Q, each of the cdiords RQ, 
QR becomes a tangent to both the circle and the parabola. 

These two tangents are coincident, hence the corresponding normals are 
coincident. Since these coincident normals are normals to the circle, they 
intersect at the centre of curvature. 

Since they are consecutive normals of the parabola, they intersect on the 
evolute of the parabola. 

Hence the evolute is the locus of the centre of curvature. 

We have shown that the coordinates of the centre of curvature corre- 
sponding to the point (a^^, 2a^) are given by 

a: - -y = 3a^* + 2a, 
y = -/= ~2aP. 

Eliminating f, the equation of the locus of the centre of curvature, i.e. 
of the evolute, is 21atf = 4(.r~2a)’. 

Cor. vi. If equation (ii) has two pairs of equal roots, the circle touches 
the parabola in two points and is said to have double contact. 

Let the two points be then the roots of the equation (ii) are 

hy h ; 2^=0; hence - 

The points of contact are therefore symmetrically placed with respect to 
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the axis, and the common chord of the circle and the parabola is perpen- 
dicular to the axis. 

The centre is evidently on the axis ; and, since in this case 2 /j/j = 
the abscissa of the centre is given by 

— a ~ <(t^ 4 2a, 

and its minimum value is therefore 2(i. 


v.>^xample i. A circlr cuts a parabola in four points : if ilia normals 
at Inrrr of these }mnts are concurrent, prove that the circle 2 )asscs through 
the vertex, ami f ml its equation if the normals meet at (^, 7/). 


Let the parameters of tlie four points of intersection be /j, f^. 

Since tlic points arc concyclic 

L + L « f L - 0, 
and it the normals at /j, / 2 , / j are concunamt 


/,+/2 4 ^3 =-- b . 

Hence — 0, i.e. the circle passes through the vertex. 

Since the normals meet at (^, »;) the parametei’vS of their t(‘et (viz. Z^) 
are giv(ni by 

(ft^-[ {2a-$)t~-i] 0. (i) 

liCt the circle be x" X 2g.r 2fg {), then the parameters of the 
points of intersection of this circle and the parabola ar(' given by 

af^ -} (4 a 4 2g) i 4 4 /' 0. (ii ) 

Since these are by hypothesis f.,, equations (i) and (ii) are identical. 
Thus 2g-^--{^,2a), 

Hence the equation of the circle is 
^ 4 2 a) X — 7 y — 0. 


\/Example ii. A straight line cuts the cvolufe of a parabola in three 
real points, from each of irhieh the normal to the jxirahola, other than the 
radius of curvature, is draivn. Shoiv that the centres of curvatures at 
the feet of these normals are collinear. 

If Jj is any point on the c\'olute, two of the normals Avhich can be drawn 
from Ij to the parabola coincide with eacli other. 

If r{atf\ the foot of these coincident normals, then L is the 

centre of curvature of the parabola at 1\ If Q is the foot of 

the third normal from L, since the normals at Zj, are concurrent, 

2t, ! K = 0, 

i.e. the parameter of Q is -2/^. 

\\v have therefore to show that if the centres ol curvature at three 
points whose parameters are arc collinear, then the centres of 

curvature at the three points whose parameters are — 2/i, -2f^, are 

also collinear. 
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The centre of curvature at the point t is { 2 a ^ -* 2at^] ; the centres 

of curvature at the ])oiiit /j, to, are collinear if satisfy an 

equation of the form 3n/^) — + r = 0 . 

The necessary condition for this is that S = 0, or 2 (1/0 = 0, and the 
condition is evidently suflicieiit. 

Similarly, the condition that the centre of curvature at the points 
- 2 ^ 1 , “ 2 / 2 , — 2/3 should be collinear is 2 (~l/ 2 /) = 0. But if 2 (17) = 0, 
then obviously 2 ( “ 1 2 /) — 0 . 

Examples VII d. 

1. Find the radius, centre, and cirt le of curvature at the extremity of the 
latus rectum. 

2. A circle touches the parabola at the two points of intersection of the 
curve and x = i]a ; tind its equation. 

A circle is described on the chord of a parabola whose cr[uation is 
Ax + Bj/ \ (t ~ 0 as diameter; tind the equation of the other common chord 
of the circle and the parabola. 

4. 'fhe circle of curvature at the vertex meets the curve in four coincident 
points. 

5. The extremities of any two chords of a parabola which are pciqum- 
dicular to the axis are concyclic. 

(). Find th(^ points at which the radius of curvature is Ubo 

7. The common chords of the circles of curvnture at (.r, , //,), (.i'o, //o) rcsp(‘C- 
tively and the ])arabohi intersect at the point (^, ij) ; prove that 

'^//i V-i -I 4 o J — 0 and 3 (//, 4 //,,) = 2 r], 

8 . The circle of curvature at a point I* on a parabola meets the parabola 

again in Q. If radii of curvature at P and (h pi'ovo that 

0 constant. 

h. If are the roots of the e(juation nr* -i -I (jm ^ r U, 

show that the i)oints (on/j", 2((w^) 2(nn.>)^ 2(//n.;) li(^ on the 

circle .c‘ -t /r-l [q— jr —\)((x — deduce llie length 

of the radius of curvature at any point of ^(fx. 

10. A circle jiasses through the vertex and three other points l\ (>, // ol' 
a parabola. The lines joining l\ P to the focus meet the curve again at 
P\ Q\ R' . Prove that the centres of curvature at P , R' are collinear. 

§ 9. Forms of Equations. 

In this section we shall use the following abridged notation. 

P z=i 0, tlie equation of any parabola. 

u = 0, V = 0, the equations of two chords of the parabola. 

# = 0, (1, tlie equations of any two tangents to the paraljola. 

(J = 0, the equation of a circle. 

Throughout Ic is used for an undetermined constant. 
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(i) P = kuv. 

Let w = 0, V = 0 cut the parabola P = 0 in the points Ay B,C, 2). 
Now the coordinates of any one of these points satisfy the equation 

P—Jcuv 0. 

For the point A lies on P = 0 and m = 0 ; its coordinates, therefore, 
substituted in P and w, make these expressions zero : and con- 
sequently, when substituted in P’—lcuiK they make it zero. 



Now P is of the second degree, and since a and v are linear, 
iiv is of the second degree. Hence P—kuv is of the second degree ; 
the equation P—laiv:=^0 consequently represents a conic passing 
through the four points A, P, (7, The constant h is still at our 
disposal, so that the conic may be made to satisfy one other condition 
by giving k a suitable value. For example, it may be another 
parabola, or it may pass through some given fifth point. 

In two cases the equation P = kuv represents a pair of straight 
lines, viz. AC, BD ; AD, BG. The equation cannot in general 
represent a circle, since two conditions are necessary : we have seen 
that w = 0, V = 0 must be equally inclined to the axis of P = 0. 

Example. To find the equation of the parabola ivhieh passes throurjli 
the points of interseetion ofy^^ = 4a; and the straight lines 3a;-f 4y = 6 
and a: + 2y = 3. 

The equation of the parabola must be of the form 

— I*(3a? + 4y — 5) (a? + 2^ — 3) =0. 

The condition that the curve which is the locus of this equation should 
be a parabola is 3A;(1 +8^’) -251’* = 0, i.e. I* == 0 or 3. 

Hence the required equation is 

3 (3a; + 4y-5) (a: + 2y-3) = 0, 

i.e. + 30a?y + 25y*-46a?-66y -i 45 = 0. 
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(ii) P-ku2 = o. 

If the straight lines w = 0, v = 0 coincide, the pairs of points 
AC, BT) become coincident: the conic = 0 therefore touches 

the parabola at the points A and J?. 



Thus = 0 is the general equation of a conic having double 

contact with the parabola, = 0 being the chord of contact. 

The equation can only represent a circle when = 0 is per- 
pendicular to the axis : for one value of Ic it represents a pair of 
straight lines, viz. the tangents A and B to the parabola. 

Example. A conic has double contact mth a parabola, one of the 
points of contact being the vertex, and passes through its focus. Shotv 
that the locus of its centre is a parabola. 

Let the parabola be — 4aa?. Since the chord of contact passes through 
the origin, its equation is of the form Ix-^^my = 0. 

The equation of the conic is then 

— ^ ax) + [lx + myf = 0, 
since it passes through the focus (a, 0) ; 

4 a* A; = i. c. k — 

The equation of the conic is then 

[xf - 4 ao:) 4- 4:{lx -f myY = 0, 
or 4 + 8 Imxy + (4m^ 4 — ^aPx — 0. 

Its centre is given by 

4?®a:4 4/wy ~2ar* = 0, or 2/074 2my-a^ = 0, 
and 4^lmx-^{Am^-\-P)y 0; 

2(/x + »»y) = oZ= -|£; 

I _ rn ^ Ix^-tny al 

2a — y 2ax-y^ 2(2ax — y^)* 

and the required locus is y* = a(2a7~a), which is a parabola. 
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(iii) P — kut = 0. 

When the lino y 0 is a tangent to the parabola (viz. t = 0), 
the points D coincide and the conic touches the parabola 
at C, 

Thus P—hit=^() represents a conic passing through the inter- 
sections of P = 0 and ti = 0, and 
touching P = 0 at the point of contact 
of ^ = t). 

It can only represent a circle when 
0, ^ = 0 are equally inclined to 
the axis of P = 0. 

For one value of k it will represent 
the pair of straight lines CA, CP. 

Note that, if the line w = 0 is not 
given, the general equation of a conic 
touching the parabola P=0 at the 
point of contact of / = 0 is 

= 0 . 

Wo have now three undetermined constants, and the conic can 
therefore satisfy three other conditions. 

Example. P^ind the equation of the circle touching the parabola 
if = 4.r-h4 at the point (8, 6) which passes also through the focus. 

The tangent at the point (8, 6) is 

ic — 3// + 10 = 0. 

The equation of the circle is of the form 

= (a:- 3//+ 10) (Ix + iniJ+l). 

Since it passes through the focus (i.e. the origin) 

-4k = 10 or k = 

Hence the equation becomes 

h{tf-4x-4) + 2{x-^y-\-10) (Ix + my + l) = 0 . 

The conditions that this should represent a circle are 

5 -6m = 2/, 

and m = 3/ ; 

.-. ? = J, m = 2* 

The equation of the circle is therefore 

I0(y^ — 4x — 4) + (x - S y -h 10) 4) = 0, 

i.e. x^ + if—2^x-\-lSy = 0. 
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(iv) P — kut = 0, when u = 0, t = 0 intersect on P = 0. 

If three of the points, for example A, (\ JK coincide, the conic 
touches and cuts the parabola at A. The conic V—hif — 0 and the 
parabola P = 0 arc then said to have ‘three-point contact’ or ‘con- 
tact of the second order 

Example. To find the equation of 
the circle o/ cjirvatnre at the point 
(aA‘\ 2a\) of the parabola = 4«.r. 

The taegeiit at the point X is 
t — 0, 

and any chord throiiA^ the point of con- 
tact is 

7^ = w/(y-2aX) = 0, 

where w is a constant to be determined. 

The equation of the circle of curvature is therefore of the form 
f — Aax-\ k'(Xij — x~a\^) [.r — nX-4 tn{jf -~2a\)] — 0. 

The conditions that this should be a circle are 

-k ~ 1 + AXn/ 

and iti — 0; 

1+X2' 

The equation of the circle is then 

(1 -f X^) {f-4ax) — (Xy — .r -4aX^) {x-h Xy-3aX^) — 0, 
which reduces to 

^2 ^ _ 2 rt (2 -I- 3 X^) 0? -f 4 ('z X^ y — 3 n- X^ - 0. 

(v) P-kt^ = 0. 

When the four points A, B, 6', J) coincide, both the chords 
ti = Oj V 0 coincide with the tangent at A, viz, t = 0. The conic 




= 0 then meets the parabola in four coincident points and 
is said to have ‘ four-point contact ’ or ‘ contact of the third order 
The conic can only be a circle when A = 0 is the tangent at the vertex. 
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(vi) P-ktt'= 0. 

When the chords u = 0, = 0 both become tangents, the pairs 

of points A, B and 0, JD coincide, and we get another form of the 
equation of a conic having double contact with the parabola : the 
points of contact are those of the tangents. 



Thus if-4:ax=2'k{(\^lx)y--2x-2aKixy\ 

and y^ — ^ax = h {A^— a:— a/A^} ; 

both represent a conic having double contact with the parabola at 
the points (aA^, 2 a A), 2a/x). 

(vii) P-kC = 0. 

By similar reasoning this represents a conic passing through the 
four points of intersection of the parabola P = 0 and the circle 
(7=0. For certain values of ft it will represent the common 
chords of the circle and parabola. 

Note. It is evident that the seven forms here discussed would give similar 
results if we used S — 0, the equation of any conic, parabola, ellipse, or 
hyperbola, instead of P = 0. It is therefore important to understand these 
fornus : wc have used the parabola because the student is now familiar with 
the form of its equation. 

Example. Ttovq that the equation of the parabola ivhicli passes 
through the origin and has contact of the second order ivith y^^iax at 
the point (a/r^, 2ap) is (4.r— + (3a;-~2/x^) = 0. 

The required parabola is of the form P-kiit — 0^ where ^ = 0 is the 
tangent at 2a/Li) and w = 0 is the join of the origin to this point, i.e. 

— k — X -- a y?) ( — /if/ + 20?) = 0. 
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Since the curve is to be a parabola, 
i.e. 8 + Skfj.^ = 

the required equation is 

/x^ (/y^ — 4 «.r) — /x‘) (2 07 ~ /xy) ~ 0, 

i.e. 16o:^ — 24yi./7/ 'f O/x-y- -i r2<//x"07 — ~ 0, 

or (Li:~3py)‘ + 4r4t^ (3.r-2yy) 0. 

Examples VII e. 

1. Find the equation of the other parabola which passes through the four 
points common to y^ = 4 no- and t/ + 2(jx + 2 ft/ c = 0. 

2. Find the equation of a parabola which has contact of the second order 
with if = 4 ax at the point (ctfflat) and passes through an end of the 
tat us rectum. 

3. Find the equation of the rectangular hyperbola which has contact of 
the third order with the parabola at the point {af, 2 at). 

4. For what values of A docs the equation if — 4ax 1 A {x-2(t) (.r~3a) 0 

represent straight lines. Illustrate these lines in a diagram. 

5. TP, TQ are tangents to a parabola from any point T on the line x -- 2(( ; 
show that the circle TPQ passes through the origin. 

6. A circle has double contact with the parabola if — 4 efr -fe), and the 
point whose abscissa is Ha is one point of contact. P^ind its equation and 
its centre, 

7. Circles are described passing through the vertex of the parabola 
if ~ 4ax and cutting the parabola orthogonally at the other point of inter- 
section. Show that their centres lie on the curve 

2 if (2 if + - 12 ax) — ax (3 x-ia 

8. Find the equation of the circle which touches the parabola if — 4ax 

at the point 2a?n) and passes through the focus. 

Prove that three such circles can be drawn to touch a given line at the 
focus and that the tangents at their points of contact form an erjui lateral 
triangle. 

9. From a point 'I' [x'\ y') tangents TP, TQ are drawn to a parabola; 
show that the other common chord of the parabola and the circle TPQ is 
the polar of [2a — x, — y'). 

10. P'roin points on the line x — h tangents are drawn to the parabobi 
if 4ax, and circles are described round the triangles formed by each pair 
and their (jhord of contact. Find the locus of their centres. 

11. A circle of variable radius whose centre is (0, h) meets the parabola 
y" = 4ax at P and Q. 8how that the locus of the intersection of the 
tangents to the parabola at and Q is if — 2axy-v4a’*y — 4a}h — 0. 

12. PQ is a focal chord of a parabola. Two circles are drawn through the 
focus to touch the parabola at P and Q respectively. Show that they cut 
one another orthogonally, and find the locus of their second point of 
intersection. 


1267 


T 



290 


THE PARABOLA 


13. Circles are drawn through the focus to touch = 4aj;. Find the en 
velope of those common chords of the circles and the parabola which d( 
not pass through the points of contact. 

14. The tangents to xf — ^ax at P and Q meet in 7\ and the centr< 
of the circle TPQ lies on the parabola. 

Show that the locus of 7’ is y" (a—xf = 16«^4 


§ 10. Method of reducing the equation of a given paraboh 
to its simplest form. 


When the general equation of the second degree 
(U- 4- 2hxy 4 4 4 2/^ 4 c = 0 

represents a parabola, it takes the form 

(lx 4 myf 4 2gx 4 2ftj 4 c = 0. 

Then X = / (lx 4 niy) 4 Qy 

Y = m(ir4my)4/ 

and the equation of its axis (aX + hY = 0, Chap. VI, §7) becomes 
since a = /“ and h = /m, 


lx 4 fny 4 




or Ix-^my^n = 0, if we write n= • 

The equation of the parabola can be written 

(lx 4 4 n)^ 4 2 — Zn) .r 4 2 (/— mn) ^ 4 c — = 0, 

which reduces at once to 


(lx 4 my 4 nf 4 2 - W + c - = 0. 


<Z^4wi 

If we take lx^my-\-n = 0 and 




gm—fl 

as new axes of x and y, the equation becomes 


„2 _ 2(lf -^ng) 


r = 




X. 


Ejratnple. Find the lalus rectum and the equation of the axis an 
the tangent at the vertex of the parabola 

25a:’2+ 120xy+ l44yVl46a:+89.y-25 = 0. 

In this case ^ = 25x + 60y - 73 = 5 (5 * + 12y) - 73, 

r= 60a: + 144y + 44| = 12(5a: + 12y)+44J, 
a 5 
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The equation of the axis is therefore 

(55? + 12y) (25 + 144) -365 + 534 == 0, 

i.e. 5a;+ 12y-f 1 = 0. 

The equation of the parabola can be written 

(5^ + 12y + l)* = 13(12a;-5// + 2). 

If we take 5a;+12y + l = 0, 12a;~5y + 2 = 0 as axes of X and Y, the 
equation becomes — x, 

Kence the latus rectum is 1 , and the equations of the axis and the tangent 
at the vertex are 5x+12y + l = 0 , and 12a;-5y + 2 = 0. 

Examplos VII f. 

1 . Find the latus rectum of 9a;* + 16y® + 24a?y— 4y — 5 ; + 7 — 0. 

2 . Reduce to their simxdest form and draw the graphs of ; 

(i) (x + 2i/f-i 2 a?-y = 0 ; 

(ii) (^-4y-l)2= V 2 (^-y); 

(iii) 9a?*4-l6yH24a:y-34a:+38y + l -0; 

(iv) 9j?^ + 6 a:y 4-y’-4a? + y + 2 = 0. 

3. Show that the parabola 

(A’-'////)*~ 2 :?j(A/-Xy)- 2 y(^y-X/)-A® + /i* = 0 
has the same axis and focus for all values of X. 

4. Prove that the two parabolas which can be drawn through the four 
common x^oints of ax'^ -f 5y* = 1 and a?’ + y^ + 2 ya: + 2 /y + c — 0 have their axes 
perpendicular, and that their latera recta are equal if hf = ag, 

5. Find the equation of the parabola which cuts the axes at the points 
(a, 0 ) and ( 0 , h) and has its tangents at these points parallel to the axes of y 
and x respectively. 

6 . A parabola has for focus the point (|, rj) and for directrix the line 

a 57 + 5y + c = 0. Show that the line ^aj + Ry+C =0 is a tangent to the 
parabola if (- 4 ^ + 2 ^’*^) (af + 67 + 0 ) + + + (7) = 0. 

7. Show that the locus of the intersection of normals to a parabola which 
are at right angles to each other is a parabola. 

Find its focus and vertex. 

8 . Find the focus of the parabola (aa? + 5y)* -= 2y, and show that the 
equation of its latus rectum is 2a{a^-\-h^)(bx--ay)+a^-'V^ =■ 0 . 

9. If rtij?® + 2/w?y-f 5y* I 2ya? = 0 represents a parabola, find the coordi- 
nates of its vertex. 

§ 11. The equation of a parabola referred to any pair of tangents as 
coordinate axes. 

Let the parabola touch the coordinate axes at A (a, 0) and B (0, 5). 

The chord of contact is therefore 
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We have seen in § 9 that tlie e<juation of a pair of tangents whose 
cliord of contact is = 0 is of the form F—ku^ = 0. 

In the present case therefore 

.X ;/ 





or 


In order that 


should be a })arabola, k must equal 
] (lb : the e(|Ualion of the parabola is therefore 

(lb 


(M-o 


Parametric representation. The coordinates of any point on 
(his parabola can be expressed in the form [a\“, &(\— 1)"}, for 
th(‘se values of y satisfy the equation of the parabola and they 
can liave any positive value we please since A may have any value. 
Tills point will bt‘ referred to as the point A on the iiarabola. 


(i| To find the ojuatlon of the chord joininij the points A, p. 

Let the equation of the chord be 

.1 B , 

„■'+ 

tlien, since the points A. p arc on it. 

A\" + Jf(K~iy~ + i^ 0, 

Ap-+iy(p— i)- + i = 0. 

By cross multiplication 

A It 1 


hence 


(A— p)(A + p — 2) — A- (p — A)(2Ap — A — p) 

A Ji 1 


A + p — 2 — (A^-p) A + p — 2Ap’ 

therefore the equation of the chord is 

^(A + p— 2) — ‘^(A + p) = 2Ap — A— p. 
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(ii) To fwd the equation of the tangent at the point A. 

This follows from that of the cVonl by putting /x = A ; thus 
the tangent is 

'- {k- l)-f A = X(A-l). 
a ^ h 


(lii) To find the locus of the intersection of perpendicular tangents. 
fSupposG that the tangents at A anil /x are perpemlicnlnr ; their 

j‘ y 

equations are ^ (A — 1 ) — A = A (A ~ 1) > 




their point of intersection is therefore given by 

” = ^ = A^-(A + /^)+ l = (A- : 


A -f /X 


X 

a 


+ 1 . 


The condition that the tangents should be perpendicular is 
(A-l)(/i-l) Afi ^(A-1) f Af^t-l) 

"T I .) "• ■ i ( os o) — n. 




ah 


Hence 


■x (I a b 

+ cos (,) = U, 

(rb afr ah 


V 


or the required locus is 

X (a q- h cos 0)) -f y (b-i-a cos (o) = ah cos ( 
This is therefore the equation of the directrix. 


(iv) To find the equation of the tangent at the vertex. 
If the tangent at A, 


^:(A_l)-f A = A(A-1), 
a h 

is parallel to the directrix 

X {a -f b cos <ij) + ^ (/> + a cos oj) = ab cos o\ 

we have 


A-1 


1 


a^-^ab cos oj — (b‘^ -f ah cos co) — (a*^ + tr -\-2ab cos oj) 
Hence, substituting for A in the equation of the tangent, we find 
X q ah 
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(v) To find the coordinates of the focus. 

The perpendiculars from the focus on the coordinate axes lie on 
the tangent at the vertex, since the axes are tangents. If (f, ?]) 
be the focus, the feet of these perpendiculars are 
(f + 7] cos CO, 0), (0, TJ 4- f cos 0)). 

Hence the equation of the tangent at the vertex is 




f-f^cosco rj-hfcosco 


= 1 . 


Comparing this with the equation already found in (iv), we get 
^ -h t; cos (t) _ rj 4- £cos co _ ab 

fe + a cos CO a + 6 cos co ~~ a^-\^h^-j-2ab cos co 

whence immediately 


f _ ^ ah 

h a a‘^ 4- 2 cos CO 


(vi) The latus rectum is twice the perpendicular from the focus to 
the directrix. 


Its value is 


4 a^b^ sin^ co 
{a^ 4- i>^4- 2a6 cos co] ^ 


(vii) To find the condition that ?^c4-w?^4*w = 0 stmdd iotoih the 
parabola. 

Any tangent to the parabola is of the form 

Comparing this with the given equation 

A -1 _ _ A(A-1 ) , 

al ~ —hm —n ’ 



A-1 


al hm 




(viii) The equation of the parabola can be written 


^ A. y 
a i) 


- 1 = + 



or 
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It is often referred to in the form 




1 . 


Evidently for points in different positions on the curve, different 
signs for the radicals must be taken. The equation is true with 
positive signs for the part of the curve between the points of contact 
A and B. For the rest of the curve we must use 

" - Ji* 

The equation of the tangent at the point y') on the parabola 
+ \/& ~ ^ form 

a\l x' ^ by y' 

where \/^y' those signs which satisfy 

It should be noted, however, that when (x, y') does not lie on the 
parabola, this equation is not that of the polar of (.//, y'). 

It is sometimes stated that (acos^^, h s\n^ 0) can be used to 
denote a point on the curve : this is only true, if 9 is real, for the 
portion between the points of contact, i.e. when x<a and y<b. 

The notation given above covers the whole curve and is to be 
preferred. 

Example i. A tmigcnt to the parabola = 1 meets the 

axes of coordinates in P, Q, and perpendiculars are drawn from P, Q 
to the opposite ares : prove that the locus of their points of intersection is 


x-\-y cos w y + x cos <0 

— -H =cosw. 

0 a 


X X 

Let the tangent be = X(\“-1); this meets the axes at the 

points 2^(«X,0), Q(0, b(l-X)). 

Let PL, QM be the perpendiculars on the axes of y and x : then !• is 
the point (0, aXcosw) and M the point [6 (1 -X) cosw, 0], 

The equation of PL is ^ = 1. 

' rt X a X cos CO 
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The equation of QM is 


ft(l-X)cosa> &(1-X) 


= 1 , 


.rcosa) + y . i/cosa) + a? .v 

i.e. - = Xcosa); r-.- — = (1 -Xjcosw ; 

a ' 0 

their point of intersection lies on the straight line 
X cos 0 ) + f/ a: + V cos o) 

1' 4. 'J = cos ft). 

a 0 


Example ii. A varialle tangent to a given parabola meets two fixed 
tangents^ and on the intercepted segment as diameter a circle is described : 
the envelope of the circles is a conic touching the two fixed tangents in the 
points where they are met by the directrix of the given parabola. 

Take the fixed tangents for axes, and let the parabola be 

\a h / ah 

Any tangent ‘^(X~l)~ ^X = X(X-1) meets the fixed tangents at the 
points P(aX, 0), ^(0, h-bX). 

If R (tr, y) be any point on the circle described on PQ as diameter, we 
have, since i?P* + RQ’^ = P^^, 

(a? — aX)* + y* + 2y (a? — aX) co8ft) + .T® + (#/-& + 2)X)® + 2£P(7/-Z>H- hX) cosco 

= a^X'^-\-})^ (1 -X)^-!^ 2abX (X — 1) cos ft), 

which reduces to 

ah cos ft)X* — X {a? (ft cos ft) - a) + ^ (?) — a cos &>) + ah cos co} 

— (cc* + y® 4 - 2 xy cos (o — hy — hx cos o)) = 0. 
Since X is an undetermined constant, the envelope of this circle is 
(Chap. VI, p. 253) 

{x {b cos ft) — a) + y (5 — a cos <o) + ah cos ft)}* 

-f 4 cos ft) (oj* 4- y* 4- 2a:y cos ft) — bx cos a>-hy) = 0. 

This may also be written 

[xia-^-h cos ft)) 4 - y (5 4 - a cos ft)) — cos ft)}* = 4a?):ry sin*o, 
which represents a conic (equation of second degree) touching the lines 
a? = 0, y = 0, the chord of contact being 

X (a + b co^ <o) y(h + a cos (•>) ~ a?) cos o) = 0, 
i.e. the directrix (because the form is uv = kw^). 


Examples VII g. 

1. A variable tangent to a parabola meets two fixed tangents at the 
points P, Q. Find the locus of the mid-point of PQ, 

2. OAj OB are fixed tangents to a parabola and P any point on the curve. 
The harmonic conjugate of OP with respect to OA and OB meets the tan- 
gent at P in ^ ; find the locus of Q. 
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3. A variable tangent to a parabola meets two fixed tangents TAy TB at 
P and Q, Find the locus of the centre of the circle TPQ, 

4. Show that the normal at X to the parabola {x/a-\-y/h — Vf — Axy/ah is 
X (aX + fcX — 1 cos 0 )) + i/(aX cosw + feX — 1) 

== X (X - 1 ) (2 X - 1 ) cos ti) -f a*X^ -f (X - 1)^ 

5. Find the focus and directrix of the parabola (a?/a + y/&-- 1)® = {ixij/ab) 
by comparing the equation with 

+ — + (y — y') cosco = (iccos a + y c 03 / 3 ~/))®, 

where a + 0 = o). 

N.B. Use the identity 

(x cos 0 ) + y)* + (y cos o) + ar)® - 2 (:r cos a> -f y) (y cos a) 4- a?) cos m 

= (a?* + y^ + 2 a?y cos w) sin* o). 

6. A parabola touches OA, OB in A and B : show that the portions of any 
chord, which has its middle point on 4B, intercepted between OAy OB and 
the parabola are equal. 

7. Parabolas are drawn which touch the axes Oxy Oy, inclined at an angle 
and whose directrices pass through a fixed point {hy I'): show that they all 

touch the line x/(h k sec (o) y/{h -¥ h sec a>) == 1. 

8. ABy CDy two fixed segments of straight lines, are divided similarly at 
P and Q : prove that FQ envelopes a parabola which touches AB and CD. 

9. Show that if a and b are variable and h/a-^Jc/b = 1, the directrices 

of >v/J7^t+ \^y/b = 1 pass through a fixed point, 

10. A parabola touches two given straight lines OAy OB at given points 
and a variable tangent meets OAy OB at P, Q. Show that the circle OPQ 
passes through the focus. 

11. If the chords of contact of parabolas touching two fixed lines are 
concurrent, their directrices are also concurrent. 

12. The parallels through the origin to the tangents from {x'y y') to 
Vy — are the lines cxy + (a; — y) {xy — x'y) — 0. 

13. The equation of the tangents from {x\ %/) to the parabola is 

{xy-xy') {[x'-x)/a-(y-y)/b\-¥{x'-x)(y'-y) = 0. 

14. A variable tangent to a parabola meets two fixed tangents, and 
another parabola is drawn touching the fixed tangents at these points : 
prove that the envelope of its directrix is a third parabola touching lines 
drawn at right angles to the fixed tangents through their intersection, in 
the points where they are met by the directrix of the given parabola. 


Illustrative Examples. 

(i) If the tangents at P and Q meet at T and the orthocentre of the 
triangle PTQ lies on the paraholUy show that either the orthocentre is at 
the vertex or the chord PQ is a 7iormal to the parabola. 

Let P be the point (aX*, 2aX), Q{ay?y 2a/x), then T is the point 

{aX/i, a(X + /i)}. 
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The equation of TP is Xy — a?— aX* == 0, and that of the perpendicular from 
Q on it is X^a?~a/Li®) + y~2ff/i= 0, i.e. 

Xa? + y = aX/i* + 2afi. (i) 

So the perpendicular from Pon TQ is 

y = a/LtX* + 2rt X. (ii) 

Solving (i) and (ii) to obtain the coordinates of the orthocentre of the 
triangle TPQ^ we have 

— y = a (X -f- ft) (X/x + 2). 

Since this point lies on the parabola, 

a* (X + m)* (Xft + 2)* - - 4 ( V + 2). 

Hence either Xfi4 2 — 0, in which case the orthocentre is the vertex 
(0, 0), or 

4- /x)* (Xfx + 2) = — 4, (i) 

i. c. (X® Xfi -f 2) ffx* 4-fiX + 2) = 0. 

Hence X^ + Xfi + 2 — 0 or ft® -f fiX + 2 = 0. 

Therefore Q is the point where the normal at P cuts the parabola, or P is 
the point where the normal at Q cuts the pambola. 


(ii) Prove that the tangents of the angles at which y = iw.r + n cuts 
the parabola = 4 aa? are given by 

tan^ d (m -f- 2 am -f • afv?) 4; 2 tan d (a — m n) + w {mn — a) = 0, 
and deduce conditions that the line be (i) a tangent^ (ii) a normal to the 
parabola. 


Suppose that the line y 
the condition for this is 

mat’^ - 2at n — 0 . 
The tangent at Hs /y = a? + at’K 
Hence 

1 


wcuts the perabola at the point {ai^, 2ai) : 

(i) 


tan 6 1 


1 + 


tm ~ 1 
tTm 


(ii) 


Hence 




1 4 wt tan B 


tan B — m 

Substituting this value in (i) we have 

wa (1 4 tan d)’ 4 2 « (1 4 w tan B) (tan B - m) 4 n (tan B - w)*. 
Thus tan*d (am^ 4 2 am 4 n) 4 2 tan d (a ^ win) 4 m {nw - a) = 0. 

In (ii) we could equally well take the rapplementary angle, i.e. 

1 

--m 


tand = 


1 4 


which gives the alternative sign. 
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(i) If the line touches the curve, both values of B must be zero, hence 
mil =5 a. 

(ii) If the line is a normal, one value of ^ is 90®. 
one value of tan Q is infinite and 

2am + w = 0. 


Miscellaneous Examples, VII. 

1. Prove that the orthocentres of the triangles formed by three tangents 
and by the corresponding three normals are equidistant from the axis of 
the parabola. 

2. Prove that if a® >8 ft* a point can be found the two tangents from 
which to = ^ax are normals to = 4fty. 

3. Find the equation of the common tangent to the parabolas represented 
by y* = and jc* = 4fty. 

A system of chords is drawn so that their projections on a line inclined 
Vii an angle OC to the axis of a parabola are of constant length c : prove 
that the locus of their middle points is the curve 

(y* - 4 ax) (y cos OC f* 2a sin Ok)* + a*c* = 0. 

5. Prove that tli ) locus of the intersections of the tangents at the points 
{asinh* + /)), 2a sinh(oi + ft)}, where (X is variable and ^ constant, is 
a parabola having the same focus as y* = inx. 

A is the vertex of y* = 4aa*, F is a»iy point on it, and the circle on 
AP as diameter meets the panibola again in Q and /?. Show that the 
normals to the parabola at F, y, Ji meet at a point on the parabola 
y* = 16 a (.r + 2a). 

7. The normal at P meets the axis at G) the circle APG cuts the 
parabola again in Q, F, Show that the normals to the parabola at Q and 
R meet at P. 

8. If P is such that when FQR is drawn in a fixed direction to meet the 
parabola in Q, R the rectangle FQ . PR is constant, the locus of P is 
a parabola. 

9. Two parabolas touch at P and intersect at Qy R, Prove that PQ^ PR 
are harmonically conjugate to the diameters of the two curves at P. 

Provo thid., if the noim il at P meets the curve again in and if the 
circle on PQ as diameter cnti tue curve in P, the locus of the middle point 
of QR is the curve y*{y*-4aa:) + 64a* = 0. 

11. The normal at P to a parabola, whose vertex is Af meets the curve 
again in Q: show that the locus of the centre of the circle circumscribed to 
APQ is a parabola. 

12. Through any point not on the axis of a parabola the two straight 
lines are drawn which a»e conjugate with regard to the parabola and 
pei*pendicular to one another. Prove that they meet tlfe axis in two points 
equidistant from the focus. 
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Ml. If a circlo is drawn to pass through the vertex of a parabola and to have 
its centre on a fixed diameter of the parabola, show that the oithocentre of 
the triangle formed by the tangents to the parabola at the other three 
points where the circle cuts it is fixed. 

14. Show in a diagram the parabolas 1 / ~ Sr/.?; and = ay, and prove 
that they cut each other at right angles at the origin and at an angle 
whose tangent is at their other point of intersection. 

15. Find the locus of a point such that the angles between the connectors 
of the vertex of the parabola /r = 4r/.r with the points of contact of the 
tan^nts from the point may have a given pair of bisectors. 

\>o. Prove that the curves ?/“ •= .r, x^-\ — f 1 — 0 touch at two points, 

and find the equations of their common tangents. Show also that each of 
these curves touches in the same two ])oints any curve whose equation 
is f \/ ~ -e 1 I X ( 1 / — ,r) — 0 for all values of A. 

17. Find the equations of the circles which touch the directrix of the 
parabola ?/* — Ax, and pass through the ])oints of intersection with tlu' 
j)arabola of the straight line // = x—l. 

18. Normals are drawn to the parabola t/ — 4r/a; to touch the circle 
(a: -- c)* -f //“ — r'^. Find for different values of the radius of the (drcle the 
locus of their points of contacd. 

10. If the normals at three points P, Q, H on a parabola meet at a point 
whose abscissa is x, prove that the centroid of the triangle PQli is on the 
axis at a distance from the vertex equal to 'j^{x-2(t), 

20. Show that the locus of the intersections of equal chords of a parabola 
drawn in fixed direction.s is a straight line. 

21. Tangents TP, TQ are drawn to the parabola 1 / = 4o.r ; find the equation 
of the circle TPQ. 

22. Find the {*nvelope of the circle whose diameter is a chord of the 
])arabola — Aax passing through a fixed point on the axis of .r, and show 
that for on(‘ position of tlie point the envelope reduces to a riiade and 
a strajght line. 

Three normals of which the lengths are ^wo tangents 

of which the lengths are t^, are drawn from the same point to a parabola 
with parameter Aa. Show that 

24. Find the equation of that rectangular pair of conjugati^ lines with 
regard to the parabola ]r — Atix whose intersection is the i^oint (//, h), 

C is a point on the latus rectum and P a point not on the latus rectum 
such that PC is equally inclined to the rectangular conjugate lines which 
intersect at P. Prove that the locus of P is a circl(‘. 

25. Tangents OP, OQ are drawn to the parabola ir = 4«.r from a point 0 

lying on the straight lino = show that the envelope of the circle 

OPQ is the curve if (4 a -f x) ~ .c (B u 4 x) ( 5 a - .r). 

^ A circle centre P, a point on //' - 4//./’, and radius 2SP cuts the 
diameter through /* in (), Q' : show that the loci of Q and Q' are 
if 4 4 (IX -f 8a^ =r. 0 and df — A ax 4- — 0. 

27. Chords of f — Aax pass through a fixed point (CX, li) : show that the 
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locus of the orthocentre of the triangle fonnctl by any such chord and 
the tangents at its extremities is 

^ 2 .r 4 4 (t.r - 2 OCX ~fty ^ ^ 0. 

If /Jj, /)2 the radii of curvature at the feet of the normals to 
a parabola from a point P on the curve, show /)j = pp^ where p and pq 
are the radii of curvature at Paiid at the vertex. 

29. Tangents 7T, 7’Q are drawn to a parabola such tliat is the normal 
at I\ Show that the area of the triangle 77*(f) is 4^’^ sec^^cosec'^d, where d 
is the acute angle which the normal makes with the axis. 

.‘10. Trove that a circle whose diameter is a chord of a parabola such that 
the distance between the diameters through its extremities is double the 
latu.s^'fectum will touch the parabola. 

VJiil. The circle of curvature at iid/) cuts the ])arabola again at the 
angle^ tan ' ] 8 /V (d G - 1 1 1 . 

\J^. If the norjual at J* makes an acute angle xj/- with tlnj axis, and the 
normals at Q, li each make acute angles o7r-\|/ with the axis, the three 
normals form a triangle of area n"(tan^\//^'-cot \/^). 

IV’X. Through any point on a given line through the focus three normals 
are drawn to the i)arabola ; show that the sum of the angles they make with 
any tix(id direction is constant. 

o4. If the normals to ^ - 4na' at tin; points (.r, //), {x\ y'), {x'\ y' ) form an 
e<juilatcral triangle, prove that (8// -4a“) (^y ”^ — (8//'"^ — 4(r)-l G4a''’ ~ 0. 

Four j>oints (jii a parabola are concyclic and the orthocentre of tlie 
triangle formed by three of tin' ])Oints is joined to the fourth : show that 
the mid-point of the joining line i.s the same whichever three points are 
chosen. Also the line joining this mid-point to the centre of tlie circle 

bisected by tln‘ axis, and the length of its projection on tlie axis is the 
hit us rectum. 

oG. A'j, A^, are the lengths of the three normals drawn from a given 
))oinl to a jiarafiola, aaid Hj, are the lengths intercepted between the 

curve and the axis : prove that, with the usual convention as to signs, 

Aj Ao AV'>^2^ki + A^A'^/y/y/Zj 4 2(A'j/y/j -I A'n/ic^ 4 Ayic,) 4 3 — 0. 

Show that the area of the triangle formed by .rooHOi; 4 ysin0t~/y — 0 
and the tangents at its extnmiities to — 4ax is 4(r- {a tarTOf 4j;scc0i)^. 

38. Show that the length of the normal (other than the radius of curvature 
p) drawn from the centre of curvature to the jiarabola is of length 


chord PQ of a parabola makes acute angles OL and [i with the 
tangents at P and Q : show that it makes an acute angle 

, , /2sin 0( sin , 

■*“ 

with the axis. 

HCt Show that the locus of the poles of the axis of a parabola with respect 
to its circles of curvature is 


~ \2a{x^ — 
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The normal at P meets the axis in G, and 0 is the centre of carva- 
ture at P: show that no other normal intersects FO at a distance from G 
on the side opposite to 0 which ia GO. 

42. In a parabola the normal at P meets the curve again at Q. If S i . 
a point midway between the centres of curvature at P and prove that 
P's distance from the tangent at the vertex is least when P’s distance fro^r* 
it is a -v/2. 

\J,^f^Show that chords of y* ~ iaXy which are divided by {x\ ij) in the 
ratio X : 1, have for their equation 

4 X fy' (y ~ y') - 2 tt (a; - x-')}* + (y ~ yT ( 2 /'* “ 4 ax') (X - 1)* = 0. 

41. PG, the nornnil at P to a parabola, cuts the axis in G, and is produced 
to Q so that GQ — J PG : show that the other normals passing through Q 
intei*seet at right angles. 

45. Through a fixed point on the polar of 4 a), with respect to a para- 
bola y* = 4ux, a chord of the parabola is drawn. Prove that its length will 
be either a maximum or a minimum when it is inclined at an angle Jtt 
to the axis of x. Is it a maximum or minimum ? 

v46f^Prove that the latus rectum of the parabola which touches the four 
common tangents of two circles whose radii are a, 6, and the distance 
between whose centres is c, is 2{a^ — y^)/c. 

47. The normal at P is produced outwards to K, Find the locus of K 
(i) when PK *= PG ; (ii) when FK = ^ the radius of curvature at P. 

Find the equation of the parabola which touches the four straight 
lines xja±ylh = 1, xja' ±ylh = 1. 

\J^, A chord of a parabola is drawn parallel to a fixed direction and on it 
as diameter a circle is described. Prove that the i)olar of the vertex with 
respect to this circle envelopes another fixed parabola. 

50. Find the locus of the foot of the perpendiculars from (/i, k) to 
tangents to a parabola, and show that it lies inside an infinite strip perpen- 
dicular to the axis of width equal to the focal distance of (^, k). 

51. Show that five common normals can be drav/n to y^ — 4ax and 

a;* e= 4,by, and that if they are inclined at angles 0^, 0^^ to the axis 

of either parabola then 

tan -f d, 4- dj + ^4 t dfi) — tan di . tan d, . tan 6 ^ . tan d 4 . tan dg . 
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CENTRAL CONICS 

THE ELLIPSE AND THE HYPERBOLA 

§ 1. We have seen in Chapter VI that the equations of the ellipse 
and hyperbola, whfui referred to their axes of symmetry, take the 
forms a:' Va- -f y = 1 and = 1- The ellipse makes 

intercepts 2t(, on the coordinate axes, and these are the lengths 
of the axes of the conic. It is conventional to take the major axis 
along the axis of so that we have a > h. 

The hyiierbola does not meet the axis of ^ in real points ; its 
intersections are the imaginary points whose coordinates are 
(0, It is, however, common to find h referred to as 

the length of the other or ‘ conjugate ’ axis ; evidently h may be 
either greater or less than a. When a = 6, the liyperbola is called 
Equilateral or Eectangiilar. 

The central conics can, in many particulars, be conveniently 
studied together, and in this chapter we shall use the equation 
= 1 to represent a central conic ; for an ellipse oc = 1/a-, 
/3 = for an hyperbola oc = 1/a', /i = —l/b'. 

§ 2. To find the foci and directricea of a central conic. 

If (x'^ y) is a focus, and x cos ^ + sin 2 ? = 0 the corresponding 
directrix, then the equations 

\ = 0, (a;— (y —y’Y — c^ ix co^d y ^inO = 0 

are identical. 

Comparing coefficients we have 

1 - - c- cos^ d 1 -- sin- 0 ^2 / > ^ i 

= - 

c a,ia(t cos 9 - 0, x' = cos 6, y' — e^p sin 9. 

Since e is not zero, 0 is 0 or J w. 

(a) If 0 = 0, then z' = e^p, y = 0, and 

(1 - e*)/a = 1 /a 3 = eV - = <• V (1 - c*)- 
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Hence, since a = , we have w = + - and r! = -f ac, where 



The focus-directrix forms are then 

(r ± aeY + ± 

The foci and the corresponding directrices are {ae, 0), iV^-ajc = 0, 
and (~(ie, 0), iv + a/e = 0, where, for the ellipse c- = — and 

for the hyperbola + Z>‘^)/a^. In both cases e is real. 

(b) If 6 = then .// = 0, = e^p, and 

i /o^ = (1 (1 

Hence i> = ± X/ey/ ft ; y' = ±e/ y/ ft ] and = 1 — ft /OL. 

For the ellipse ft/oi = a^/1)^ >1, e is imaginary, and also y' 
and p. 

For the hyperbola, since ft is negative, ij and p are imaginary. 
In this case e is real. 

In any central conic, if c, c' are the two eccentricities, we have 

+ 1 . 

Examples. 

(See Figures below.) 

Prove that 

(1) CS. CX^ CA\ 

(2) CB\ 

(:i) : CX - CB '^ : CA\ 

( 4 ) CB^ ^ CA'^^CS^. 

(5) CS=ft,CX. 



§ 3. It is convenient to use definite letters to indicate the prin- 
cipal points of central conics: the following should therefore be noted. 
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Foci S. S ' ; directrices XM, X'M' : vertices .1, A', 7>\ B ' : centre C ; 
tangent at P, BPR^ ; normal at P, PG(j ; perpendiculars from tlio 
foci and centre on the tangent, S\\ S'Y^, CK : ordinates of P to 
Iho axes, P^V and Pn^ the latter meeting the diiectrices in ilf, DP. 



We have already proved that (M =: TA' = a ; CB CB' b : 

CS = CS' = ae ; OX = CX' = ; and from tlio focus-directrix form 

e ' 

of tlie equation of the conic SP = eP3r. S'P = ePDP. 

If P{y y') is any point on the conic, 



Jf /j})erJ}()l(L 

if 

II 

SP=:cP3[:=r{CX-~CX) 


/ , a. 

=y-,.) 

a—ej ', 

= ex' — a, 

S'P = cP.U' = r (CX' + CX) 

S'P = rP.U' = r (OX+ X'C) 

= .(?+,/) 


= a Y ex'. 

- r.P 4- a. 

Hence SP 4- S'P = 2 a. 

S'P-SP = 2a. 

Note. If P lies on the left-hand 

branch of the hyperbola wti have 


SP = a — ex' and S'P — - a-- ex', in which rase SP-S'P — 2(f. 

An ellipse can therefore h(» described as the locus of points the snni of 
whose distances from two fixed points is constant, and an hypeibohi as the 
locus of points the difference of whose distances from two fixed points is 
constant. 


12C7 


u 
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§ 4. 1. The cqxmtinn of the chordy whose mkhpoiut is (^r', y'), is 

rxxx' If y' = ocx'^ + fty''^ 

(Chap. VI, § 4). 

II. The tangent. 

The equation of the tangent at the point (x'y y) is 

ocxx' + f-iyi/ = 1 . 

(a To find the condition that the straight line lx niy n = 0 should 
touch the conic. 

Suppose this straight line touches the conic at the point 
then the equations Z.r-f w = 0 and a.o'-f /%/ — 1 = 0 are 
identical. Hence x' —l/nOL and ?/ = — w/n/:^, but since (pc\]/) 
lies on the conic we have ax'‘^ fiy'^ = 1. 

Thus, substituting for a' and y\ we have the required condition 
l‘^/a 4- nr/ii = n^. 

For tlie elli])se this is a^P l/^ni^ = n^y and for the hyperbola 
aiP~-tr7}p ~ n\ 

If the perpendicular from the centre on a tangent makes an angle 
0 with the .r-axis, the equation of the tangent is of the form 
xcvHO^^ yismO- 2) ^ Apply the above condition that this line 
should be a tangent, and we have for the ellipse = a'^cos'^d -f iPsiiPOy 
and for the hyperbola cos'^ d — siir d. 

Thus the straight line x cos 0 -f y sin 0 = cos''^ 0 -f IT sin*^ 0 
touches the ellijjse for all values of 0. ^ . 

Also X cos 0-\-y sin 0 = cos^ d - d- sin^ 0 touches the hyperbola^^ 

Note. This form of the equation of a tangent is called the pedal equation : 
the pedal of the ellipse with respect to any point (/i, k) is 
cos^ d -f sin^l^ — h cos 6 — k sin d, 

the point (A, being the pole and a line parallel to the j?-axis being the 
initial line. 

Example i. To find the locus of the foot of the pterptcndicular tSY 
from the focus S on a tangent to an ellipsCy i. e. the p)edal of the ellipse 
with respect to the focus. 

The equation of a tangent is 

a:cosd + ysind = Bin^d. 

If 5 is taken as the pole and SA as the initial line, the polar coordinates 
of Y are SY and 6. 

Hence r = SY = -y/a* cos* d + 6* sin* 6-ae cos d, 

therefore (/*-f ae cos d)* cos* d 4- 1* sin* d, 

^nd since = «* — &*, this becomes 

r* 4- 2 aer cos d 4 a* ss a*. 

This is the circle on AA' as diameter; it is called the Auxiliary Circle. 
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Example ii. It p is the length of the perpendicular from the focus S 
to the tangent at P of a central coniCj and r is the length of SPy shoir 

that for an ellipse ^ ^ — 1, and for an hyperhola = 1 -f or 


2 a 


1 3 according as P lies (ni the near or far branch of the curve, 

r 

Let P be the point (x\ if ) ; the equation of the tangent at P is 

(Xxx' 1, 

and we have the condition OCx'^ + fiy'^ — 1. 

Now, since e* = 1 —OC/jS, we have 

Odx'^ + ^^y'^ = 0(^r'*-(XiSa?'* + iy = fi{l—0(e^x'^) = 

Thus 




hence 


( 

1 

{l—0(ae.v')^ \ 


0L^x'^ + IS‘^y'’^ ^ 



1- 

\ 

u , 

1 a-^ex' 

_ 2 a 

(i iP a — ex' 

u — ex' 


a — ex 
/i (rt + ex ') ' 


- 1 . 


For the ellipse, /^ = ^2 r = u-ex'. 

For the hyperbola, 0 = “ J 2 branch r = ex -a, for the 

far branch r = a -ex'. This gives the required results. 


Examples. 

1. Prove that SV . S'Y' = CB\ 

2. If the tangent at P meet the major axis at T and the minor axis at /, 
show that CN, CT = CA\ Cn , Ct = CIP, 

3. If 2" is any point of a tangent to a central conic at the point P, and 
TMy TN are drawn perpendicular to SP and the directrix corresponding to 
S, show that SM = eTN. 

Hence prove that the tangents from any point to a conic subtend equal 
angles at a focus. 

4. Prove that / PSR = Z PS' R' -=\n, 

5. Show that CY=- CY' = CA. 


III. The Normal. 

The equation of the normal at f) to the conic oex^ + i^y^ = 1 
is ^/{x—x') = ocx'iy-y'). 

Note. If the normal at {x\ y) passes through a given point (/t, /r), 
we have ^y{h-x') = OCx'(k — y')f or 

(a -T p) x'y — OL kx' -^fihy'^ 0 ; 

hence the point {x'y y) lies on the rectangular hyperbola (Chap. VI, § 6j 
{(X — p)xy — 'y kx + (Shy === 0. 
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Since, in general, two curves of the second degree intellect in four points, 
four normals can be drawn from any point (h, k) to a central conic and 
their feet lie on the above rectangular hyperbola. 

Examples. 

1. Show that the pedal equation of the normal to an ellipse is 

a:co.sd4 ysind = (o* — sindcosdv^b^cos^d-f a’sin^d. 

2. Prove that SG = e . 8P. 

3. Prove that PG . CK = CPP ; Pg . CK = CA^ ; PG . Pg == SP . S'P. 

4. Show that NG : ON = OB' : CA\ 

Prove that SP-.SP= SV: S'P' = SG : S'G, and hence show that 
2SPr= ZS'Pr. 

6. Show that S, S', P, t, g lie on a circle. 

7. Prove that CG^e^ CN, and «» . GJV = b» . CN. 

IV. Conjugate points and lines. 

(a) The polar of the point {x', y') with respect to the conic 
OLx^ iiy^ — 1 is oexj/ + l-iyy' = 1. 

Hence the polar of {x', y') passes through the point {x", y") if 
Oix'x* + fiy'y" = 1. The symmetry of this result shows that if the 
polar of {x', y') passes through {x", y"), then tlie polar of {x", y") 
passes through (x', y ') ; it is therefore the condition that these points 
should be conjugate. 

(b) To find the pole of the line lx+my-\-n = 0 with respect to the 
conic ax^ + Sy^ = 1. 

Let the point (xf, y') l>e the polo, then evidently the equations 
Ix-^my-l-n — 0 and (xx.r' + ^yy' —1 ~ 0 must be ‘identical. Hence 

a;'=— — and /== — —. The straight lines lx + mij-\-n = 0, 

Z'rr -f -f w' = 0 are conjugate (i. e. the pole of each lies on the 

other) if -- -f —p nn' = 0. 

If one of the straight lines is a diameter lx-\-my = 0, since m= 0 it 
follows that the straight lines lx-\-my = 0, Vx-{‘m'y-\-n' = 0 are con- 
jugate whatever value n' may have. Hence the poles of all straight 
lines parallel to Vx-^m'y ^ 0 lie on the diameter + = 0 if 

iV/OL^-mw ' = 0 . 

V. Conjugate Diameters. 

Two diameters are conjugate if each bisects all chords parallel to 
the other ; referring to the condition found in Chap. VI, § 2. I, we 
see that the two diameters Za ?+ tnt/ = 0, V x^-m^y = 0 are conjugate 
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if IV /OL -f mm /j^ = 0. This is also the condition that the poles of lines 
imrallel to the one should lie on the other (see IV above). We can 
therefore define conjugate diameters either as in Chapter VI or by 
this polar property. 

In particular, the diameters y = y = m'x are conjugate for 
the ellipse if mm = — and are conjugate for the hyperbola if 
mm' = + h^, a-. 

Note i. Since a diameter bisects all chords parallel to its conjugate, the 
middle point of the chord whose equation is lx-\'my ~vn = 0 is its point of 
intersection with the diameter mOLx — l^y == 0. 

Note ii. A convenient general form for a pair of conjugate diameters of 
the ellipse + = 1 is ay — \hx = 0, \ay-^hx — 0. 

Suppose that these diameters meet the ellipse at PP\ DD' respectively ; 
then for the abscissae of P and P' we have 

a;"(l+X2) = a-. 

Hence, if P, P' are the points (arj, y^), (-itj, -yj, 

^ a7(l -f X®), - XV>V(1 f X^) 

and = CP'^ = -I y," = 4- W)/[ 1 + X“ • . 

Similarly, if I), 1/ are the points {x^, (-X 2 , 

.•,2==X^rV(l+X2), 

and 67/ = - (X^/ H //)/(! X^). 

Hence CF+CD- = 6^, i. e. the sum of the squares of two conjugate 

diameters is constant. 

Now if CP= CD, we have X^6* = X-a^-f i.e. 

(X2-l)(r/-//) = 0; X- + 1. 

The equations of these diameters are therefore + ///7^ = 0 ; they arc 
called the equi-conjugate diameters. 

Note iii. A pair of conjugate diameters of the hyperbola = 1 

may be represented by 

ay — X hx = 0, Xay -bx — 0. 

Proceeding as in Note ii, we find 

CP2 = (,,2 + X2//7/(1 -X"), CD^ = - (X^a^ + h'^)/[ 1 -X^). 

Hence CF’^-\-CD‘^ ^ — ] but evidently CP^ and are of different 

sign, hence either CP or CD is imagi- 
nary. Only one of two conjugate 
diameters meets the hyperbola in real 
points. 

If lengths CD^, CD^' are taken on 
the diameters which meet the conic 
in imaginary points so that 

CD^^ = CP/* = - CD\ 
then CPj is often called the length 
of the semi-diameter conjugate to CP. 

In this case CP^-^CP/ = or, the difference of the squares (»n 

conjugate diameters of the hyperbola is constant. 
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Note iv. If 6T, CD are two conjugate diameters, the polar of any point 
on CP is parallel to CD and to the tangent at P. Thus, in the Figure (see 
p. 309), V is the mid-point of TT» 

In particular, DD' is the polar of the ‘ point at infinity ’ on CP. 

Note V. To find the equation of a central conk referred to a pair of 
conjugate diameters as axes of coordinates. 




Let PCP\ DCD' be any pair of conjugate diameters, and Q any point 
(or, f/) on the conic referred to these diameters as coordinate axes. 

II QQi 1 QQd drawn parallel to CD and CP, they are bisected by 
CP and CD] further, if is a chord parallel to CP, it is bisected 

by CD'] hence is both pamllcl and equal to therefore ft ft 
also parallel and equal to QQi. Hence ft ft is also bisected by CP'. 

Thus, if the point (x, y) lies on the conic, so do the points ( — ar, y), 
(-a?, -I/), (rr, -//), i. e. the equation of the conic is of the form 

+ = 1 . 

If CP = o', CD = b' the equation of the ellipse is 
a;7o'2 + yV^'2 = l; 

for the hyperbola CD is imaginary, and the equation is 

rV«'^-yV6'2= 1. 

It follows that all the results we find for the equation of a central conic 
referred to its princip.al axes are true also for the conic referred to any pair 
of conjugate diameters except when our results depend upon the axes being 
rectangular. 


Examples. 

1. Prove that (Fig., p. 309y CV . CQ = CP'. 

2. Show that PF' : CP^-^CV^ - CZ>' : CP*. 

3. Any pair of orthogonal lines through a focus are conjugate. 

4. Prove that a . PG = h . CD^ and h . Pg =: a . CD^ where CD is the 
semi-diameter conjugate to CP. 



THE ELLIPSE AND THE HYPERBOLA 


811 


VL Pair of tangents. 

The equation of a pair of tangents from P(x\ y) to the conic 

These are parallel to the pair of diameters 

= {OLXxf 

i . e. 1) .r^ — 2 oc,S x'j/xy -{- fi (cx x' “ — 1 ) ^“ = 0. 

If the tangents, and therefore the parallel diameters, include 
an angle d, then 

__ 2 


The angle (1 is a right angle if 




1 


Hence the locus of point J‘, the tangents from which to the conic 
are at right angles, is the circle 





which is called the director circle. 


For the ellipse this be comes 4- and for the hyperbola 

x^-i-y^ = fr — 

The latter is real only when a > h. When the hyperbola is 
rectangular the circle reduces to a point at the centre : the asymp- 
totes are the only real orthogonal tangents. 


Note. The equation 

represents {vide p. 284) a locus passing through the points of infer- 

td" 

section of the ellipse, and its directrices = 0. This equation reduces 

to 




i. c. ^ since <dv“ ~ u* — h^. 

It follows that the common chonls of the ellipse and its director circle are 
the directrices. 
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Illustrative Examples. 

{\Y The aru/lcs which ihc itornmh from (f (j) to the cUip.'^c 
x ^/ -f jY; l/^l — 0 
maJee with the x-a.ris ore (feett tof 

(/sin 0 - (j cos Of [a^ eos*'^ 0 -j- tr sin- 0} = {(r - h'^f sin^ 6 0. 


The equation of the normal at the ])oinl ix'f) i.s 

) -'~Ay~u'h 

timl if this ni.'ikoB an an^ile 0 witlj tin; .r~a.xis. 


so t hat 


fr ,t‘ 

((“^( O^O Bin 0 


.!]‘th(' normal ]>as.se,'- ihroii^^li lh(‘ point (/ ^y), we have 

{f~ X ) bin () — iy ~y ) cob 0. 

Hut since (a '//') lies uii the curve, we have (i) 


(i) 


(ii) 


V a-' '' V 


- ■>' .y 

h'‘ sin 0 ^ j,i ^ji,a 


cob 0 

Suhstilulliier in (il) for x' and y\ we get 

(({■ ~ t)^) cos d bin S 


1 

/ e- COS"' 0 -j biii'^ B 


/bill d" f/cosd ---- 


ir cos^ 0 + d 

e e, ur’eo-' d \ IcBiirO} { feinO — f/cosOf --- - /e')“ cos“ d sin* d. 


Mii) .Shoic thnt if (^, //) is a point of inicr^iu (ion of (he cilijtscs 
a- a*' 4- 7/“ 6** = 1, .r*-' (f'- -f ?/“ 7/'- =: 1 , (hc ciiualious oj their common 
ianyenls arc ±xt,;aa ryij/bl/ — 1 : and ihc product (f the areas of 
tin' paraJJeloyrams formed t>y (heir four common points and their four 
aonmon ianyenfs is Haa'id/. 


'I'he common points of 


arc given py 


- 0 . 4 -i 7 ,-l =0 

<r h' a ~ ft - 

.rlrJf 2 

//--I? (r-f^ ' a h'’^ ~c 7 '^'tf' 


(i) 


hence. w»' gather that th(‘ ])oijitb are symmetiically placed with res})ect to 
the i»rincipal axes : let their coordinates be ($, r;), (^, - J, »;). 

The area of the parallelogram they form is i^rj. 
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If my = 1 is a tangent to both conics, 

r/VM \ -0, -0. 

Hence 

J1 =_ __ 1 

Thus, combining (i), which is satished by (^, v), and (ii), 

P _ }}r 1 

Z == ±^/(((i\ m — 

Hence the common tangents are 

±x^laa ±yr]lbb' = 1. 

The corners of the parallelogram formed by these tangents are 

K7^, 0), (-rrr?7^, 0), (0,w/M (0, 

and consequently the area of the parallelogram they form is 'laubh' 

The product of the areas of the two parallelograms in question is 
therefore >><(a'hb'. 

(iii) The liuufodsj'rom any jfoint io a coitnd conic arc equally inclined 
to the focal distances oj' the ])ouit. 

Let the point he {x\ f ) : then Hk; e<iuatiuns of the focal distances art' 
y' ix - acj — y{x'- ae) — 0, y' (a: 4 ae) - y {x H i(c) — (I ; 
these are parallel to 

•'7/ ~*i/ a'lf' -y (.r' I ae) ~ 0 ; 

i. e. to the Iijie> [xtf — yxf -y-a" e} ~~ 0, 

or ' CK'd {xy'-yx'f-i/{ii-y) — 0, 

or i/''‘^x''^-20iftx'y'xy-\-{0iiix''^-\-^-li)!r =-* 0. 

The bist'ctors of the angles between these lines are the same as those oi 
the angles between tln^ lines 

( dy"^ -l')x’^ -2'y['i x'y'xy -I ft (O x’^-l ) == 0, 

which, we showed alxjve. are para-Ilel to tlie tangents from {x\ y') to the 
conic. % 

Hence the bisectors of tlie angles between the tangents from a point to 
the conic and of the ang’lo.s between the focal disiances of the point are tin' 
same : this establishes the ])roposition. 

Examples VIII a. 

1. A circle on a diameter PP' of an ellipse as diameter meets the tangent 
at an end of the minor axis in Q and Q . Show that QQ' is equal to the 
difference of the <listances of P from the two foci. 

2. Find the equation of the* pair of tangents from the point (O, /3) to the 
hy})erbola x} j cd — f jb'" — 1. 

For the case in which CV = 5, ^ = 3. u =- 1, h = 1,V3, find the equation 
of each tangent scjia lately. 


813 


(ii) 
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(i) 


{h, k) is a point 1* on the ellipse \ cri/' = (rfr and A, A' the 
extremities of its major axis, show that cotAFA'— k (V^ — (r)/2((P. 

4. Prove that if (r, }j) and (x\ y') are any two points on the ellipse 
a5*/a* ^ = 1, then + y) + iFyi(x + x') cr h'^/ixy' + xy). Deduce 

that the locus of the middle points of parallel chords is a straight line. 

‘^5.) Prove that the bisectors of the angles between the focal distances of 
a point P on an ellipse are the tangent and normal at I\ 

6. The locus of points at which the ellipse subtends an angle 60° is 

3 (x^ 4 = 4 (x ^ // ^ y. ^2 ^ „2 ^2)^ 

7. Prove that the rectangle under the perpendiculars drawn to a normal 
at P from the centre and the pole of the normal is equal to the rectangle 
under the focal distances of P. 

f Tangents are drawn to the ellipse {a, h) from the point 
' [ayV(a^-b^), -^ia^ + b^)]: 

show that the intercept made by them on the ordinate through the nearer 
focus is equal to the major axis. 

0. A rod AB of length I moves with its extremities on two fixed lines 
which intersect each other at right angles. If P be the point which divides 
in the ratio 2 to 3, show that the locus of P is an ellipse, and state its 
eccentricity. 

Pirid the points on AB whicli describe ellipses whose eccentricity is 


A“' 


lO.j Find the coordinates of the intersections of 


X C08 a/a - y si n a/6 = cos 2 (X with x‘^/(r -f // == 1 • 

Find also the locus of the projection of the centre of the ellipse on the 
above line. 

11. Find the locus of the point of intersection of tangents to an ellipse 
which meet at a given angle a. 

Pairs of tangents to an ellipse intersect at right angles ; prove that their 
chords of contact touch a fixed concentric ellipse. 

^2^Show that the points in which the straight line ircosa-l //sin a = 2 
meeis the hyperbola 2a:*--t/^ = 4 subtend a right angle at the centre of 
the hyperbola. 

13. Find the coordinates of the foci and the length of the latus rectum 
of the conic Xa:® + (1 +X) y* = X^ where X is positive. 

Find also the locus of the extremities of the latera recta as X varies. 

14. Show that the locus of the middle points of chords of the ellipse 

*= 1, the tangents at the ends of which intersect on the circle 
x'^ A- s= a^, is -f -f y'^. 

15. All the chords of an ellipse whose middle points are on the same 
straight line touch a parabola. 

16. Tangents are drawn to the ellipse j A ^ j'iP' = 1 from aUy point on 
the circle a:* -f y* = or + 6^. 


Prove that 

(i) the tangents are at right angles ; 

(ii) the locus of the middle points of the chord of contact is given by 

the equation + y®) «= (a® + (a?Va- + y“/6*)*. 
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17. Find the coordinates of the extremities of the diameter of the ellipse 
if = 1 which is conjugate to the diameters yx = xy. 

Two such conjugate diameters are' inclined at angles B and 0 to the 
major axis of the ellipse: show that their lengths a'h' are connected by 
the relation a'®8in2d-i 6'*sin2</) = 0. 

: If S, H are the foci of an ellipse and P is any point on the curve, show 

th^xhe locus of the centre of the inscribed circle of the triangle SPH is the 
ellipse + + 

n9y Chords of an ellipse which subtend a right angle at the centre are 
di^nt dh/^/a^^-h^ from the centre. 

(2()i Find the equation to the locus of the foot of the perpendicular drawn 
to Vtangent from one of the foci of + = 1. 

\2h Exprets the length of the perpendicular from the centre on the 
normal to an ellipse in terms of the perpendicular on the corresponding 
tangent. 

Show that the area of the rectangle formed by two parallel tangents and 
the corresponding normals is never greater than half the square on the line 
joining the foci. 

22. Chords BE of the ellipse x’^fa^-y = 1 are drawn at angles rr/B 
to the a?-axis to meet the ellipse again in D and E. Find the coordinates of 
th^qentre of the circle inscribed to the triangle BDE, 

(23.'’IfPg is iionnal to the conics 

ax'^ -f hif = 1 , 


at P and Q, 


a V -4 = 1 


Uib'-dh) 


(a'b'(a — b) ah{a' — b') 


24. A diameter DD' of an ellipse is produced, meeting the director circle 
in Oy and two points Pand Q are taken on the diameter produced such that 
the angle between the two tangents from Pis the supplement of that between 
the tangents from Q. Prove that FD . PD' . QD . QD' = OiP . OD'^, 

25. An ellipse has its centre at 0, its axes lie on the coordinate axes OX 
and OYy and it passes through the points P(2, 7) and ^(4, 3). Find the 
equation of the ellipse and give the positions of the foci. Show that the 
length of the semi-diameter conjugate to OP is v^l/^O, and give its 
etjuation. 

\26y A variable tangent is drawn to the hyperbola x^-y^ = a^ cutting 
the circle x'^ 4 if = a® in P and Q, 

Show that the locus of the middle point of PQ is 


(27^' P and Q are extremities of two conjugate diameters of the ellipse 
b^j^-hd^y^ = a® 5®, and S is a focus. Prove that PQ^-{SP~SQf = 2f»®. 

28. Show that a normal to an ellipse divides the distance between the 


two parallel tangents most unequally when it is equally inclined to the axes. 
(29^- Find the equation of a chord of the ellipse a?®/a® -f = 1 in terms 
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of the coordinates of its middle point, and show that the equation of 
the circle described on the chord as diameter is 

a}y^) [y-y^f] = aH" (x*i7«*-+ ia’^h’^-h^x^-ary^^). 

30. The points (^Tj, yj), (^3, y-i) are the vertices of a triangle ABC 

self-polar for the conic -\ — X — 0. 

Prove that the points yl, D, C are on the rectangular hyperbola 

(^iXjar3)/(a’x)H (yiyjyjVC^-y) = i; 

and that the lines BC, CAy AB touch the parabola 
^/:r^x^x^x^ra^ ^yiViy^y = 


§ 6, Coordinates expressed in terms of a single parameter. 
1. The Ellipse 

b " = 1 . 

Since the equation of the ellipse gives us 


.(• == -f a 



y = ± 



it is evident that tlu^ coordinates x find y of real points on tlie ellipse 
lie in magnitude Ixdweon 4- a and —a, +& and -h respectively. 
Now the point whose coordinates are (acosd, hmiO) lies on the 
ellipse lor all values of d, and further, since cosd and sind can 
have any values between -f 1 and —1. any point on the ellipse can 
))e so represented. 

Geometrical interpretation when the coordinate axes are 
rectangular. 

The coordinates of any point on the circle described 

on AA' as diameter can ))e represented by (acosd, asiiid) where 

d is the angle : if the ordi- 
nate pN meet the ellipse at 
the .r-coordinate of P must then 
he rtcosd, and its y-coordinate 
is consequently h siu 0 ; i. e. P 
is the point {a cos d, h sin d). The 
angle 0 corres23onding to any 
l^oint P on the elli 2 m> is called 
its eccentric angle ; the points 
p, P are said to correspond, and 
the eccentric angle of P is that 
made with the .i-axis l)y the 
radius-vector to the corresi^ondiiig point p. The circle ApA' is called 
the auxiliary circle. It is evident from the symmetry of the 
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figure that if P is the point 0^ P\ the other extremity of the diameter 
PCy is the point (--f Now the ordinates of corresponding points 
are in a fixed ratio, viz. 

PN:pN=:b:a. 

Various properties of the ellipse can be deduced from properties of 
the circle as illustrated below. 

(i) If P, p and Q, q are two pairs of corresponding points, then 
ApCq:/\PCQ^ a:h. 

For if P, Q have eccentric angles 0, (p, the areas of the triangles 
pCq and PCQ are 

\ \a'^ cos 6 sin (p — cos (p sin 0] and \ [ah cos 0 sin (p — nh cos (p sin d} 
which are in the ratio a : h. 

Hence it follows that if P, p, Q, P, r are three pairs of corre- 
sponding points. A PQR : f^pqr := h :a, for 

A PQR = A PCij + A QCR + A RCP, &c. 

Consequently, when the triangle pqr is a maximum, the triangle 
PQR is a maximum. But the maximum triangle which can be 
inscribed in the circle is equilateral, and its area is ] (3 ; 

hence the maximum triangle which can be inscribed in the ellipse 
has for the eccentric angles of its vertices 0 , tt + d, tt d, and its 
area is ^ (Jl v^d) ah. 


(ii) Conjugate diameters. 

Sapjjose P{a coHO(y b sin oc), 2) (a cos /-i, dsiri/^y) are the extremities of 
two conjugate diameters CP, CD, 

The equatiefns of CP, CD are 




bx , hx . . 

- - tancx, y = — tan/L 
a a 


whence 


2 tan (X . tan /:i = — - - , ( Vide p. 309 j 

X a 


or 1 E tan cx . tan — 0 ) 

cx>^/i=i7r. 

Hence the eccentric angles of the ends of conjugate diameters are 
of the form (X, cx + J tt. 

If p, d are the corresponding points on the auxiliary circle, it 
follows that the diameters cp. cd are at right angles, and are therefore 
conjugate diameters of the cir:le. 

If pC2y, dCd' are diameter.- of the circle which are at right angles, 
pdj/d' is a square, and its area is 4:pCd = 2a^, 
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If POP', DCD' are conjugate diameters of the ellipse corresponding 
to these, PPP'J)' is a parallelogram, its area is 

iPCD-A~.pCd = 2ab-, 

a 

thus the parallelogram whoso diagonals are a pair of conjugate 
diameters has a constant area. 

Since the tangents at P, P' are parallel to CD^ and those at P, P' 
parallel to CP, the tangents at the extremities of a pair of conjugate 
diameters form a parallelogram ; its area is evidently twice that of 
the parallelogram PPP'P', i.e. 4 aft. This is called the conjugate 
parallelogram. 

Incidentally, 

CP^ = cos^ a + 6^ sin^a, 

CP^ = cos^ (a + i tt) + sin^ (a ±^77); 

CD^ = sin^ a 4- b‘^ cos^ a, 
and, as before shown, CP^ + CD^ = a^ + b^. 

(l^ mmm 

Since we can write these values in the convenient form 

CP^ = a^ (1 — e^ sin^ a) ; CD^ = a‘^ (1 — e'-^ cos^ a). 


(iii) The area of a sector jpC2 of the auxiliary circle is J 

the area of the sector PCQ of the ellipse is 

The student should now re- road Chapt<3r V, §§ 5 -7 ; by exactly 
similar methods to tliose there illustrated the following equations 
can be found : — 

(a) The equation of the chord joining the points whose eccentric 
angles are 6, (/>, is 

-cos + 4- f sin ^(0 -+•(#)) = cos t/)). 

a 0 

(b) The tangent at the point, whose eccentric angle is 0, is 


-COS0 -f f sin0 = 1. 
a 0 


^ (o) ^he point of intersection of tangents at the points whose 


eccentric angles are (tf, </)) is 


Cacos (f)) bain 
|cOSj(S— (/)) ’ C08j(^ — (^J) 


( 1 — tan tan i</) tan tan Jt/) ) 

I * l-htan^Stan ’ 1-f tan i Stan 
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(d) The equation of the tangent at the point P, whose eccentric 
angle is 6*, can be put in the form 

x^acosO — ^ \{x^a con — b sin 0)'^} _ r 

a sin 6 — b cos 0 V [a^ sin*-^ 6 f cos^ B~] ^ 

where r is the distance of any point (.r, y) on the tangent from the 
point of contact P and Cl) is the semi-diameter conjugate to CP. 


Example. To find the lengths of the tangents which cayi he drawn 
from any point to an ellipse. 

The equation of the tangent at the point P(^) is 
rr-rtcos^ __ y — I»sin _ r 
asin^J —fecos^ CD^ * 

and, if (rr, y) is the given point from which the tangents are drawn, r is the 
length of the tangent if the point 0 is the point of contact. 

Hence the elimination of 6 from equation (i) will give us an equation in y 
whose roots will be the lengths of the required tangents. 


Now 


- — TTK sin d + cos Oy 
a CD 


Hence 


or 

where 



CD 


coad-f sin 6. 




-1 = 


CD^^ 


^f. CD\ 



Thus sin’ d + 6’ cos’ d), 

r’ (cos’ d + sin’ d) = /(a’sin’d-(-&’cos’d), 
5 . (r’-a’/)tan’d + fr’-&’/) = 0. 

But the first of equations (i) gives us 

-co8d + I sind = 1, 
a b 


(ii) 


(iii) 


i.e. 


or 


- -f r tan d =» sec d, 
a b 

^tandj =l + tan’d; 


H) 


tan’ d — tan d + 1 - * 
ab < 


Eliminating d from this equation and (iii) we get 


+/* [(x + aef + y*] [{x - rte/ + y*J ■= 0. 


which is the required equation. 
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Cor. i. If P, F' are the points of contact of tangents from T{x^ y) to 
the ellipse, CD^ CD^ the diameters conjugate to CP, CP', we have from (ii) 
TP® =/. CP® and TP'® =/. CD'\ 

TP: TF = CD: CD'. 

Cor. ii. The term independent of r represents the product of the 
squares of the distances of T from the foci S, S\ 

Hence TP® . 2P'® =/® . ST® . 



or TF.TF^^.ST.S'T, 

/+1 

(e) The Normal. The normal at the point 6 being perpendicular 
to the tangent, its equation is 

-y- (a:— acos^J y (^/ — 6sin6) = 0, 

which is usually given in the form 

ax sec O'-hy cosec ^ — h*. 

It can also be put in the useful form 

acos^ _ y— &sin6' ^ r 
b cos b a sin ^ CD 

The normals which can be draivn from any ]^mnt to an ellijose. 

If the normal at the point whose eccentric angle is 6 passes 
through the fixed point {hj fc), then 

ah sec 0--bk cosec 0 = 

and, conversely, this equation must be satisfied by the eccentric angle 
of any point the normal at which passes through (ft, ft). 

The equation can be written in the following three forms, where 
= a^ — b^, 

I . cos^ ^ — 2 c^ah cos^ ^ + (a W -f cos^ 0 

+ 2c^ah cos = 0. 

II. c^ sin^ ^ -f 2 r^ftft sin^ 6 + {aVi^ + bV - c^) sin^ 0 

-2c26ftsind-ft2j.2 ^ 0^ 

III. ftft tan^ i ^ -f 2 (aft + c^) tan^ ^ ^ + 2 (aft — c^) tan lO^bk = 0, 
Each of the equations is quartic, and it follows that four normals 

can be drawn from any point to an ellipse, of which all may be real, 
two real and two imaginary, or all imaginary. 

It should be noted that one value of tanjd corresponds to one 
definite normal, for this value gives one value only for cos0 and 
sin 0, 
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To find the conditions that the normals at four imnts on an ellipsCy 
ichose eccentric angles arc given^ should he concurrent. 

If $1. Ooj 6*;j, ^4 are the eccentric angles of the four points, then 
for some value of h and Jc these must satisfy equation III above. 
The coefficient of tan^ ^ ^ is zero, and the coefficient of tan^ J is 
equal and opposite to the absolute term ; hence we get the following 
conditions - 

(a) ^ tan ^ 0 i . tan 1 0 .^ = 0 ; 

(b) tan i 01 . tan 1 6 ^ . tan \ 0 .^ . tan 10 ^ = — 1. 

Only two conditions are necessary in order that four straight lines 
should be concurrent, consequently these conditions are necessary 
and sufficient. 

From (a) and (b) it follows immediately that 

tan "h 1' ^2 d" ^ ^3 i ^4) — ^ J 
hence + 62 + O3 + O4 == (2n + 1) tt. 

To find the condition that the normals at three points on the ellqyse 
should be concurrent. 

Equation (a) above gives us 

tan \ 0 i tan ^ ^2 + i ^2 h ^3 + tan 1 0 -^ tan \ 0 ^ 

= — tan h 0 ^ (tan i ^ 1 -f tan ^ ^2 + tan i ^3). 
Hence, substituting for tan ^^4 from (b), 

tan ^ 01 tan 1 02 + tan ^ 02 tan i ^3 + tan J ^3 tan 1 0 ^ 

= cot 1 01 cot \ 0 o-]- cot 1 02 cot i ^3 + cot J ^3 cot J ^1 . 

2 (cos 01 + cos 0.,) 

But cot \ 01 cot i ^2 ““ tan \ 0 ^ tan }, 02 = ; -7; — -7, 

* ^ ^ ^ ^ ^ ^ sin sin O2 

Hence 2 sin 0 .^ (cos 0 i + cos ^2) = 

or sin (64 + Q^) + sin (O2 + ^3) + sin ($3 + Oj) = 0, . 

which is the required condition. 

This condition can also be deduced from equations I and II. 

/To find the conditions that the normals at the extremities of the 
chords loliose equations arc Ix + mg—l Oj Lx Mg— 1=^0 should 
he concurrent. 

The equation 

fo + fa - 1 + ^ (lx-¥my-V)(Lx-\-My- 1 ) = 0 (i) 

is satisfied by the coordinates of the points common to — 1 = 0, 

Lx-{- 3 Tg— 1 = 0 respectively, and the ellipse : it therefore represents 

X 


1267 
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for different values of A the conics which can be drawn through the 
points of intersection of these chords and the ellipse. 

Now wo have shown in § 4 (iii) that if the normals at these points of 
intersection are concurrent at the point (/?, /(?), then these points lie 
on the rectangular hyperbola 

Xjj {ar — //-) - + h^kx = 0 ; (ii) 

thus for some value of A the equations (i) and (ii) will be identical. 

Since the term independent of x and /y in (ii) is zero, we have 
at once A = 1. 

Also equating the coefficients of x- and to zero, we get 

Ll=-k,> Mm = 

a“ Ir 

or (iVL = imm= -1, 

which arc the re<]uired conditions. 

The equations of two chords the normals at whose extremities are 
concurrent can then be put in either of the following forms : — 


+7-1=0 

1 or 

- cos 6 + f sin O—d — 0 
a b 




r 

X y 1 1 

-- sec ^ cosec ^ 4- = 0 1 


both of which are quite general. 

The equation of the rectangular hyperbola passing through the 
ends of the chords then becomes 




mb 


4 - 1 ) — 0 , 


which at once reduces to 

x^ (r^ + ^w-^) — a? (1 — m^) y -f bm (i^ — 1) X = 0, 
and comparing this with (ii) we find that the coordinates of the 
point of intersection of the normals are 


To find the locus of the intersection of coincident normals. 

The chord joining the feet of coincident normals is then a tangent 
to the ellipse: if (a cos 6, bsin 6) Is the point of contact and the foot 
of the normal, the chord is 

- cos ^ 4- f sin 0^1 = U. 
a b 
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Hence the equation of the chord the normals at whose extremities 
are concurrent with the normal at (a cos 0^ b sin 6) is 

^ sec 0 -}- cosec ^ -f 1 =0. 
a h 


Hence, as in the last paragraph, if (h, k) is tlie point of intersection 
of these normals, the rectangular hyperbolas 

^ 4* ^ — 1 — (^cos6^ 4- f sin^— l)(-sec6^ -f f cosec^4-l) = 0 

and xy {o? — 6‘^) — a ' hy 4 b - fer == 0 

are identical. The former reduces to 


ftsin^da:— acos^ ^ ^ = 0. 
Hence, comparing coefficients, 


h = cos^ 6y 


- 


a ‘^-62 


sin® 6, 


V 


For different values of 6 the locus of this point is 
(ax) * 4- (by ) » = (a- — b ^)^ , 


which curve, called the evolute of the ellipse, is the locus of the 
intersections of consecutive normals. Incidentally, we see that 


(*■- 

V a 


b^ 


cos® 


62. 


— sin' 


0 


is the centre of curvature at the point (a cos 0, h sin 6'). 



The form of the evolute is shown in the figure : from points 
within it four real normals can be drawn to the ellipse; from 
points on it the four normals are real but two coincident ; from 
points outside it only two real normals can b<^ drawn. 

X 2 
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Illustrative Examples. 

Example i. The normals at S meet in a j^oint^ and P', Q\ V 

are the points on the auxiliarij circle corresponding to 1\ QM, S respectively. 
If straight lines arc drawn through T\ Q, R, S parallel to CP', CQ\ CR' 
CS'y they are concurrent. 

Let P l»e the point (tt cos 0, h then P' is (a cos 0, a sin 0). 

The equation of CJ* is xsinS—yco^B = 0. 

Hence that of a line through P parallel to it is 

{x-<( cos 6) sin (// — 6 sin d) cos 3 — 0, 
or ^^.’sin^ — y cos^ — (// — 2))8in ^C08^ = 0. 

If this straight line passes through a given point (.r', y ), 

./•' sin 6 — y' cos 3- (n ~h) sin 3 cos 3 — 0. 

Write t for tan this equation becomes 

f /' ^ (x ' -I « — fe) + 2 ^ — a-rh) — y—0. (i) 

Hence four lines of this type can be drawn which intersect at the point 
[x\ y) : if ^ 3 ) ^4 eccentric angles of P, Q, P, S, the corre- 

sponding lines of the above form are concurrent provided 3^, ^ 3 , 3^, 3^, for 
some value of x' and y\ satisfy equation (i). The conditions for this are 
^ tail 1 3^ tan ^ dj = 0, tan dj . tan J dj . tan ^ dg . tan i d^ = — 1 , 
and these are identical with the conditions that the four normals at 
dj, dj, dg, d^ should be concurrent. 

Example ii. J.engths arc measured off Jrom P on the normal at P 
in both directions equal to the semi- diameter perpendicular to the normal; 
prove that the loci of the two points thus obtained are circles. 

Let P be the iioint (acosd, ^sind), the equation of the normal is 
X — a cos 3 y — h sin d _ r 

b cos 3 a sin 3 CD ’ 

where CD is the semi-diameter conjugate to CP and therefore perpendicular 
to the normal at P. 

We have then to find the loci of points on the normal distant + CD from 
the point (« cos d, h sin d). 

Their coordinates are therefore given by 
X — a cos 3 

h cos d a sin d ’ 

i.e. X — i<t ±b) cosd, 

y — + «) sin d. 

Eliminating d the loci are 

x^ + y^ = (a± h)\ 

i.e. two circles. 
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The intersections of the ellipse and a circle. Application 
of parametric coordinates. 

The equation of any circle is of the form 

■\-y‘^-\-2gx-\-2fy-\rC = 0. 

The eccentric angles of the points of intersection of this circle and 
the ellipse are given by 

cos- siiT'^ d -h 2ga cos 0 -f- 2fb sin 6^ -f- c = 0, 
for this is the condition that the point (a cos b sin 0) of the ellipse 
should lie on the circle. 

Writing f = tan J this equation reduces to 

^2 (I _ t-)- -f- 4 }j^ f -f 2ga (1 - P) + ifhi (1 -f t-) 4- c (1 -f ^"1" = 0, 
i.e. 

(a^— 2 r/a 4- c) 4- \fbfi 4- (46^— 2a^ 4- 2c) 4- ^fbt -f a- 4- 2^/rt 4- c = 0. 

Hence a circle intersects an ellipse in four points and, if the 
eccentric angles of these points are 6^, 6^2 » ^^4, we have, since the 

coefficients of and / are equal, 

Y tan i ^ = N tan ^ . tan \ 0^ • \ 5 

hence tan ( i (9^ 4- \ 4- i 6 >n + i ^ 4 ) = 

i. e. 0i 4- ^2 + ^:j4- ^.4 = 2 ^ 77 . 

Conversely, this is the condition that four points, whose eccentric 
angles are given, should be concyclic : one condition is sufficient 
since any three points lie on a circle. 

Note i. The equations of the common chords of thf3 circle and ellipse 
being 

- cos i (di + ^2) i (di + dg) = cos I - ^2 )> 

(I 0 

- cos \ + ^4) 4 I sin I ( 0 ^ ^4) = cos i (^3 - < 9 ^ ), 

the condition 2d = 2n7r shows that common chords of a circle and an 
ellipse are equally inclined to the axes. 

The circle of curvature. Since the circle of curvature meets 
the ellipse (p. 2S0) in three coincident points, if the eccentric angle of 
these points is 6 and that of the other point of intersection 6^1, we 
have SOi-0^ ~ 2m7, i.e. the circle of curvature at 0 cuts the ellipse 
again at the point 2??7 t-~36/. 

The common chord of the circle of cnrvaturo at 0 and the ellipse 
X y 

is therefore ~ cos ^ — 7 sin 6 = cos 20. 
a b 
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The equation of the circle of curvature is tlierefore of the form 

(P. 287) 

^ — 1 + X l^cos^ + |sin0— l||^co8 0 - |sin^— co820| = 0. 

Equating the coefficients of and y®, we get for A 
A cos* ^ , 1 _ A sin* 6 , 1 

A__ 

a* sin* 0+6* cos* 0 ’ 
i. e. the equation of the circle is 

(^ + fs - l) ^ «08* 0 ) 

+ (a*— 5*)|^cos0 + ^sin0 — 1| |^cos0 — |sin 0— cos20| = 0. 
which reduces to 

, , „ 2(a*-6*) 2(6*-o*) . , . 

+ — — cos* 0 . ,r i— sin* 0 . y 

a 0 

+ (o*- 2 6*) cos* 0 + (6*- 2 a*) sin* 0=0. 


Cor. The radius of curvature at the point P(« cos 6, 6 sin 0) is 
{ a® sin® 6 + b^ cos® 6} ^ ^ 

CI^ 

or, if CD is the semi-diameter conjugate to CP, its length is • 

Note. The work throughout this paragraph can be considerably shortened 
a h 

by using s -f 5--. instead of acos^, 5sin^. The method 

U ii I 

involves the use of imaginary quantities ; we leave it as an exercise for the 
student. 


Examples VIII b. 

1. If a circle touches and cuts an ellipse, the tangent at the point of 
contact and the common chord are equally inclined to the axis of the 
ellipse. 

2. The inclinations to the axis of the ellipse of tangents drawn to it from 
the point (x, y) are given by the equation 

(a;® — a®j tan® 6^^2xy tan d + y® - 6® *= 0. 

3. If the normals at four points whose eccentric angles are ^1, dj, 6^ are 
concurrent, then 

2 sin dj + 2 sin sin ^2 

and 2 cos -f 2 cos cob 0^ cos dg — 0. 



THE ELLIPSE AND THE HYPERBOLA 


;V27 


4 . If from any point four normals are drawn to an ellipse meeting one ol‘ 

the axes in G,, then 2 {IfCG) = 4/2 

5. Show that it is impossible for the normals at four ooncyclic points on 
an ellipse to be concurrent. 

6. The three points Qs such that their three circles of curva- 

ture intersect on the ellipse at the point whose eccentric angle is d. Show 
that ^ 2 , ^3 are the vertices of a triangle of maximum area inscribed in 
the ellipse. 

7. If four concurrent normals are OP, OQ, OB, OS and 7\ T' the poles of 
PQ. BS, then, if CT, CT' make angles 0^, (i with the axis, show that 
Ian (X tan /3 = 

(S.^he normal at any point P of an ellipse intersects the axes at M and 
.^^8pectively ; prove that PM is to FN in a constant ratio. 

(9!^he tangent at a point on the ellipse meets the axes 

in^, t and the normal meets them in G, g ; prov»' that the locus of the 
intersection of Tg and tO is the curve fry/(u‘^ - Ir)- ~ x'/tr 
10. From points on a line parallel to the axis of x normals are drawn to 
the ellipse ; show that, if Of,, Ofj, or,, 0(^ are the eccentric angles of the feet 
of the normals drawn from a point on the line, 2 (sin Or) «and 2 (eosec C^) are 
bothixonstant. 

\|yShow that the equation of the chord of the ellipse = 1 

joining points whose eccentric angles are a-/3 is 

(x cos Oi)/a 4- {y sin 0()/?> cos fi. 

12. If CP and CQ are conjugate diameters, show that 
4(CF»-(7§^) = (SP-^S'Pf - (SQ-S'Qf. 

)Two tangents TP, TQ are diawn to the ellipse from the point T, 
whose coordinates are show that the area of the triangle TPQ is 

cihQPIa^ + kyb^ - 1} 4 

(l4.j Prove that the normals at the points where the line 
xjia cos 0C)-^yl (h sin 0<) = 1 

intersects the conic x’^/a^ + y^lb^ = 1 meet at the point whose coordinates 
are^~ c* cos* 0(/a, 4- sin* /b, (c ^ = — &.) 

(l5.»PP' is a double ordinate of an ellipse, and the normal at P meets 
CP^in Q. Show that the locus of a point which divides P, Q in a given 
ratio is an ellipse. 

16. A, P, C are the vertices of a triangle of maximum area inscribed 

in the ellipse y‘^ — b^^ ; P, Q, B the centres of curvature corre- 

sponding to A, B, C. Find the locus of the centroid of the triangle PQB, 

17. Find the equation of the tangent to the ellipse = 1 in 

terms of the angle the perpendicular from the centre on it makes with 
the major axis. If this tangent and a perpendicular tangent-be taken as 
new coordinate axes, what will be the coordinates of the centre of the 
ellipse ? 

18. The tangent at (x\ y) meets the auxiliary circle at QQ\ Show that 
the lines CQ, CQ' are represented by the equations xi/ = y [x ±ae) ; C being 
the centre of the ellipse.' 
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19. Show that thero is in general one conic of finite axes with given 
centre and direction of axes which has two given lines as normals. 

20\ The locus of the intersection of peri)endicular normals to an ellipse 
is (./'M- if) (a- if -I (ahf^h\i:J, 

^21. Tlie normal at P moots the tangent at Q on the minor axis; show 
that PQ touches ja^ l 

22. If the normals to an cllii)sc at AP(JD are concurrent, and diameters 
are drawn parallel to AB and C7>, their extremities are at tln^ angular 
points of a parallelograin whose sides are parallel to the equi-conjugate 
diameters. 

28. If the centres of curvature of an ellipse at the extremities of a pair of 
conjugate diameters are joined to the centre, the product of the tangents 
of the angles these lines mahe with the major axis is constant. 

24. 'fhe nonnal at any point P meets the axis in 6r, a point Q is taken in 

the tangent so that ]*Q — X . PO, where X is constant ; prove that the locus 
of Q is x'^la^ + fjlr = \-}r^)/a‘. 

25. The line joining the centre of an ellipse to the i)ole of the chord 
common to the ellipse and the circle of curvature ivi any point, and the line 
joining the centre of the ellipse to the point wdiere th(> circle of curvature is 
drawn, make equal angles with the axes, 

26. If TP^ TQ are the tangents from the point T{J\ (j) to the ellijjse 

x^/ir -V if jl>^ =0, whose centre is C, prove that the area of the quadri- 
lateral TPCQ is (i) ^ a^f-(i^fr; (ii) ^ tan^, where TT' is the 

tangent from T io the director circle and B is the angle Pl'Q. 

27. ' P<?, PR are focal chords of an ellipse. Prove that the tangents at Q 
and R intersect on the normal at P. 

2S. In an elli]>se, if CPiind are conjugate diameters, find the onvelojie 
of PJK 

29. A chord PQ of a conic jrasses through a fixed point. If the circle 
on PQ as diameter meets the conic again in PQ\ show that P'Q' also 
passes through a- fixed point. 

80. Find the coordinates of the inter.secti<)n of the normals at the points 

of contact of two tangents from (^, »;) to the ellipse, and show that the 
normals at the points of contact of tangents from [ — -h'^/rj) pass 

through the same point. 

81. A chord of Jir ir/lr = 1 touche.'^) .rYop 4 jrjh^' = 1. 

If 2r is the length of a diameter of the first ellijise parallel to the chord 
and c the length of the chord, 

( (C - Jr) r = [a‘ -- /r - (a^'^ - h/*) 4 n {a^-/(r - 

32. The normal at a point P of the curve meets the major axis in G, and 
a point Q is taken on the normal at P such that PQ = PG ; find the 
locus of Q. 

33. If (.rj, vO (a’o, //o) are two points on the ellipse = 1, 

the tangents at which meet in (.r, //) and the normals in (^, ?/), prove that 

e^xx^x., and VG] ~ where e is the eccentricity. 
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M. Chords of the ellipse x^/<r + y'^/h‘^ = 1 are drawn parallel to the 
diameter Jx/a + nnj/b = 0 ; find the locus of their middle points. 

^iThe normal at F to the ellipse meets the curve again at Q\ show that 
the locus of the middle point of FQ is given by the equation 
(?/’ .1- -j- a" jr r -f IF {a" - h ')'^ //I 

3^). Normals at the ends of chords ]iarallel to the tangent at d meet in 
points lying on 

3 ( ax si n d -!- hy coiiB) (ax cos B + by sin d) — (a- - Irf sin 2 d . cos’^ 2 B. 

3C). If normals to an ellipse from 0 meet the curve in Pj, F^, P3, P4 and 
the major axis in A,, K,, A^, A^, then S(OiyAjPj) is constant. 

37. Show that unless the eccentricity of an ellipse be greater than 1/^/2 
it is impossible for the centre of curvature at any point of the ellipse to lie 
on the curve itself. 

38. The locus of the poles of normal chords of an ellipse is 

ayx~ -\ //’/r = (cr-/>2y’. 

39. From any point on the normal at the point OL on an ellipse two 
other normals are drawn to the ellijise. Show that tin* locus of the ])oint 
of intersection of corresponding tangents is 

hx sin CV + uy (!09 OC -I xy = 0. 

40. From any point of the curve x~/a- + y'^'/lr = (x^ ja'^ - /Irf tangents are 
drawn to the ellipse x^'^/a^ -\ i/jlF — 1 ; show that the lin«' joining the points 
of eoptact is the chord of curvature at one of them. 

41. 7* is any point on the ellipse .'cV^r + //“//>^ = 1. Show that the normal 
at P bisects the angle between the focal distances HF and HP, If *SP 
is produced to (), making FQ = FHy and JIF is produced to /<*, making 
J*I^ ~ 7N, show that FQ intersects the tangent at F on the major axis ; 
and find the equation of the locus of the intersection of FQ with a line 
drawn from the centre of the ellipse, ])arallel to I IQ. 

42. If tangents TP, TQ are drawn from T(f, g) to a conic x-/a’^ = 1, 

prove the difference of the angles TFQ, TQP is 

^ 2 f(/{a^-lr) {a'^fr-\ lr f--a"b'^) 

4a‘^h\ry^ (a\/- b\n - b'^ \ (f) 

43. The circles of curvature at the points L, M, A on the ellipse meet the 
ellijise at the same point 0 whose eccentric angle is OC ; find the eccentric 
angles of L, M, N, and show that the circle circumscribing the triangle LMN 
passes through 0. 

44. A point P on the ellipse Irx^'^a^jr — a’^lr is such that the centre 
of curvature then? lies also on the ellipse. Find its coordinates, and show 
that the radius of curvature at P is {3/v/3a^6^]/[(rr }. 

45. Prove that four normals, real or imaginary, can in general be drawn 
from a point to an ellipse ; and show that the line joining the feet of any 
two of them is equally inclined to the axis with the diameter which bisects 
the chords joining the feet of the other two. Show also that the middle 
points of the diagonals of the quadrilateral formed by the tangents at the 
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four feet lie on a straight line which passes through the centre and is at 
rigl^angles to the diameter which passes through the point. 

Z' 46. /Chords through the point 

^ (a‘ - 6») . « cos (9/(a» + b% {b*-a*).b sin (?/(6* + a*) 
subtend a right angle at the point (a cos h sin d). 

47. If a, ^ are the coordinates of the centre of curvature at a point y') 
on x^ja ^ = 1, and if the centre of curvature is on the ellipse, prove 
(X/a?' + 3/y'+l = 0. 

48. The normals to an ellipse at P, R meet in a point, and also the 
sum of the eccentric angles of these points is constant. 

Show that the locus of their point of intersection is a straight line, and 
that the sides of the triangle PQR touch a parabola. 

49. A point P moves on the ellipse 

rrV{(2a«-62)2}4.y2/((2/>*^a*)»} = \/k\ 
where k is a constant ; prove that it is a constant distance from the centroid 
of the four points on the ellipse j A - = 1, whose normals meet at P. 

50. A tangent is drawn from the point (a cos d, ft sin d) of an ellipse to the 
circle of curvature at the other end of the diameter through the point ; 
show that the length of the tangent is 2 {(a* -ft®) cos2d}i. 


§ 0. IL The Hyperbola 

^ ^ 1-1 
a? 6 * “ 

Several systems of parametric coordinates are possible ; each can be 
developed in a manner analogous to that used for the circle and the 
ellipse : we shall therefore only give a short sketch of each. 

• (a) Any point on the hyperbola can be represented by 

(a cos d, ih sin d), 

where i= \/ — 1. The results in this case can be deduced from 
those found for the ellipse by substituting throughout ih for ft. The 
objection to this system is the use of an imaginary quantity. 

(b) The hyperbolic trigonometrical functions can be used, and any 
point on the curve represented by (a cosh d, ft sinh d). This system 
has the advantage of retaining the symmetry to which we have 
become accustomed in the case of the ellipse. The objection to the 
system is that only one branch of the curve can be so represented 
for real values of d. 

The area of a sector PCQ of the hyperbola is ^ aft (di Oz)* 

The equation of the chord joining two points Of, /d is 

- cosh i “ f J = cosh J (of — /i). 

a 0 
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The equation of the tangent at the point 0 is 


- cosh d ? sinh 0=1. 
a h 

The equation of the normal at the point 0 is 

ax sech Oi-hy cosech 0 = -f 6^. 

This equation can also be written 

hy tanh^ J 0 H- 2 (a:r + 4- tanh^ 1 0 — 2 (aa;— — P) tanh J 0— It/ = 0. 

Thus the normals at 0^, 02 , 03 , 04 are concurrent if 
2 tanh i 0i . tanh J 02 = 0 

and tanh \ 0^ . tanh \ 02 . tanh \ 0 ^ . tanh J 0^ = — i. 

But 

tanh (i 01 + i 02 + i 03 4- P4) 

_ 2 tanh i 0 4- 2) tanh ^ 0^ tanh 1 6^ tanh J 0.j 

~ 1 4- 2) tanh ^ 0^ tanh i 02 4- tanh ^ 0^ tanh J 02 tanh ^ 03 tanh h 0^ 

Hence, if the normals at these points are concurrent, 
tanh (I 01 4- i 02 4- ^3 + ^4) = ^* 

20 =‘(2w4* l)i 77. 

^ \ 

/ (c) ) Again, any point on the hyperbola can be represented by 
(oBeb 0, h tan 0). The results are not analogous to those .for an 
ellipse. 

The equation of a chord joining the points a, is 


-cos I (a— /4) 
a 


y 


I sin i (a 4- = cos + /^)« 


The equation of the tangent at the point 0 is 

cos 0. 


y • /i 

^ sin 0 : 

a b 


The equation of the normal at the point 0 is 
ax sin 0 4- by = 4- tan 0. 




I ;The most workable system of coordinates is a variation of (b) : 
we can use for any point on the hyperbola the coordinates 


1^0+7)’ 2(^“7)1' 


The equation of the chord joining the points fi, is 
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The equation of the tangent at the point t is 

The equation of the normal at the point t is 

2 a^ (1 - f) x--2ht (1 + e) y = + h'^) (1 - 

This equation can also be written 

(d^ + y^) [ax -f- hy)-{-2t [ax — hy) — [d^ -f = 0 . 

Thus the condition that the normals at the points 
should be concurrent are 

Eliminating we see that the condition that the normals at the 
three points ^3 should be concurrent is 

The equation giving the parameters of the points of intersection 
of the hypei bola and the circle 

x^-\-y‘^-\^2(fX-{‘2fy-\-c = 0 
is 

[d^ + 62) [get +/6) + 2 (2c + a2 - h^) f + i[ga^fh) < + (a2 + U^) = 0. 

Hence the condition that four points on tho hyperbola, whoso 
parameters are t^y ^ 4 , should be concyclic is 

1 . 

Example i. To find the equation of the circle of curvature at the 
point whose pammeter is /, and the coordinates of the centre of 
curvature. 

Let the circle of curvature be 

-f 2gx + 2/^ + c = 0, 

then the parameters of its points of intersection with the ellipse are given 
by the equation 

(«a 4 . 2 , 2 ) ^4 + 4 4. 23 -f 2 (2 c 4 - a2 - y) 2^ + 4 [ga -fh) t + (t'^ + y = 0. 

Since three of these intersections are coincident, let the roots of this 
equation be t, ^ ^ t'. 

Then tU' ^ 1 ; 

Also 

- — = sum of roots = 32 4 - L 

~ = sum of roots two at a time = 3 

= sum of roots three at a time 
a* 4- t 
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Hence 


_ = A . 1 = It- ^ \ 

iv‘ + ¥ \ t)' a= + 6» Y </ 


and 2 c = ;] (or H 6*) ^ - n® + /)®. 

Thus the circle of curvature is 


and the coordinates of the centre of curvature arc 

^ / 1 Y “ ^a^ + y^ / 1 \ " 

8a “ \ U ' ~ "8/r V ^ f) ' 

Incidentally, if (oo^ //) is the centre of curvature at the point whose 
parameter is t, we have 

/ 8a^ \il /. 1 o 1 ^ 




Hence the equation of the evolute is 

(aa*)J-(%)5 = + 

Example ii?'i Show that chords which subtend a right angle at 
a fixed point on an hyperbola all jMss through a fixed pointy and find 
its coordinates in terms of those of the given point. 

Let the given fixed point be P ||a ^ ^ Ib^t ~ j » suppose 

^j, ^2 are the parameters of the extremities of any chord QR which subtends 
a right angle at F, 

Then the equations of the chords FQ, FR are 

(1 + tti) + |(1 ^ ^ + 

?(1 +</,)^ = < + <j ; 

a o 

and since these are perpendicular 

(l + tt,)(l + «j) . (l-«, ){!-«, I 

+ - ‘ />»- ■ - 

which at once reduces to 

t^) (a^ + b^) = (a* - y ^) ^ + ^a)- 

But the equation of the chord QR is 

” (1 + ^1^2)+ ^(1 ”“^1^2) = ^i"l 

or, substituting for {t^ + 1^), it becomes 
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This can be written 


which for different values of represents a line passing through the 

intersection of the lines 

X y “f- 1 


i. e. through the point 

Thus if the coordinates of the fixed point P are (.Tj, //j), chorda which 
subtend a right angle at P all pass through the point 

This point lies on the normal at P. 


Example iii. From any point on the normal at a point V oj the 
hyperbola ^ = 1 the three normals other than that at P are drawn* 

Show that the circle through their feet is one of a couxal system. 

Let the parameters of the fixed point P be ty and those of the feet of the 
other three normals drawn from any point on the normal at t be ^ 2 > 
Also let s = + ^2 + fg , ~ . 

Since the normals at t, are concurrent 

+ ^5 = 0 and = — I. 

Now suppose the circle through the points t^y is 
+ if -f 2gx + 2/y 4- c = 0, 

then, since the parameters of the points of intersection of the circle and the 
hyperbola are given by 

+ t^-^^(ga-¥fb)t^-\-2{2c + a^-h^)i'^-\-i((ja-fh)t-\-(d + y^ — 0 , 

three roots of this equation must be /j, let the fourth root be f^y then 
t\t%h^i — 1 ; hence —t — constant. 

Thus 

4(g a+/6) _ 

4- 4 r, 4- r 4 — 6 r, 


2(2c4-«»-62) 


= 4 ^2^3 4- ^3^1 4-^4 (^1 4- ^2 "f ^ 3 ) = 2^ '“ts — — 2/», 
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Hence 


a ^ 4 - tr 
a® 4 />* ^ 


The equation of the circle is then 

“4^7* (1 + «’) ( 1 -sO ^ (<= - 1) (1 + -/ 

which can be written 


- \ {a’^ - i (a’ + 6^) St 0, 


•-= \ (rtM- ;>») . s I? (1 4 <’) - I (<’ - 1) + 2t [ • 

Since .s^ is the only undetermined constant, this equation represents 
a system of coaxal circles of which the radical axis is 


~{l4 + 

Evidently the point whose parameter is (-/) lies on the radical axis 
since it is common to all the circles. 


Examples VIII c. 

^ 1^'Show that the normal at the point whose parameter is t on the 
re^Cf angular liyperbola x^-ip' = meets the curve again at the point whose 
parameter is -l/t^ 

2. The tangents at the points on = 1 intersect at 

•"■'v i ^ + ^3 ’ ) 

\^^Eind the locus of the foot of the perpendicular from the centre to 
a Ungent to the hyperbola x^l(P-fl\y^ = 1. 

(^^The equation of the straight line joining any point on the hyperbola 
to rne vertex is of the form a’/a4 y/ft-l 4 ^ (a;/a-y/6-l) = 0. 


Find the locus of the mid-point of a chord of the hyperbola which 
sqh^ends a right angle at the vertex. 

\y Find the coordinates of the foot of the normal which meets the axis 
of the hyperbola at {(a^ + t^)/a, 0}. 

6. The tangent at any point P of the hyperbola = 1 meets 

(a^ 4 4- aV = 0 at the points R : show that CP bisects QCR. 

( 7.}The mid-points of focal chords of an hyperbola lie on an hyperbola of 
equal eccentricity. 

8. The mid-point of a chord of an hyperbola which passes through a 
fixed point P lies on another fixed hyperbola which passes through the 
centre C of the given hyperbola and its centre is the mid-point of CP. 
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9. the conditions that the chord joining two points on an hyperbola 

shoul^ (i) pass through a focus, (ii) be a diameter when the extremities are 
given in' each system of coordinates. 

flO) Show that the notmals at the ends of the chords 
[x sec 6) ja — (y tan 6)jh } d = 0, 

{xcQ^B)la-\ (y cot = 0 

of the hyperbola xP- j jlP' ~\ =- 0 are concurrent. 

Hence find the coordinates of the centre of curvature at (asec^, fetandj. 

11. Find the equations of the common tangents of 

x^laP-y^j}? = 1 , 

/ x"^ j — if- / aP - “ 1 . 

’ 12., Find the conditions that the normals at the points (a sec bia.nB) 
where ^ is ^2, ^3, respectively should be concurrent. 

Also find the condition that those points should be coneyclie. 

13. If the tangents at two points on itr/a- - y'^/lr ~ 1 meet at {x, y) and 
the normals at the same points at (|, show 

1 i.' Find the locus of the mid-points of focal chords of tlie rectangular 
hyperbola — (v. 

15. A circle whose centre is (/, y) cuts the hyperbola x^-\f- — (tP in four 
po^n^ : find the coordinates of their centre of mean position. 

fl6.)A tangent to x^joP — ifjl)- — 1 cuts the ellipse xPj(.P\\fl\P ~ 1 at P 
and Q, vShow that the locus of the mid-point of VQ is 
(po^jiP + ~ 

1 17.. From any point on the hyperbola x- j oP if 1^“ ~ 1 three normals other 
than the one at the point are drawn : show th.it the centroid of the triangle 
formed by the feet of these normals lies on the hyperbola 
9 {x^liP-iflh^\ = \{(P-b^)l{cP-\ \P)Y. 

( 1S.\ In the last question the locus of the circumcentre of the triangle is 

4.{iPx--b^if) - (Ph\ 

19. If (j"2, Z/i) i« the centre of curvature at (a'l, y^) of the hyperbola 
x‘^jaP — \flhP — 1, show that Xy la x^ — yi fb^'-y^ — ^ = 0. 

^H^nce show that if (.Tj, y^) lies on the hyperbola x^/xy P yjyi -f 1 — 0. 

(20.,' Find the locus of the intersection of a normal to x-lcP — y'/fP — 1 and 
a chord which subtends a right angle at its foot. 

21. Find the equation to the normal to the hyperbola x“/ar-y“/Ir — 1 
at a point whose eccentric angle is B, 

Show that the sum of the eccentric angles at the points where normals 
from a given point meet the hyperbola is an odd multiple of two right 
angles. 

22. Show that in general four normals can be di*awn from a point to the 
hyperbola xP feP — jlP =1. If x^, X 21 x^, x^ be the abscissae of four points 
on the hyperbola, the normals at which meet in a point, prove that 

(Xy -h iCj + + x^) (l/Xy + l/x^ + l/a ’3 + l/x^) = 4. 
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23. Find the radiuf! of cnrvaturo at any point of the hyperbola 

Prove that the difference of the lengths of the tangents fron? any point of 
the hyperbola to the circles of curvature at its two vertices is ■ onstaut. 

24. PN is an ordinate of an hyperbola ; SQ is drawn to ttnich the circle 
described on the major axis as dianuder: show that the tangent at P 
inte^^sects NQ in a concentric conic. 

(2r).;Provc that the ecpiation of any normal to the hyperbola ~ 

can 1)0 written in the form xm\B + y = 2c tan d. 

Prove that the locus of the middle points of normal chords of the hyper- 
bola is iy'^ — x^)^ — 

26. The circle of curvature at any point Pof the hyperbola x^/a^ - = 1 

meets tlie curve at Q \ if (rtse(‘d, ^/tand) and (asec^/.’, /jtanf/)) be the 
coordinates of P, Q respectively, find the relation connecting d and (/>. Deter- 
mine also the locus of the pole with regard to the hyperbola of th(» chord PQ. 

• 27,; Prove that the chord joining the two points on — whose 

abscissae arc ocosh d and rtcosh^ is the line 

X cosh J (d -f f/i) - y sinli ^ (d + 0) = a cosh J (d — r^). 

AA' are the vertices of x^-t/ — and P, Q the points whose paranieiers 
are d-f ^ and d — 6 where 6 is constant. 

Prove that the locus of the intersection of AP and A'Q is a rectangular 
h^|)e.rbola. 

\28, Determine the equation of the chord joining the two points on the 
hyperbola — — dW whose coordinates are 

(a sec 0(, b tan cx), (a sec ft b tan /3). 

If .S and S' are the foci, A and A' the vertices of the hyperbola, and 
if from any point P on the curve PS, PS' be drawn cutting the curve again 
in Q ) then if QA^ Q'A' are joined the locus of their point of intersection 
will be an hyperbola having double contact with the given one. 

29. Prove that the line joining the centre of a rectangular hyperbola to 
any point on the curve is perpendicular to the chord common to the circle 
of curvature at the iioini and the hyperbola. 

30. From a point 0{x, //), lying on the hyperbola ^ d — b’^, tangents 

OP, OQ are drawn to an ellipse -v d if dAP-, whose centre is 0, If 
CO meet PQ in P, show that OP . OQ : xy : :2 0R : OC. 

31. The common chord of an hyperbola and the circle of curvature at 
a point on it passes through a fixed point : show that there are four such 
points and that they are concyclic. 

If the fixed point is (x^^ yj, the equation of this circle is 

2 {x’^ + j/) - XX [d + h^)ld — yy (d -t ~ {d - b'^) = 0. 

32. The chords of curvature at four points A, P, C, f> of the hyperbola are 
concurrent: if A is a fixed point show that the circle BCD is one of 
a coaxal system, and find its radical axis in terms of the coordinates of A. 

33. The chords of curvature at P, Q, R intersect on the chord of curvature 
at K and the circle PQR cuts the diameter at 0, Prove that 

' CK. CO = I (d-d). 
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§ 7. The Asymptotes. The asymptotes of the ellipse 




are 




i.p. are imaginary, in accordance with our original classification. 
The asymptotes of the hyperbola 


-t 

a- 


x‘ 

are — „ 


r 


= 0; 


y X y 

or, written separately, ^ ~ a ^ ^ ~ ^ ^ inclined to 

the iT-axis at an angle tan 

a 

Thus, if the angle between the asymptotes is o), we have tan s = ~ * 


Conjugate Hyperbolas. The two hyperbolas whose equations 
referred to their principal axes ai’e 


— 1 
fc2 ~ 


(i) 




(ii) 


have the same asymptotes. 

The axis of x meets the first in real and the second in imaginary 
points : the axis of y meets the first in imaginary and the second in 
real points. 

We note that the points 

(a, 0), (-a, 0), (0, ill (0, -tfc) 

lie on the first, and 



(ta,0), (~u(, 0). (0, H (0, ^h) 


lie on the second. 
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Any point P on tlie first hyperbola can bo represented by 
(a cosh 6 sinh 6), and similarly any point p on the second can 
be represented by (a sinh 6, h cosh 0). 

Thus for the same value of 0 the equation of the diameters CP, Cp 

are jj 

y =z X - tanh 0, 

Cl 

y = X - coth 0. 
a 

The tangents to these hyperbolas respectively at the points P,p are 

- cosh ^ f sinh 6=1, 

a b 

- sinh 6 — f cosh 6 = — 1, 

a 0 

which are respectively parallel to Cp and CP. 

Thus CP, Cp are a pair of conjugate diameters of both hyperbolas. 
The curves are therefore called Conjugate Hyperbolas. 

The following properties should be noted : — 

(i) If CP, Cp are a pair of common conjugate diameters of the two 
hyperbolas, each meets one hyperbola in real and the other in 
imaginary points. 

(ii) CP^ = cosh^ 6 + 6'^ sinh^ 0, 

Cp^ = sinh^ 6 -h cosh'^ 0 ; 

hence, since cosh^ 6— sinh*^ 6=1, 

CP'^-Cp^- = a^-h\ 

(iii) The tangents at the real points of intersection of conjugate 
diameters with the conjugate hyperbolas intersect in pairs on the 
asymptotes. ' 

Let PGP', pCp' be a pair of conjugate diameters : then the 
coordinates of their extremities are 

P (a cosh 6, 6 sinh 6), 

P' ( — a cosh 6, — 6 sinh 6), 
p (a sinh 6, h cosh 6), 
a sinh 6, —6 cosh 6). 

Hence the tangents at P and P' are 

^ cosh 6 — f sinh 6 = -f 1, 

a h - 

- sinh 6 — f cosh 6 = + 1. 

a b 

Y 2 


and at are 
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Hence the intersection of the tangents at or F'p' satisfy 

(- cosh 6* — 7 sinh ^ -f 1 ) -f f sinh 6^ — f cosh 0 T l) = 0, 
^ a h ~ / W/ b / 

i. e. they lie on tlie line 


( ^ + sinh 0) = 0, 


or on the asymptote 



So the intersection of tangents at Pj)\ P'p lie on 


( cosli 0 — 7 sinh ^ 4- l) — f “ sinh 9 — f cosh 0 I- l) = 0, 

\(( b - J y(i b j y 

i. o. on 

( ■“ 6) — 0, 
i.(^ on the other asymptote 

^+•' = 0 . 

a h 

Tlie student should j^rove the following additional properties : — 

(a) If rCr\pOiJ are a pair of conjugate diameters common to 
two conjugate hyperbolas, then 

(i) The parallelogram FpP'p' is of constant area. 

(ii) The parallelogram formed by the tangents at PpF'p' is of 
constant area. 

(iii) The lines Pp, Pp\ Pj?, P']}' are each parallel to one asymptote 
and bisected by the other. 

(b) The chord of contact of tangents from a point on an hyperbola 
to its conjugate hyperbola touches the hyperbola. 

(c) The polars of any point with respect to two conjugate hyperbolas 
are parallel and are equidistant from the common centre. 


§ 8. The equation of an hyperbola referred to its asymptotes 
as coordinate axes. 

Method i. The equation of the hyperbola in this case is of the 
form {vide Chap. VI, § 6. 1) xij = c^. 

Now the asymptotes are equally inclined to the axes : hence the 
equation of the axis is 

X’-y = 0. 
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This meets the curve where 

=1 -= 

i. e. at the points ( + c, + c). 

Hence OA^ = = 4c‘‘^ cos‘^ ^ (o 

or 4 sec^ ^ CO 

a^(l + tan^ ^co) 

The equation then of an hyperbola, whose semi-axes are a, 
referred to its asymptote as axes, is 

XU - 1 (a^ f b ‘^) ; 

we shall generally use this in the form 

•> »■ 1 

where 46‘^ = 

Method ii. Let any point P on the liyperl)o]a have coordinates 
(jp, y) referred to the asymptotes as coordinate axes and i/) 
referred to its axes. Draw PN perpendicular to the axis, and let 
PM, parallel to the asymj[)tote Oy, meet the asymptote Ox at M» 



Then a' = ON, y' = PN, 

X = OJf, y = PM, 

od = ON = {PM-\- OM) cos |co = (y-^-x) cos lo), 
x/ = PN = (Pil/— OM) sin loj = (y — 4sin J<o ; 


Thus 
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• |a)— y'^cosec^ Ju 

= (1 + tan* J to)— /“*(!+ cot^Jw) 


for {x'j y') lies on the hyperbola 

y^ _ 

Hence the required equation ie 

4 xy = + bl 

Tho reader can also obtain this equation by the method of 
Chap. Ill, § 6. 


Note. The equation of the conjugate hyperbola is 
Axy = -(a2 + &*), 

or a pair of conjugate hyperbolas can be represented by 

= I 

xy — - r J 

The majority of problems dealing specially with the hyperbola are con- 
cerned with the properties of its asymptotes, which arc peculiar to it : in 
such cases it is usually convenient to use the hyperbola in the form xy — c^, 
and we proceed to develop a parametric system of coordinates for this 
form. 

For the hyperbola in general the axes are then oblique, but for the 
rectangular hyperbola, since its asymptotes are at right angles, the 
coordinate axes are rectangular. 


§ 9. The hyperbola referred to its asymptotes. Parametric 
Notation. 

Tho coordinates of any point on the hyperbola xy:=c^ can be put 
in the form p'f, p for some value of t, and further, every point 
whose coordinates are in this form lies on the hyperbola. 

(i) The equation of the chord joining two points whose 
parameters are tj, t 2 . 

Let the equation of the chord be 

Ax+By + c = 0; 
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then, since the given points lie on it, 


or 

and 


Hence 


A 


Acti -H - + c = 0, 

h 

Ati^ S = 0 , 

At^^ -f- jR 4“ ^2 ~ 

B 


1 


or 


A = - = - — . 
^ 1^2 ^ + ^2 

Thus the equation of the chord is 
This may also be written 

. y 


C 4 - ^ 2 ) / 1 . 1 \ 


= 1 ; 


/ i- A \ 

‘’(y/f,) 

hence, if (f, //) is the mid -point of a chord, its equation is 

= 2 . 


Cor. If the chord PQ meets the asymptotes at p and g, and the mid-point 
of PQ is (£, r;), then, since the equation of the chord is x/^ 4 y/t) = 2, the 
points p, gare (0, 2 7 ) and ( 2 f, 0). Hence the point (f, 7 ) is also the mid- 
point of and Pp = Qq. This property enables us to draw an hyperbola 
when we have the asymptotes and one point P on the curve ; for if any 
straight line through P meets the asymptotes at p and g, we can at once 
construct the point Q on the curve. 

The figure (see p. 344) represents the same hyperbola as that shown in 
Chap. VI, p. 234. Any number of points, such as Q, can be found by using 
a ruler and a pair of dividers. Each of these gives, in the same manner, 
two other points 0 ,, on lines parallel to the coordinate axes, which can 
be found conveniently when the construction is made on squared paper. 

(ii) Conjugate Diameters. If the chord x/^-\-y/i] = 2 is parallel 

to y-\-mx = 0, we have 0. 

Thus the mid-points of chords parallel to y + mx = 0 lie on 
y-^-mx = 0. The converse is evidently true ; the equations of a pair 
of conjugate diameters thus take the simple forms y±mx = 0. 

Note. It follows that any pair of conjugate diameters arc harmonic 
conjugates with respect to the asymptotes. 

(iii) The Tangent. The equation of the tangent at the point 
whose parameter is t is x-\-t^y :=^2ct] this follows from the equation 
of the chord by putting ti=. L 
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Note, ir the taiigoiit at 1* meets the axis of x at 1', T is the point {2rf, 0), 
so that CT = 2ct. Also CS'^ = rr H — 4c^ so that CS = 2c. (icometrically 
therefore t= CT/CS. It can he shown tJiat i has the same value in the 



Example. The intercept wade hy the asymptotrs on any t any cut is 
bisected at the point of contact and the triangle so formed is of constant 
area. 

For the tangent at the point i meets the asymptotes at the points 
{2ct^ 0), coordinates of the point midway between these is 

(ft, ^ V Tlie area of the triangle so formed is evidently 2e^sin oj. 
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(iv) The equation of tho polar of any point (.r', ?/} wiili respect to 
the hyperbola xy = is .r?/ 4 - aw/ — (r, and if (./, ?/) lies outside 

the hyperbola this is the equation of the chord of contact of tangents 
from (x'j if) to the hyperbola. 


Example. To ibid the point of intersection of the tangents at points 
whose parameters are /i, 


Let {x\ y) be the point of iiilersection, then 
.rv '4 x’y =- 2r‘’ 

both roprosent tho cliord of contact. 

Comparing coefficients wc get 

, 2tV,/., . 2r 

.r = V — 


(v) The equation of the normal at tho point L 
Let the normal be tho line (a — ct) 4- m ^ = 0 ; this is per- 
pendicular to tho tangent a;4-/-^ = 2/c, hence 
1 4- = (/“ 4- 7}i) cos o)y 

/- cos U) ~ I 

or m — ; 

t^ — cos CO 

and the e(piation of the normal takes the form 


(a — c*^) {t/ — cos co) I {y ^j ) CO — 1) = 0, 

or — cosco) 4-^/(/‘'^ cosco— J) = 1). 

As a general rule questions involving the equation of the normal 
are more conveniently treated by referring the hyperl)ola to its 
axes. 


Special case of tho Rectangular Hyperbola. In this case 
(0 = 00°, and the equation of the normal becomes 

~ 1 ), 

or rt^ — xt^ 4- yt — c == 0. 

(a) Concurrent Normals. If the normal at the point t on a 
rectangular hyperbola passes through any proposed jioint (/;, h) we 
have — h 4- Id — c = 0. 

Hence, conversely, this equation gives the parameters of the feet 
of the normals which meet at {/i, h). 

Since the equation is of the fourth degree four normals cun be 
drawn from any point to a rectangular hyperbola. 



346 


CENTRAL CONICS 


(b) Conditions that the normals at any four points on a rcctangidar 
hyperbola should he concurrent. 

If the normals at the point whose parameters are t^, t.^, ^4 are 

concurrent, these parameters must satisfy ct‘^—hfi-\-Jct’-c = 0 for 
some values of h and 7r. 

Hence ^ == 0 and ti t,^ t^t^^ — 1, 

or, written otherwise, 

which arc the required conditions. 

If these conditions are satisfied, the coordinates of the point of 
intersection are then given by 

ft = c ^ 7, 

k =r — c w i c ^ ~ • 
c 

Example. The orthocentre of a triangle inscribed in a rectangular 
hyperbola is on the curve. 

Let the parameters of the vertices of a triangle PQR inscribed in the 
rectangular hyperbola xy = be /g. Suppose that the straight line 
through P perpendicular to QR meets the curve at the point T whose 
parameter is ; then the lines 

.t-f + 

are perpendicular, hence = — 1. The symmetry of the result shows 

that the pairs of chords PQ, RT und PR^ QT iwa also perpendicular, i.e. T is 
the orthocentre of the triangle PQR. 

We may notice that the feet of the four normals from any point to 
a rectangular hyperbola form a triangle and its orthocentre. 

(c) The feet of four concurrent nornuds lie on another rectangular 
hyperbola. 

If the normal at any point [ct. passes through the point (ft, ft), 
we have seen that 

ct^--hC d'ht—c ^ 0 , 

Icf* 

or cH-^-hct+~-% = 0. 

t r 

Thus if (j, y) are the coordinates of the foot of any normal passing 
through (ft, 1c), i.e. in the present case if ct, y ~ then [x, y) 

L 

must satisfy x^--hx j-ky—y^ = 0, i.e. the feet of the normals meeting 
at (ft, ft) lie on the rectangular hyperbola ^ y"^ -- hx + ky = 0, which 
also passes through (ft, ft). 
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(cl) To find the conditions that the normals at the ends of the chords 
of a rectangular hyperbola whose equations are 

lx^my—1 = 0 , 

Vx -f m'y '— 1 = 0 

should be concurrent. 

The points of intersection of these chords and the rectangular 
hyperbola lie on the conic 

K{xy--^c^)^(lx^my--l){Vx+m'y^\) =‘0, (i) 

and consequently, if the normals at these points are concurrent, for 
some value of A this conic must be the rectangular hyperbola, 

x^—y^‘-'hx-\-Jcy = 0. (ii) 

Comparing the coefficients of x^ and y'^ 

IV = —mm', 

i.e. the chords are perpendicular, and also, since the coefficient of 
xy and the constant term in (ii) are zero, 

hn -f- Vni = — A =r — ^ • 
c^ 

The required conditions are therefore 

ii'-f «Hm' = 0, 

{Im -f Vm) = — 1 . 

By comparing the coefficients of x and y the coordinates of the 
point of intersection of the normals can bo found in terms of the 
coefficients in the equation of either chord, thus 




, 1 1 

Ic — — I f 1 

m m 


and the conditions above give I' and m' in terms of I and lii, or 


vice versa. 


Cor. If one chord is the tangent at the point viz. 


— = 0 , 

the other chord must be 

2Vx — 2iy — c[l — V) = 0, 

and the point (A, h), which is the centre of curvature at the point t, is then 




(vi) The interseotions of the hjrperbola and a circle. 

The equation of any circle is of the form 

x^+y^ + 2xycosM + 2gx+2fy+cl = 0 . 

c • • 

Substituting x ^ ct, V — obtain an equation giving the 

t 
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values of the parameters of points on the hyperbola which also lie 
on the circle ; this equation is 

c? + 2(frJ? 2 cos oj) fi-{-2 Jet -}- = 0 . 

If the values of t given by this equation are ^31 U have 

k 1 * 

This is the necessary and sufficient condition that any four points 
whose parameters are Zj, Z^, Z.j, Z 4 should bo concyclic. 

Note. If the points A, B, C, I) on a rectangular hyperbola are concyclic, 
then D and the orthocentre of the triangle ABC are extremities of a 
diainetcr. Vide Example, p. 340. 


Circle of curvature. If the circle 

^2 y'l ^ 2xjj cos CO -f -f 2/i/ -^d — 0 


is the circle of curvature at the point (ctiyjV then three of the values 
of Z given by 

+ 2 gefl -f (d -f* - c- cos co) Z^ -f 2fct + = 0 

must be Zj, for the circle intersects the hyperbola in three coincident 
points at the point of contact. 

Let the values of Z given by the equation be Zi, Z^, Zj, Z^, then 
Zi^Z. = 1 , or 

i.e. the circle of curvature at the point (cZ^, cuts the hyperbola 
again at the point (“* 3 , 

The equation of the common chord of the hyperbola and the circle 
of curvature at Zj, i.e, of the chord of curvature, is 

or Zj^r-j-Zi;?/ = r(Zi^4- 1 ). 

^2g :=c^t = c (3Z, -f- k) - c (3 Zi 4 - -p) , 

-2/= .1-1 =.((,»+*), 

(Z f 2 c- cos CO = c-wZ^Z.^ ~ c-(3Zi“-f ^ 2 )* 


Further, 
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Hence the equation of the circle of curvature at the point t is 
+ ?/‘‘ + 2 ,> 7 /coa<o — + — + + ’1 — 2cos(i>^ = 0. 

Special case of the Rectangular Hyperbola. When the lijqior- 
bola is rectangular the equation of tlie circle of curvature becomes 

+ f - <’•»■ (iJ ( 7 + -1 

(a) The centre of curvature is ilio point 

(1)) The equation of the evolute, viz. the locus of tlie centres of 
curvature, can be found thus ; 

.>• = Ir (:{/+ 1 /p), 

. • . x+y = * c ( 1 /I 1- <) ', 

x — ij z= — 

and = (4r)^ 

(c) The radius of curvature (/)) at the point t is given bj' 

1''^ = if+P-d 

= (3/ + \/fif + } c2 (P + 3 7)"- 3c- {\/P + P) 

= \c^{P + l/Pf, 

i.e. + 


Illustrative Examples. 

Example i. A triangle is inscribed in tJte hyperbola xy — so 
that its centroid is a fixed point on the hyi)ert>ola : show that its sides 
touch an ellipse which touches the asymptotes and the hyperbola. 


Let the vertices of the triangle be d' 0’ V 

fixed point ^cd, ’ 

Hence L ^2 *^df 

VL + + ^As — ^/d’ 


A side of the triangle is 
Now 

and 


xX tit^y r- c (^1 4 ip. 
t^ 4 

+ ^2 _ 3 1 . 

d 

. dfsiSd-tp 
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The equation of the side of the triangle then becomes 

(3 ^3 — d) a? + dt^ (3d y =: c (3 d — ^3) (3 ^3 — d), 
i.e. /3®(3 c — dy) + ^3(3a? + 3d*y~10cd) + 3(Pc-da; = 0. 

For all values of this touches 

(3a: + 3d*y-10rd)" = 4(3c-d!/) (3d*c-d.T), 
i.o. (3a: + 3d^i/-10cd)* + 4cd (3a? + 3d^y) — 36c’d^ = Aid^xy, 

i.e. (3a:4-3ci*i/)2 — 16cd (3a; + 3d*y) + 64c^d* = Aid^xy, 

i.e. (3a; + 3d*i/ — 8cd)* — 4(^3^. (i) 

The same result is evidently true for the other sides of the triangle : now 
equation (i) from its form represents a conic touching the asymptotes 
X = 0, y = 0, the chord of contact being 

3a: + 3d®y — 8cd = 0. 

The terms of the second degree are 

9x^-h9d^i/ + Ud^xy; 
hence the asymptotes are parallel to 

+ 9d*y^ 4 - 14d^a?y = 0, 

i.e. are imaginaiy : the curve is therefore an ellipse. 

Now the parameters of the points of intersection of the ellipse (i) and the 

hyperbola are given by substituting x = ct, y = ~ in this equation, i. e. 

^3c« + 3^-8cdy=4«i*'c’; 

Hence 3f+ 8d== + 2d. 

3d^ 

Taking the negative sign 3 ^ 6 d = 0, 

i.e. /*-2d/ + d* = 0, 

i.e. (t-d)^=0; 

hence it meets the hyperbola at two coincident points at the given fixed 
point and consequently touches it there. 

Example ii. 1/ the circle circtmsoibinff the triangle formed by the 
tangents at the points yj), (ojg, y^ on a rectanguhr hyperbola 

passes through the centre of the curve, then 

and the centre of the circle is 

^yxVtyA 
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Let the parameters of the points of contact of the tangents be t^; 

and write = 2/, 

The coordinates of the vertices of the circumscribing triangle are 

2c s^ 2 c 

where t has either of the values /j, fj* h- 

A circle whose centre is (//,/), and which passes through the origin, is 
x^-\^i/-2(jx-2fy ^ 0. 

If any one of the vertices of the triangle lies on this circle, then 

s^t -f =r 0. 

But this condition is satisfied when t is equal to / 2 > hence 

/j, tg are the roots of this equation. 

It follows that 
s ^ 

(i) s, = -c-y. i.e./=-<’S3; 

(ii) sj = -gs^ i.e. g = — ; 

j 

..... qSa c , c 

(ill) = 5i - ~ 7 , i.e. ^ - • 

Hence the centre of the circle is ^ J » '^ith the condition 

These results are identical with those required, since x^ = yj = &c. 

Examples VIII d. 

1. The tangents at the extremities of a chord of xy = c^ whose mid-point 
is (A", Y)j intersect at the point {c’/P, cyx}. 

2. The equation of the director circle of the hyperbola xy = c* is 

a:^ + f/* + 2 xy cos ca = 4c " cos w. 

What does this become for a rectangular hyperbola ? 

3. Find the locus of the intersections of jicrpendicular straight lines which 
are tangents respectively to a rectangular hyperbola and its conjugate. 

4. The normal to the rectangular hyperbola xy = at the point ^ctj 
meets the curve again at the point ( — 

5. The normals to the rectangular hyperbola xy ~ at the ends of the 
chords whose equations are 

arcos^4 tysin 6 ^ c, 

X sin ^ ~ y cos d = c cos 2 B 

are concurrent. 

6. There are four points on a rectangular hyperbola ^ry *= c*, the chords 
of curvature at which are concurrent, and these points are concyclic. 

7. The sum of the squares of the lengths of the normals which can be 
drawn from a point P to the rectangular hyperbola xy — c* is 3 CP®, 
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8. Find the locus of the centroid of an equilateral triangle inscribed in 
a rectangular hyperbola. 

9. The polar of any point on an asymptote is parallel to that asymptote. 

10. Pour points R, C, D on a rectangular hyperbola are such that the 
straight lines AB, CD are perpendicular. Show that AD perpendicular 
to BC, and AG to BD, 

11. Find the equation of a pair of conjugate hyperbolas referred to 
a common pair of conjugate diameters. 

12. Cl\ Cp are conjugate diameters of two hyperbolas, P being on one, 
p on the other. Find the locus of the orthocentre of the triangle PCp. 

13. Show that the envelope of the chords of the rectangular hyperbola 
xy — which subtend a given angle (X at the point {x\ y') on the curve 
is the hyperbola x’^x'^ + y’^y'"^ = 2a^xy{\ -I 2 cot- CX) cosec^CX. 

14. A circle is described having its centre at a point P on a rectangular 
hyperbola and passing through the diametrically opposite point i*' on 
the hyperbola. Prove that, if L, M, N are the other three points in which 
the circle cuts the hyperbola, the triangle LMN is equilateral. 

15. A normal to a rectangular hyperbola makes an acute angle 0 with 
the transverse axis. Prove that the acute angles at which it cuts the curve 
again is cot^^ (2 tan 2d). 

16. If the position of a point on a rectangular hyperbola is determined 
by the variable B where x = ctan B^ y ^ ccot d, the locus of the intersection 
of tangents at the points d, d + a, (X being a constant angle, is 

4 {c^ — xy) ~ (a? + yf' tan* CX. 

17. Prove that the locus of the mid-points of chords of the rectangular 
hyperbola xy = c* which are of constant length 2/ is 

+ (xy-c^) = V^xy. 

18. The sides of a triangle ABO, inscribed in a rectangular hyperbola, 
make angles Of, /3, y with an asymptote. Prove that the normals at A, J9, C 
will meet in a point, if cot 2 Of cot 2 4 cot2y = 0. 

19. To a rectangular hyperbola with centre C and focus S normals are 
drawn from a point P. Show that, if these normals make angles dj, d 2 , ... 
with one of the asymptotes 2 cosec 2d = (2 CPyCS*). 

20. The normal at P to a rectangular hyperbola whose centre is C meets 
the curve again at Q ; show that PQ* = 3 CP* + C^*. 

21. The normal to the rectangular hyperbola xy — at P meets the 
curve again at Q and touches the conjugate hyperbola; show that 

PQ^ = 512 

22. ' PP' is a diameter of the hyperbola -«/*/&* =1. A straight line 

is drawn through P parallel to one asymptote, and a straight line through 
P' parallel to the other asymptote ; show that the locus of the intersection 
of these straight lines is the hyperbola — = 1. 

23. If A and A' are the vertices of the hyperbola = 1, and 

Pany point on it, and if PA, PA' meet an asymptote at the points X and 
r, show that XY = y/d^ + b\ 
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24. The straight line AR is bisected at C; through C a fixed straight 
line is drawn, and two points Q are taken on it, such that the distance FQ 
is constant. Show that the locus of the intersection of the straight lines 
AP, BQ is an hyperbola. 

25. A and B are fixed points, and AC is a fixed straight line. If a line 
drawn through B meet AC in Q, and a point P be taken on this line, 
produced if necessary, so that PA = FQ, show that the locus of P is an 
hyperbola whose centre is the middle point of AB. 

26. Show that the polar of the origin with respect to the circle of 
curvature at the point {x\ if) on the rectangular hyperbola xy = is 

X (3 a x' f y'^) + y (x ' ^ -I 3 a^y') — 6 {x ' ^ + y' '0- 

27. The tangent at any point P of the hyperbola x'^/a’^ — y'llr ~ 1 meets 
the asymptotes in L and M. Find the equation of the circle OLM in terms 
of the coordinates of P, and deduce the locus of the centre of this circle. 
Explain the result of putting a equal to b in the equation to this locus. 

28. Find the equation of the normal at any point of the rectangular 
hyperbola xy — c^: show that from any j)oint in its plane four noimals can 
be drawn to this hyperbola, and that if X 2 ) x^, x^ be the abscissae of the 
I'eet of these normals x^X 2 X 2 Xj ^-\^ = 0. 

29. The normal at F to the rectangular hyperbola xy = meets the curve 
again at Q. If a;, y arc the coordinates of P and r; those of Q, prove that 

= -ch 

30. If the tangent at the point (A, k) of the hyperbola 6^a?*-a’^y^= 
meets the asymptote hx = ay at the i>oint J/, and the asymptote bx-\-ay ^0 
at the point A and S is a focus of the hyperbola, show that 

SM/SN^hfa^k/b. 

31. From a point P are drawn two tangents to a rectangular hyperbola. 
The tangents of their inclinations to an asymptote being p and q, show that, 
if tile ratio of \ —pq to (Vp — is constant, the locus of P is another 
rectangular hyperbola. 

32. Show that the lengths of the tangents from F[x, y) to the rectangular 
hyperbola f^xy-c^ = 0 are given by 

^.2y2^4 ^,2(x’^ + i/) (2c-^-a:y) + 16 pV] = 

and show that the lengths of SF, S' F are factors of the absolute term. 

§ 10. In Chapter VII, § 9, we discussed the forms of the equations 
of several loci related to the parabola: these forms clearly apjily 
equally well to any of the conics ; thus throughout the section we 
may substitute S for P where S = 0 is the equation of a parabola, 
an ellipse, or an hyperbola. 

Example i. A circle is described on the chord :r + 3y = 1 of the 
ellipse 4: as diameter. Find the straight line joining the 

other two points in ivhich the circle cuts (he ellipse. 

Let the equation of the other common chord of the circle and the ellipse be 

Ix-v my ^ 1 == 0. 
z 


1207 
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The equation of the circle is therefore of the form 

X {x^ -I 3^^ — 4) + (a; + 3 // — 1 ) (/a; 4 my -f 1) = 0. 

The two conditions for a circle give 

X -j- Z = 3X -I 3;n and 3/-f-m = 0, 
i.(‘. m — — 3Z and 2X = Z — 3m = lOZ, 

or X = 5Z. 

The equation of the circle then becomes 

r)Z(a;^ + 3^^--4} + (.r -i 3^- 1) (7ar-3Z^ 4 1) ^ 0. 

Its centre is the point 3Z^ 3) 

ii2r “ 

and this by hypothesis lies on the diameter a: i 3y = 1. 

Hence Z~l-9Z-y = 12Z; 

i=-\. 

The equation of the circle is then 

5 (x^ -}- 3y^ ~ 4) 4 (a; 4 3y ~ 1 ) (a: - 3 y — 2) ~ 0, 
or 2a;- 4 2y^ — aj-y- G — 0, 

and the required equation of the chord is x-'^y — 2. 

Example ii. Find the equation of the parabola tvhich touches the 
hyperbola 2,ry— y-4*8a;4- 10^+ 14 = 0 in the points in which 

it is met by the straight line 5;r— y— 2 = 0. 

The equation of the parabola is in the form S = i.e. 

3a;'^4 2a;y ~y'4 8a;4 lOy 4 14 = /»: (5a:~y ~2)®. 

The condition for a parabola is ab^-h^ = 0, 
i.e. (25A:~3){^•4l) = {5A;4l)2, 

i. e. 25 4 22k ~ 3 - 2ryk^ 4 10 A; 4 1 ; 

.-. 12A- = 4; 

The equation of the parabola is therefore 

3(3a:M 2a:y-yN 8a:4l0y4U) = (5£r-y~2)2, 
or 8a;^ ~8a;y 42y*~22a;~13y“'19 = 0. 

Example iii. Find the equation of the parabola tvhich has four point 
contact with the hyperbola xy—c^ = 0 aZ the point 

The equation of the tangent at the point (rf, is 

= 2cZ. 

The equation of the parabola is of the form S = ku^ (Chap. VII, § 9, v), 
i. 0. xy — c* = A: 4 Z^y ~ 2 ctf. 
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The condition for a parabola gives 



Hence the required parabola is 

4 {.ly — c^) = {x-Vt^ If- 2 

or (x - — 4 ctx - 4 ct^y = 0 . 


§ 11. Confoeal Conics. We have shown that the foci of a conic 
lie on its axes and are equidistant from the centre ; hence if conics 
have the same foci SS' their axes lie along the same straight lines 
and they have a common centre C. 

Now if “2 + ~=l be any conic referred to its axes we have 

CS’^ = and consequently all conics which have the same foci 

are such that a^— 6^ = constant = c^. 

A conic, then, whose equation is of the form 

_.ii_ ^J!L. = 1 

d^+\^0'^ + k 


is confoeal for different values of A with the conic 


+ //-i 


and this equation therefore represents a system of confoeal conics. 

The conic is an ellipse or hyperbola according as the value of A 
chosen makes a^ + A, ?)^4-A both positive or of opposite sign. 


Proposition 1. Ttuo real confocals of a system pass through any 
real point, one an ellipse and one an hypcrhola. 

Let (xf y') be a given point ; then to find the values of A for those 
conics of tho system which pass through this point we have 
ic'V(«'' + A)+^'V(6HA) = l, 

i.e. A 2 — — q 
If A = — a^, the left-hand side of the equation becomes (a- — 
i, c. is positive. 

If A = —62^ it becomes — i.e. is negative. 

If A = + 00 , it is positive. 

Hence there are always two real roots, one lying between 
and — and one between — and + 00 . 

Thus a^-f-A, 6^-f A are for one value of opposite sign, and for the 
other both positive. 

z 2 
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Hciico tliert' ai’e two real eonlocals pabsing through //), ono an 
(‘llipsc; and ono an hyperhohi. 

Proposition 2. One confocal oj a louche^ oof/vy real straight 

line. 

Ii(3t the o<|uation of the straight line ho ?j; 4- woy -f ;?, = 0 ; this 
h)U(*hes the eonie ./ -/(rr'd- A) — J, provided that 
+ A)Z--f (6“'f Aj vji- ~ n-. 

This <3<]uatioii gives one value of A corrGsj)onding to the one conic of 
the system whicli touches the straight line. The C(piation of tliis 
('onic is 

.. .. I- . -f . 

I (yr — 

and sinc(* ;r -f (a — /r) »/.“ is always ]>ositive tlie conic is real ; it is 
an ellipsi' or an hyperhula acaH»rding as is > or < — . 

Proposition 3. A)ijf iivo confoeals cut at right angles. 

Let the two confoeals he 

y^j'Ur f A, )-}/. (//-}- Aj):.^ 1, 
.T"'(a“4-A,)-|-yy‘V(//M-A,) 1. 

If these conics intersect at wo liave 

J'r h/'M- Aj) f //j- (//“ + Aj 1, f A.)-f (/r-f A.,) - 1. 

Su])tract thes(3 e(iuations and divide ihrongl) hy (Ao — Aj) ; then 
((r + Ai)(a“ -I- A./) -f- ///-/(/>- f A J (/>- -f A.) — 0, 
wliicli is the condition that tlie tang<uits 

.c./y '(u"-t-A,)-4 ////j (Ir -j Aj) r_-= 1, j /(a- + A.) -f ?///^ {(r + ^ I 

at the i>Oint //|) to the two confocals sliould he at right angles. 

Proposition 4. 'J'he pole^ of a sfraigJd line irifh rcs2)ect to a sgstcni 
of eo)ifoeal aniics he on the nonnal to the co)ifoeal tehicli if toncJtes at the 
]}oini oJ eontae! , 

L<‘t Ix^-ing Vn —0 he the ecpiation of the straight line, and let 
f) ], //ji h. ' its ])ole with respect to any conic of the system 
.r" (yr -f A) 4 y/-,, (Ir -f A) 1. 

Hence lx-\-nig-\~n — 0, and /.rj /(yr -f A) fy/yy^ \/r-f A)=r 1 are iden- 
tical, and therefore 

(a- -j- A) n y/^ -- — ni (Ir + \) n. 

Eliminating A, we get the equation of the locus of the poles of the 
straight line, viz. 

— In g^-\- (cr — lr) hn — 0. 
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This straight lino is p('rpGn(li(nilar to tlu- given straight liiu' : also 
the polo of the given straight lino with n^spc'ct to tliat conic of the 
system which it touches is its j>oint of contact ; lionets tin’s point of 
contact lies on the locus found. Thus the locus of the ])oles of the 
given straight lino is the normal at its [)oint of contact to that conic 
of the system which it touches. 

!N'ote. Tf the given straight lino piisisos through the centre of tiie eonfociil 
conics, its pole with rc'sppct to (‘iieh conic is a, ‘point at inlinily’. 11 
J.c \ tHj! 0 is such a straight line, tlu; conic of tin' system which it touclu's 
is (set; Erop. 2) 

( P [ nr) ; — »?r /y“) -- P nr {(r - Ir), 

i.o. tin' straight lint' is one of tin' asymptotes of tin' conic, ami its }>oint of 
contact is a ‘ }K)iiit a,t infinity 

Proposition 5. The nirdope of Hk' pohos of a (jiroi j^oiut irith 
respect fo a sf/steni cf eo)! focal eoatis iS a parahola loacltnuj fJte axes. 

Lot //,! he lh(‘ given point; then its j)ohu‘ with respect to any 
conic of the system whoso otpiaiio’i is (a“-f-A) f //- {fr “ 1 
xr^ /{(p f A.) -I- y///i Ur -f A ) “ 1 . 

This may bo written 

A“ — A(./'rj-f i/f/ a'- — — Irx.f^ — aUr) 0 

TliO etpialion of tlio envtdope is th(‘refoie 

{xx^-i- j/f/^-(r~-!ri^ -U Ir X(\ — (rlr\ -■ <>, 

which at once reduc(;s to 

h 

The latus rectum of the parabola is 

and the ecpiatioii of tin' axis is 

(.ri" fy/,“)-l' Ur-lr) i 

these results are left for tlie I'eader to [u*ove. 

Proposition 6. The bisectors of the antfle^ hrhrcen ihv. iawfcnis 
draien to a conic from (U)jf point are the fan^fn/s to the omforat.s Ihroiff/h 
the point. 

Let the point be (a cos 6sinf;), whicii lies on the conic 

Q / O , i) , K} 4 

X- «“-{-//“ ™ J , 

and let tangents be drawn to the conic 

a; Via- 4 - A) -f ^Vi^'*^ +• Aj — 1 . 
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If the straight line = 0 is one of these tangents, then 

P [a^ -f ^) + + A) = • 

and, since (a cos 0, h sin 6) lies on the line 

al cos 0 4- hm sin 6 = — w, 

so that {al cos 6 + hm sin 6)^ = Pa- 4- m- 4- A (Z- 4- 
or [al sin 0 — hm cos 6)- 4- X (Z^ 4- m'^) — 0. 

This equation gives tlie values of tlie ratio l:m corresj^onding 
to the directions of the two tangOiits. Thus the equation of the 
straight linos through the origin parallel to the two tangents is 
[ay sin 6 f hx cos 0)^ 4- X 4- y-) = 0. 

For all values of X these have the same bisectors of the iingles 
between them, viz. 

lx cos 6 4- ay sin 6 = 0 and ax sin 6 — hy cos 0 = 0. 

The bisectors of the angles between the tangents are the two 
straight linos through (acos^, Z>sin^) parallel to these, viz. 

hx cos 6 4* ay sin 0 = ah, ax sec 0—hy cosec 0 = or-- 
i. 0. the tangent and normal to the conic x^ja^ ■\-y'^lh‘^ = 1 at the 
point (a cos h sin 6 ) ; or, since confocals cut at right angles, they 
are the tangents to the confocals which pass through the point. 

Cor. Let PQ, PH be the tangents from 1* to a conic, PXj PY the tangent 
and normal to a con focal conic through P. We have shown (p. 308, Ex. 5) 



that PX, PF bisect the angles between SPj S'P; it follows therefore that 
the tangents from any point to a conic are equally inclined to the focal 
distances of the point. 

(7) If x + yi = c cos(f 4-^ «), then ^ = constant and 7/ = constant are 
confocal hyperbolas and ellipses. 

Now, since 

x-\‘yi = c cos 4- 7/ i ) ~ c cos f cosh i] — ic sin 4 sinh 7/, 
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we have 

X c cos ^ cosh ;/ = — c sin ^ sinh ?/. 

Elizninating jj we find 

o O 

r _ . 

which equation, for clifterent values of represents con focal hyper 
bolas, for ^^(cos^^+sin^f) = or CS == c. 

Again eliminating ^ we find 


(i) 


cosh^ 1] siiih'^ 7; ’ 


tii) 


which equation, for different values of ?/, represents confocal ellipses 
of the same system, for c-(cosh^ 7/ — sinh^?)) = or CS = c. 

Evidently then the equation = ccos (fi + 7 q i) is the con- 

dition that (.i'l, 7/1) should lio on both the confocals ^=^1, 
whose equations are 

1/ _ j j 

cos^ sin'^ f I ^ coslf-^ 7;^ sinh^ 7;^ 


(8) Definition. Two points P(x^,yi) and ///) on two 

confocals ^ 1 and + = 1 are said to 

correspond if Xi/a = yjh = yi/b\ 

(a) If P, P' are two corresponding points on two confocals^ then 
the second confocal of the system which passes through V passes also 
through P'. 

Let the system of confocals 1)e defined by 
x-\-yi = ccos(^ + 7n,), 

and let the coordinates of the given points bo P(.7’i, yj, y/). 

Then if ^ f 1 , ^ = ^2 confocals on which the corre- 

sponding points P and P' lie, we have by definition 

^i/cos = xf/eos ^2 and ^i/'sin ^2* 

Let r] = 7]^ and rj = i]f be the second confocals of the system 
which pass through P and P' respectively : thus 

= c cos (^1 + 7/^ i), xf -hyiU= c cos (f 2 + 

and therefore 

Xi — c cos cosh 7 Ji , rr/ = c cos ^2 cosh 7//. 

But rr^/cos = :r//cos f 2 ; bence 7/^ = 7/^' and P, P' lio on the 
confocal v = Vy 
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(])) Ivory’s Theorem. If nyid Q, Q' are I wo jKiirs of com- 
spondiYKj points on two confocaJs, then Vi/ — Vf/ 

Let the system of confocals he defined l)y 
o-Yyi — ccos (^-f 
and let the given points be 

V (./’i , //i), V' (.r/, Q U , , ?U (/ v/)^ 

Tlien, if I\ Q lie on — fi and V\ (/ on ^ we showed above 

that ]\ V' lie on // ~ //i and similarly if (/ lie on ?/ = 7/.^. Hence 
= ccos(^i-f 7 /i^), — ccos(f.^-f 1/1?-). 

^2 + //2 ^ = CCOH (c 5 i + Vo ) » ^2 + ?t2 ' = ^ COS -f V 2 0 - 

Tlien 

= {(Xi + i//, )--(.< 4 - ?/,'/); 

= cos (f 1 + Vi 0 - cos 4 - VJ) \ I cos (f 1 ~ 7/1 ?) - cos /) } 

= 4 r- sin 1 + i V^ — V^) • sin J 4- 62 + i • “^/i 4 - ’/o) 

.sin ?. (Ii + + ^12) 

=: { cosh ()/., -7/j)~ cos {cosh(7;i h 7 /^) ~ COS (^3 4 - ^2) I • 

Now the value of is obtained l)y interchanging and in 
this result, whicli evidently gives us IV/ = PU/ 

Illustrative Examples, 

Example i. If u,, Oo are the semi-major axes of tiro conics^ confocal 
with the ellipse ! a^ 'if ll)^-‘ — 1, which can he drawn ihroiiffh the point 
(rj, yi), find and in terms of n7id a.,. 

If 2(f) he the angle helween the tangents from (Xi,yi) to the ellipse 
(a, h), prove that a/ hiu^ a/ cos^ (f> = a^. 

Any conic confocal with the given ellipse is :7;7(f7^ + A )4 + = 1, 

and tlie values of X for the conics of the system which pass through 
(a’j , i/i ) are given by a'jV ^ ) t y,“ '( Ir h\) = 1 . 

Let and let Ol stand for either or (I 2 ; tnen we have 

or (\* - Od 4 7/f 4 c7 4 = 0. 

Hence 

+ (i) 

and 

= c-x^-, (ii) 

Tims .Cj = fli a.Je, and - r^) (a/ - r7/c^ 

or yi = - c^) (c^ - U2^)/c = Z^j/c. 
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We showed (p. 

:?11) that 




tan 2 (/> -= „ * „ • ,* , - - • 

From 

(ij 


4 — 4 «•/>*. 

F rom 

(ii) 

cr .r/- 





•( U'x,^ - - «') ~ «,/) ; 




.. tan./ 

Hence 


eos2./. = 

r?i a.. 




(1 - cos 2 (jj) 4 o/ (1 + cos 2 p) ~ 2 a '^ ; 




sin^ (f) 4 cos^ c/) =“• a^. 

Note 

i. 

We have taken a^> a 

Note 

ii. 

IfX,, 

>2 be the values of X for the two confocals through 

we have 



~ «“ 4- Xj, — (d + Xj, 

so that 



i. 2\/ — X 1 X 2 

tan 2d) — — ; 

XjPXa 

thus 



tan<;() = >v/~X,/X 2 or >/-X 2 /Aj. 


Note iii. Since the angles hetween the tangents from any ))oint to 
a conic are bisected by the tangents to the confocals through this point, 
the equation of the pair of tangents from P to the conic {a, b) referred to 
tlie tangents at P to the confocals tlrough P is y" — o^'Han'^ 0 — 0, which 
may be written .rV^i t = G. 


Example ii. If (he normal at P to the elUp'^c .r- + Ir = 1 

meet the polar of P with regard to any confocal conic 

+ A) -p -{-X) — I 

in Q, and if CY he the perpendicular from the centre on the tangent at P, 
2 )rove that PQ, CY = A. 

Let P be the point (a cosd, 6 sin 0 ) ; the polar of P with respect to 

o 9 

^ . + y =. 1 

is 

xa cos 6 yb sin d _ 

Vo +W-‘- <■' 

I’he equation of the normal at P is 

x — a cos 6 _ y — b sin 3 ^ r 
bco^O asind CD' 
and r is equal to PQ if (x, y) lies on (i). 
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im 


Thi] 


aro?iO f 7 o .1 h?iinO f r • ^ 7 • 

0 . i cos ^ cos [ 4- -' - -- . o sin ^ 4 ^ sin ^ 


n'^\-X [CO 
j^ives the lcn<j^th 1*Q, 


I //T\ lev)' 


- ] 


ra/i jcos“^ ^ cos" 7rsin^^ 


4 U-1-^ - - - -- 

r/j (rf'^ 4 X // 4 xj aM X /r fx ’ 


i.e. 


[ X I rr sin^ ^ 4 cos" B | X“ f X ir sin^ ^ I X It^ cos^ 0 ; 


(ih 


ah 


But rr= .-. rQ.cv^).. 


Example iii. From a fixed point 0 on a conk tangents arc drawn 
to ang confiocaL Prove that the line jobbing the points in which theg 
meet the conic again passes through a fixed pom t ()\ 


x^ ?y" 

[fthe conic is .. + \ r, 
a- Ir 


= 1 the heus of (P as 0 moves is 

.7-^ ir 


Let the tjin^ents IVoin 0 to the confocul ineot the conic again in 2 \ind Q \ 
we have shown tliat the biscctois of tlie angles between 01\ OQ are tlie 
tangeni. and normal a< 0, Let PQ meet this tangent and normal at O and O ' ; 
then since the pencil OGj 00'; OP, OR is harmonic, the points P, Q are 
liannonic conjugates of G, 0 ; hence the pohir of O' passes through G and 
is the line OG, Thus PO always passes through the fixed point O', which is 
the pole of OG with respect to tin* given conic. 

Let 0 be ihc point (n cosd, ?;sin^), then the. equation of OG is 
ax sec 0 — hy coscc 0 " a^- 1?, 

Hence, if O’ is the point (oTj, f/,), this equation is identical with 
xxjfdxyyjy^ = L 

We have therefore 

(a“ - y^) x^ — sec 0^ {a’^ — 0 ^) y^ — cosec d, 
whence, eliminating d, we get the locus of O', viz. 

ayx^-Vhyy^=-{a^-b^)\ 


Example iv. Prove that through ang joint (/, g) two lines at right 
angles can he drawn to form with the polar ofi (/, g) a right-angled 
triangle seljkonjugate with respect to \ 0, and that the 


area ofi the triangle is 4- ^ 5 ivhcrc A,, A., arc the roots of 

/VK + '\) + dV(«^HA)-l 0. 
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Let F be the point (/; g), and Ijet the tangents to the conics, confocal 
with the given ellipse, which pass through Pineet the ])olar of P in Q and R. 
We shewed in Kx. iii that R is the pole of FQ, and since Qli is, by con- 
struction, the polar of the triangle FQR is self- con jugate ; it is evidently 
right-angled at P. The equations of the sides of the triangle are 
xf/(a^^ + > j) 4 yoKh'^ + Aj) _ 1 0, 

xf/ia? I- Ao) -\ yg/{h^ 4 Xo) - 1 - 0, 

xf/(r yg/l^ -1 = 0 , 


where Xj, X^ are the pavanietors of the confocals through F and therefore 
given by the equation 

/V(aN-X)q.^V(/>HX)= 1. 

The vertices of the triangle are the poles of the sides with respect to the 
given elli})se, viz. 


(/, »). (- ' 


'«^ + x7 

The area of the triangle is then 


/ ay \ 

* + Ir 


1 _ 

2 * [aU- \) (rt2 + (yi q X,) (/>2 q ‘ 

Now Xj, Xj are the roots of the equation 

X^ -} X [a^ + 4 - h\n - a^g^ - 0 ; 

hence (aM-X,) {a^4-X2) — 

and A (h'^ + \) -r g^ih’^-ar). 

i.e. the area of the triangle is 

2 fnia^-y^) 


Examples VIII e. 

1. Find the equations of two confocal conics whose foci are (1, 0), ( — 1, 0), 
and which pass through (2, 3). 

2. Prove that the locus of points on a system of confocal ellipses, which 
have the same ec(;Gntri(', angle (X, is a confocal hyperbola whose asy]nj)totes 
are inclined at an angle 20i, 

8. If two tangents to an ellipse are at right angles, the envelope of their 
chord of contact is a confocal ellipse. 

4. Through a point on the director cinde of the ellipse / (i^ -V /W — 1 

two conics are drawn confocal with the ellipse: if 2rq, 2«2 are their trans- 
verse axes, show that = 2a^ 

5. The difference of the squares on the perpendiculars from the centre 
to two parallel tangents to two given confocals is fixed. 

G. Find the locus of the intersection of two orthogonal tangents which 
are drawn one to each of two confocals. 

7. If any two parallel tangents to an ellipse meet a fixed circle concentric 
wntli the ellipse in P, Q and P', Q\ prove that FJ*\ QQ’ touch a confoc:al 


conic. 
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<S. If the points of intersection of two confocals lie within the circle 
described on the line joining the foci as .diameter, the minor axis of the 
ellipse will be le^s than the conjugate axis of the hyperbola. 

9. If from a point on an ellipse whose semi- axes are Of, 0, two 
tangents are drawn to a confocal ellipse whose semi-axes are a, b, show that 
if d, (/) are the eccentric angles of the points of contact of the tangents, 
and r is the distance of P from the centre, then 

(P IP' sec* *" ^0 = ^ 

where X — oP — (P. 

10. Through a point P an ellipse and an hyperbola are drawn confocal 
with x^/uP-\ if /IP --= 1 ; find the length of the semi-diameter of the ellipse 
conjugate to CP in terms of the parameters of the two confocals. 

11 A point 7^ is taken on the conic -h\) + \) = 1, such that 

the normal at P may pass through a fixed point (/i, I'). Show that P lies on 
the curve given by 

x/(ij — h) + /// ( X - h) - (a* — }P)l(hy — kx ). 

12. If /Ms any point and S, S' are the foci of x^jaP ^iffp ~ 1, show that 
PS. PS' is equal to the difference of the squares of the major semi-axes of 
the two conics whiidi can be drawn through J\ confocal wiMi the given 
conic. 

19. PP is a diameter of an ellipse, and D any point on the curve. Prove 
that if DPj DP' touch a confocal ellipse whose semi axes are -y/a* — X, ^/lP^\, 
then DP. DP' PDP' 4X. 

14. T, T are the poles of a straight line with respect to two confocal 
conics whose semi-major axes are or, and p is the perpendicular on the 
straight line from tin' centre of the conics. Show that p. TT — a"^-a\ 

15. Pis any point on the director circle of a fixed conic S. iS\, arc the 
twe conics through P confocal with S. Show (i) that tlie squares of the 
lengths of the nnijor axes of the three conics are in arithmetical progression, 
(ii) that the product of the lengths of the major axes of iS’j and S 2 varies as 
the distance of the point from the minor axis of the system. 

16. The locus of the centres of curvature at ends of equi-conjugate 
diameters of ellipses of the confocal system (a* + d)~hr* + (i* + d)“’ /y* — 1 is 
the curve Sx'^f — {a^ — lP) {if — x^). 

17. Prove that the polars of a point (.r', ;/') with respect to the confocals 
x'^faP + X) -f y^l{iP + X) ~ 1 touch the conic ^xx' f- f - \pj -t- \/a* - \P ^ 0. 

18. A tangent is drawn to a rectangular hyperbola whose asymptotes are 

the coordinate axes. Its poles are taken with respect to a series of conics 
confocal with = 1. Prove that the polars of all these poles 

with respect to the conic x/^ja^ ^ ~ 1 u^eet in a point ; also that the 

locus of such points is a rectangular hyperbola having the axes of coordinates 
as asymptotes, and conjugate to the given hyperbola if 4a'*Z> * — (aP — lPf. 

19. Find the condition that j oP if j}p — 1, and Ax^-\rBf\ C = 0 may 
represent confocal ellipses. 

Points /*, Q are taken on confocal ellipses, such that their distances from 
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the minor axes arc proportional to the major axes of the ellipses on which 
they respectively lie. /*', Q are another such pair of points. Trove that 
- I^Q, 

20. Show that the centres of curvature at the points where // = mx meets 

the conics confocal with / (i^ if jU- = 1 lie on the curve 

y — 3 }nxy — a ' -f /r J + ntx { m {y“ + — Ir) — oav/ [ ^ -- 0. 

21. Tan^rents are drawn to the ellipse -\ if j}P- — 1 from any point 
on the confocal hyperbola whose asymptotes lie alon^ tlu; ecpii-con jugate 
clianietors; show that the centre of the circle iuscribed in the triangle 
formed by the tangents and the chord of contact lies on the given elli])si‘. 

22. Show that the two curve's 

j a“ -f' if j fr ~ 1 and x^ cr — if/ — (a‘ — ) j[a' -I li^) *f 2 X xy -- 1) 

intersect at right angles. 

23. Find the locus of points on conics of the confocal .system 

X jr-l (c“ } X) //' = X ((•“ I X), 

the tangents at which make an angle y with the axis of x. 

Show that the tangent to the conic at such a. point is a bisj^ctor of the 
angle between the line joining the point to the origin and the tangent to 
the locus. 

24. If CP, Cl) are conjugate semFdiameters of an ellipse, prove that 
the parameter X of the confocal hyperbola through P is equal to -Cl)‘K 
If a tangent to this hyperbola cuts the ellipse at the ends of two conjugate 
diauKiters, prove that the length intercepted by the ellipse on the tangent 
is equal to the perpendicular from the centre on the tangent at P to the 
ellipse. 

25. A triangle PqR is inscribed in one ellipse and circumscribed to 
another confocal with the former; prove that tlic normals at the points of 
contact meet in a ])oint. 

26. An hyperbola cuts a concentric, but not confocal, ellipse orthogonally 
at four ])oints. Frovt? that the tangents to the cliii)sc at adjacent points of 
intersection are pL‘r])endicular to one another. 

27. Show that the curves 

x'^ — f jl )"'- 1 and xx j if jlx ^ 2Xa-y = — V^) 

cut one another orthogonally for all values of X ; but arc confocal if, and 
only if, X =-= 0. 

Miscellaneous Illustrative Examples. 

(i) T/iO locus of the centres of crpiilateral trianifks described about the 
ellipse x^/'ii^ -{-ifjlf — 1 is 

0 (a- + y‘-f - 2 (5 a - -f 3 tf) a--- 2 (3 a- -f- 5 h-)if q- = 0. 

The perpendiculars from the centre of an equilateral triangle to the sides 
are equal ; if the ellipse is inscribed in the triangle, these perpendiculars 
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make angles Of, Of f- J tt, Of-f Jtt with the a;-axis ; the equations of the sides 
are therefore of the form 

rc cos (/> -I y sin 0 ~ cos^ 0 -f 6^ sin’^ = 0, 
where 0 has the values Of, + Of-f Further, the centre of the 
triangle and the origin are on the same side of each of these tangents; 
hence, if ^ is the radius of the inscribed circle and (u;, y) the centre, wo have 
2> — V ^os“ 0 -f sin" 0 — .r cos 0 — y sin 0 
for each side ; thus 

fre cos 0 + y sin 0 cos^ 0 + b'^ sin^ 0 

is satisfied by the three values of 0 given above. 

Again, if the ellipse is escribed to one side of the triangle, the pcri)en- 
diculars from its centre to the sides make angles Of, Off ]^7r, Of-f^rr with 
the ir-axis ; the centre of the triangle and the origin are on the same side 
of two sides of the triangle and on opposite sides of the other, viz. that 
corresponding to (Of 4 -Jtt). 

For this side we have* therefore 

p — X cos (Of + tt) + y sin ( Of + J tt) - eos^ [(X-i ^n) +1“^ sin'*^ (Of -f ^ tt), 
or, since 

cos(Of-f Jtt) = -cos (Of 4-^7r) and sin (Of 4 ^tt) -sin (Of -f ^tt), 

X cos (Of 4' tt) 4 y sin (Of 4- tt) cos^ ^ /r) 4- sin''* ^ ^ 

Thus, in this case also, we find that, if {x, y) is the centre of the triangle', 
{x cos 0 4 y sin 0 4 cos“ 0 4- 6'* sin^ 0 (i) 

when 0 has the values Of, OL + 'f^ir, Of + ^7r. 

Now put X — rcosd, y — rsind, and e<|uation (i) becomes 
{r cos [6 — 0) -f j 2 „ j ^^2 _j. 1 20. 

Let z — cos 0 4- i sin 0 and t ~ cos 0 4 - i sin d, 

thus z/t + tjz == 2 cos d — 0 and 4 - 1 jz^ = 2 cos 2 0 ; 

hence 2(fr 4-/>^)-c:-/“4- (rr* — 6")/^(c'^4- 1), 

or [ - (a- - Z>") r-j 4 4 priz^ 4 2 jr 4- - rr - 

4-4i;W3^-f 

Now three of the values of given by equation (ii) are 

cos Of 4 - i sin Of, cos Of 4 H tt 4 i sin Of 4 - r’ tt, cos Of 4 - 3 tt 4 i sin Of 4 in-, 
so that == ^ 2 ^ = - 3 ^ = cos oOf 4- / sin 30f = X (say) ; 

consequently equation (ii) is of the form {z^ — \) (--/O = 6, 
or z^ — pz^ — Q. 

Therefore 2 4- = 0 (since t is evidently not zero), 
and 4 prt = — /z — (^^^ _ ^>2^ ^2 j ^ 

4:prtp = -{rH--{a^~h^)\, 

Hence, eliminating p and we have 

9 r' - (a^ - b^) {t^ 4- 1/^=) 1 ^- 8 (a^ 4- ' -f (a^ - !>2)2 == Q ; 
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9 — ‘2 ! (r - //) r* cos 2^-8 ( -4 Ir ) -f- (a^ - Wf = 0 ; 

. • . 9 ( - 2 - Ir) {x'- — tf ) - 8 [a^ -f fr) (x^ -j + (a^ _ ^, 2^2 _ . q . 

9 (x^ -f - 2 { 5 aM 3 Ir) x^ - 2 (2) cr + 5 h'^ ) f + ( «“ - //- )2 == 0. 

(ii) Show that there arc two sjptcms of circles which cut a conic 
orthogonally in two points : fmd the equal io}i of the circle of either 
system which passes through the point {xf //') on the conic 

x^ = 1 . 

If a circle of one system cuts orthogonally a circle of the other systcniy 
show that the line joining their centres touches the conic 

x\ a - - ^ (a2 - /(a2 + 

If a circle cuts a conic orthogonally in two points P, P , tin* tangents to 
the conic at P and P' must ine(3t at the centre of the circle, i.e. tangents 
to the conic from the centre of the circle are equal to each other and to the 
radius of the circle, lleiico there are two such systems of circles, one having 
its centres on the major axis and the other liaving its centres on the 
minor axis. 

Now, if {x\ f) is the point (r/cos^), /;sin^), the tangent at [x\ y) is 

cos d 4 T sin d 1. 
n h 

This meets the axes at the points (a seed, 0), (0, h cosec d); these are the 
centres of the two circles : their equations are 

[x — a sec Oy 4 //- ^ (u sec d — a cos dj^ -} P sin^ d, 
x'^ -f (y — d cosec d/“ — n“cos"d4 cosec d — /> sin dj^ ; 
i. e. x'^ -f ty “ 2 ax sec d — cos“ d 4 sin’^ d — 2 a'^^ 

x'^ 4 ;/ ’ - 2 by cosec d — rr cos^ d 4 1/ sin''' d — 2 b'\ 
which can at once he expressed in terms of x' and y'. 

Now if the circles 

4 y~ — 2 ax sec d — (r cos‘ d 4 b"^ sin'' d — 2 a\ 
ar 4 if — '2 by eosec f/> = «“ cos“ (j) 4 b'^ sin'^ (j) — 2 b'^ 
cut orthogonally^ we have 

(r cos‘ d 4 b~ si]i^ d — 2 4 cP cob“ f/j 4 siii” (/j — 2 b~ — 0, 

whence 

(a‘^ - b'^) coP 0 ~ cr 4 tP 4- («“ — Ir) sin^ cf), (i) 

The line joining their centres is 

j^cosd 4- ^sin</) ^ 1. (ii) 

From (i) and (ii) 

(a^ ~ (1 d)^ = '1^., 1 (rt- -b') cvp d - tr - tP 
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Expressing the condition that this equation in the variable cosd should 
have equal roots, we get for the envelope of the line of cenires 


which reduces to 


x‘^ 1^ 

a' ^ a'^-hh^ 


(iii) Prove that itvo hyperbolas can be drawn touching the ellipse 

and having for asymptotes the tangents TP, TQ. Show also that if 

ip 

T lies on the ellipse ^ 4- p = of hyperbolas has double 

fp 

contact along PQ with one or other of the ellipses -f 'p = 

Let T be' the point yj), then the equation of the tangents from T. 
to the ellipse are 

The equation of any hyperbola having these for asymptotes is 

where c is a constant. 

The eccentric angles of the points of intersection of the hyperbola (i) and 
the ellipse are found by substituting x = acoaOj y — ^sin6? in this equa- 

tion: thus j. , y, . . , 

— COS d 'I , sin d — 1 = + c, 
n 0 

’• ^ I) ^ ± ''■> f ^ 1 ) = 


, 2 ^ (^1 


-f (1 +C) 


2 yi d ( j 

- 1< 




This equation has equal roots and the hyperbola touches the ellipse if 




- 'V a' ^ 6'“ ’ 
_ 1 + 

- \ a» ^ h" ■ 


+ c = — 1 + 






There arc therefore two such hyperbolas. 
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If r lies on -j 4 ~ we have 4 ~ 

a* 0 * 0 * 


= or (l4m)^ 

In this case the equations of the hyperbolas become 



/X- //^ 

\ 

-1 

/ 

)K- 


Ar.r, 

4 -ei' -iV 
^6’ V’ 

or 




■1 4- 

1 4 \ 

\ a“ 

H - iV 

)' 

i.c. 

(«r- 

-1)1 


if 

1? 

■rjH 

fxr^ 

K 

+ -W> -1 f 


which is a conic having double contact with 

2 

(V 1 4 m ’ 

the chord of contact bein^? - 1 - 0, 

(r 

i.c. FQ. (See form S—ku’^), 

(iv) (a) The sides of a triangle touch an ellipse (a, h) and two of its 
vertices lie on an ellipse (^4, 7?) ; find the locus of the third vertex. 

(b) The vertices of a triangle lie on an ellipse (a, b) and two of Us 
sides touch an ellipse {A, 11} ; find the envelope of the third sidCy where 
the ellipse (a, h) means ’P'lfll)^ ^ 1. 



Let the points of contact be P, 7t Let APC be the vertices and let 
and let P be the point CX, Q, P the A be the point (X, B the point 6f and 

points S and (f). Then the coordi- C the point 0. 
nates of A are 


12»W 


A a 
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n cos 


S 4- f/) 
2 


i>sin 


e-(b ' ^ e-dt 

cos 2- cos -2- 

and similarly for B and C. 


S + cf) 
2 


The equation of AB is 

. .r 6iOL y . ^ + 0( 6-(X 

» -cos 4 7 sin = cos -TT-j 

a 2 h 2 2 


Now since B lies on the conic 

and since this touches the conic 

1 

aV B’^ ’ 

= 1 

4 a ’ 

we liavc 

we ha\ c 

0 d (/) ^ 4 (/) 

,-,cos’- 2 - 

A’^ ,d 4 0 n . „d 4 0 n 

2 cos^ 4 7 ^ Slir — - 

2 2 

jOl -0 

-" 0 « 2 - 


o r 

or 

0 '“^ 

^2 ( ^ d cos 0( 4 </>) 4 (1 - cos Ot 4 (/)) 

d- ( 1 + vOs 0 4 a) + y ( 1 - cos 0 4 a ) 

= 1 4 COS On —0, 

= 14 cos d — on ; 

i.c. 

io. 


/> c os Ol cos (/) -f M sin 0Liiinf-\ N = 0 (ii ) 
where 

-yC J 52 
ir- 1 

A— + ^_1 

-A^ B'‘ 

Similarly, 

Lcos >C08^4 3/8in:^sin^4 A=0. (iii) 
Cross multiplying from (ii) and (iii) 
L cos y _ M sin Oi 
sin d- sin 0 cos 0 — cos d 


.Y 


Hence 

Lcosy ^ 3/sin3[ 

4 - (/) "" . d + 0 
2 ^ «■” -2 - 
Thus from (i) 

X ^ — a cos Ot, 


, M . 


sin (<p — 0) 


X 


d -0 

2 


7v cos 0 cos On 4 -iV sin 6 sin 1 4 A= 0 (i) 
where 

- a- 

A^ 

Similarly, 

/yCOs'X cos(/) 4 jl/sin O(sin0 4 N=^0. (ii) 
Cross multiplying from (i) and (ii) 
L cos y M sin (X 

sin d — sin (|) cos cos d 

sin (0 — d) 

Hence 

Lcosa d/sin:\ _ iV" 
d 4 d) . d 4- 0 d — ^ 

cos-g- 2 

But the equation of BC is 

d40 y . 6-{ d) 6 — (b 

a 2 b 2 2 

which can therefore be written 

L M . 

- X cos on + - y sin on — iV , 
a h 
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and the locus of the third vertex A is 
A V _ 

which is an ellipse, whose axes lie 
along the axes of the given ellipses. 


which is a tangent to the ellipse 


(iii) 


at the point 
Na 


Xb 


— - cos a, — - - sin a r , 

JL/ Jl I 


i.c. the envelope of the third side is 
an ellipse whose axes lie along the 
axes of the given ellixises. 


Miscellaneous Examples for Revision. 

1. Two circles touch internally at 0: any straight line through 0 cuts 
the circles in P, Q : find the locus of a point R on PQ such that O/i, PQ 
arc pairs of harmonic conjugates. 

2. A system of circles touches the axis of a* at the origin : find the 

equation of the locus of the poles of the straight line = 0 with 

respect to them. 

What does the locus become when the straight line is (a) parallel to the 
a’*axis ; (b) parallel to the y-axis ; (c) a line through the origin V 

d. Two circles touch internally, and the diameter of one is twice that of 
tlic other. Find the locus of the poles of tangents to each circle with 
respect to the other. 

4. TPy TQ are tangents to a parabola = 4aa* from a point T(|, v) : 
show that the equation of the circle TPQ is 

a (a.’^ + y^)-a;(2a^ + r;^)-y»;(a-^)4 a^(2a-^) = 0. 

(a) If 0 is the centre of this circle prove that TSO is a right angle. 

(b) If T lies on the directrix, 0 lies on a imrabola whose vertex is at 
the focus. 

(c) If T lies on the latus rectum, 0 lies on the axis. 

5. ABCD is a square : a straight line is drawn cutting AB^ AD in P 
and ^ so that PA + Ay = 2 AP : find the locus of the foot of the perpen- 
dicular from C on PQ. 

6. A chord PQ of a parabola passes through the point ( — 3a, 0) : show 
that the circle through PQ which touches the parabola passes through the 
focus. 

7. The tangents from a point T to an ellipse include an angle 0: prove 
that 2ST. i/p cos 6 = ST'^ + 

8. The orthocentre of a triangle P, y, R inscribed in a parabola is at 

the focus: if the tangents at P, y, R make angles with the axis, 

show that cot^i, cot^j, cot satisfy an equation of the form 

x'3 4 — 5a; — p = 0. 

Prove also that the centroid of the triangle formed by the tangents at 
P, y, R lies on the straight line 8a; 4- 5a = 0. 

A a 2 
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9. The triangle AOB has the angle 0 equal to w and yj for its 
orthocentre: show that the equation of AB referred to OA, OB as axes of 

and y is xI{xq + sec w) + f x^ sec o)) = 1. 

10. If Li denotes y — — with similar meanings for 

and 7 / 3 , determine the mutual ratios of Xj, and Xj so that 

Xj T/g Z /3 + Xj 7/3 7/j -f X j Z/j Lj = 0 

may be a circle. 

If t is the length of the tangent drawn from S, the focus of the parabola 
/y*-4a:c = 0 , to the circle circumscribing the triangle formed by the 
normals at P, Q, R, show that aP = SP,SQ.SR. 

11. Find the locus of a point such that the line joining the points of 
contact of tangents drawn from it to a given conic subtends a right angle 
at a given point. 

12. Through the extremities of any two focal chords of an ellipse a conic 
is described : if this conic passes through the centre of the ellipse it will cut 
the major axis in another fixed point. 

18. Find the geneml equation of a conic which passes through the four 
given points (1, 1), (-1, 1), (2, 0), (3, -4). 

Show that there are two parabolas which fulfil this condition. 

Wliat is the nature of that conic which also passes through the origin ? 

14. Find the equation of the conic which passes through the points 
(1, 1), (4, 0), (0, 1), (4, 4), (- 7 . 5 , 4), and trace it. 

15. Prove that the six points (a, 0:, (0, a), (b, 0), (0, h), (a, 5), (b, a) lie 
on an ellipse, and find its equation. 

Find the equation of its axes and show that their lengths arc 

^ ™ + 5* and + 

^ 73 

16. A triangle PQR is inscribed in the parabola y"^ = i ax and its centroid 
is at the focus ; prove that: 

(i) The normals at PQR are concurrent and the locus of their point of 
intersection is 2 a; — 7a = 0, 

(ii) The locus of the intersection of a side and the tangent at the 
opposite vertex is i/(a-x) = a^, 

(iii) The poles of the sides lie on the parabola 2y* = 2aa: + 3a^ 

(iv) The mid-points of the sides lie on the parabola 1 / = ^a^-2ax. 

(v) The centroid of the triangle formed by the tangents at PQR is 
(-a/2,0). 

(vi) The circle I’QR passes through the vertex and its centre lies on the 
line 4a? = 11a. 

(vii) The sum of the squares of. the sides of the triangle PQR is constant 
and equal to bla 72 . 

(viii) The locus of the intersection of a side and the diameter through the 
opposite vertex is the parabola 2aa;-3a* *= 0. 

(ix) The locus of the orthocentre of the triangle is 2a:'f 5a = 0. 
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17. One of the tangents from Tto an ellipse subtends angles 0^ at the 
foci, and the angles between the tangents is 6 : show 

sin 6 /2 a = sin dJST = sin d.^/S'T. 

18. The cotangent of the angle between the tangents drawn to a rect- 
angular hyperbola from a point on one of its directrices varies as the distance 
of the point from the centre. 

19. Show that a circle described with its centre at any point of an ellipse 
to touch a pair of conjugate diameters of the ellipse has an invariable 
radius. 

20. A parabola has double contact with the rectangular hyperbola 

and the pole of the chord of contact lies on the circle 
a?® 4 y* = 2cx, Show that its axis passes through the point (aV^» ^)- 

21. Chords distant d from the centre of an ellipse are divided har- 
monically by a coaxal conic of semi-axes Of, ^ given by 

\/a^ + l == 1/6* + l/^" = 2 d’^i { (a* 4 6*) d* - 6*} . 

22. Find the greatest value of the angle between a diameter of an 
ellipse (eccentricity e) and the normal at its extremity ; show that for the 
earth’s orbit round the sun, of which the eccentricity is this angle is 
less than half a minute of arc. 

23. A chord of length c is drawn parallel to a diameter of length 2d of 
the ellipse x^/a^-^t/jy^ = 1 and a', 6' are the lengths of the semi-diameters 
parallel to the tangents at its extremities. Prove that the angle between 
these tangents is sin*'^ [c/d . ab/a'y \/l - (eVid*)]. 

24. A square is inscribed in an ellipse, whose semi-axes are a and 6, and 
any point on the ellipse is joined to the corners of the square. Prove that 
one of the anharmonic ratios of the pencil so formed is 

25. FQ is a chord of an ellipse, normal at P, 3 he points on the auxiliary 

circle corresponding to P, Q are p, q. Prove that the angle pCq must 
exceed 2tan“^2>/l where e is the eccentricity of the ellipse. 

26. The circles of curvature through a point (/, g) are six in number 
and their centres lie on 

{2 (y * 4- y* - 2> - 2yy) - a* - 6*}* = 12 {a\c^ 4 6*y*) - 3 (a* - 6 y. 

27. The circles of curvature at two points P and Q of an ellipse meet 
the ellipse again in M and iV, and the circles which respectively touch 
the ellipse at P and pass through Q, and touch the ellipse at Q and pass 
through P, meet the ellipse again at R and S ; prove that the chord 

is parallel to RS, 

28. Triangles are formed by paira of tangents drawn to the ellipse 

b^x^ from points on the ellipse a*a:*4 6*y* = (a*-f and 

their chords of contact. Prove that the orthocentre of each triangle lies on 
the former ellipse. 

29. Prove that if 0, 0' are the eccentric angles of the extremities of 
a focal chord of an ellipse, the eccentricity is equal to 

4 cos ^ (0 “ (p') sec 1 (</) -f 0 ) ; 
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and that if yj/' are the inclinations to the major axis of the tangent at 
a point P and of the chord QR drawn so that PQ and PR pass through 
the foci, the eccentricity is equal to {sin cosec + 

?i0. Prove that the point on the normal at P on the ellipse 

chords through which subtend a right angle at P, is 
[x ^ (^2 _ ^ 

where (x, y) are the coordinates of P. 

Show that the chord Ix-^my— 1 intersects the ellipse in points U 
such that there are two real points on the ellipse at which QR subtends 
a right angle if fr P 4 >(rt^ 4 /i^) 

'll. Prove that the equation to an ellipse referred to the tangent and 
normal at a point on the ellipse as axes is 

.r^ - 2 y {cP -p^) ( p^ - xy 4 (fP 4 ) .V‘ = (2 /P iP/p) y, 

where p is the perpendicular from the centre on the tangent and a and h are 
the semi-axes. 

32. A tangent touches an ellipse at P and meets the major axis in T. 
TQ is drawn parallel to the minor axis meeting JP produced in Q. Prove 
that the locus of Q is an hyperbola. 

33. Let a circle be described with a point P on an ellipse as centre, and 
radius a, cutting the minor axis of this ellipse at Q, and let PQ intersect the 
major axis at R, If the rectangle RCQV is completed, show that PT^ is 
the normal to the ellipse at P. 

34. Find the equation of (he circle touching the ellipse x'^jfP irjlP = 1 
at the point x — aQ09>6, f/ = /;sin^ and cutting the director circle ortho- 
gonally. 

35. Prove that the cosine of the angle which the tangent at any point on 
an ellipse makes with tlie line joining the point to a focus bears a constant 
ratio to the cosine of the angle which the tangent makes with the major 
axis. 

Perpendiculars SM^ JIN are drawn to the focal distances SP, UP of any 
point P on an ellipse, and meet the tangent at P in ilf and N. 

Prove that if the eccentricity of the ellipse is ^2^^^ the minimum value of 
P^f,PN is but that otherwise it is (1 

36. From a fixed point E on a central conic chords are drawn equally 
inclined to the axis and cutting the curve again at P and Q, Find the 
locus of the centre of gravity of the triangle PQE. 

37. Show that the locus of the second point of intersection of two circles 
described on conjugate semi-diameters of the ellipse lPx^-]-a’^i/ = as 
diameters is the inverse of a concentric ellipse with regard to a circle whose 
centre is the origin. 

38. Points P, Q, one on each of the central conics 

rrVaM ,vV&' = 1, (1/c^ -l/h^)x^ + {l/c^-l/(P)i/ = 1, 
subtend a right angle at the common centre. Prove that touches the 
circle a:^42/“ = c*. 
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39. The normals to an ellipse at the points P, (?, r\ Q' are concurrent. 
If TQ pass through a fixed point, find the locus of the middle point of 1*'Q\ 

40. If the circles of curvature at two points intersect on the ellipse, show 
that their radical axis is parallel to two of the chords joining the extremities 
of diameters conjugate to those through the given points. 

41. A point moves so that the sum of the squares of its distances from 
two given sides of an equilateral triangle is constant and equal to 2c^. 
Show that the locus is an ellipse, and find the eccentricity and the position 
of the foci. 

42. Find the coordinates of the point of intersection of two normals, and 
deduce those of the centre of curvature at /*. 

Show that the centre of curvature can only lie outside the (dlipse if e“>}. 

43. Py Qy R are three points on an ellipse such that their eccentric angles 
differ by ^tt. Prove that each side of the triangle PQR is parallel to the 
tangent at the opposite vertex, and that the sum of the squares on the sides 
is constant. 

44. Show that the lines 10//’^- == 0 coincide in direction with 
a pair of conjugate diameters of the ellipse 3^^^ i 5 //^ ~ 15 =. 0. 

45. A diameter of a central conic meets one hit us rectum in P; the con- 
jugate diameter meets the other latus rectum in P. Prove that the envelope 
of PP' is a conic similar to and coaxial with the given conic. 

46. Tangents are drawn to an ellipse at points which ^ubtend at a focus 
a constant angle 2/1 Prove that they intersect on a conic whose eccen- 
tricity is to that of the ellipse as sec : 1. 

47. If the circles of curvature at P, /) extremities of conjugate diameters 
of an ellipse ^ -I = 0 meet the curve again in R, R' respectivfdy, 
prove that the locus of the middle point of RR' is an ellipse. 

48. The circle of curvature of the ellipse (Pt/ — frli^ at P meets tin* 
ellipse again at Q and the normals at P and Q meet in O, (JR, (iR being 
the other two normals drawn to the ellipse from G : show that the tangents 
at Ry R intersect on the curve ir [P i/^) = Or x- - a- if 

Show also that the points /», R' arc imaginary if the eccentric angle of P 
is greater than i tan~ ^ 2. 

49. PP' are points on the ellipse (Pf — d'lr whose eccentric angles 
are Q, Q' are the points y ± If and V are the poles of PP ' and (^^Q' 
prove that P, P, P, Y, Q, Q' lie on a conic; and find its equation. 

50. In the ellipse x'^fd^ f/lr — I = 0, if a line through a point 0 cuts tin' 
ellipse at P and Q, show that the variation of the rectangle (JP^ OQy where 0 
is external to the ellipse, is such that 

(i) If x^<d^y y^<P it has a maximum value P{x^lcP fjP ~\) ar.d 
a minimum value P {x^jp + if/P — 1). 

(ii) If x'^>ar and f >P the greatest and least values are when (JPQ 
touches the ellipse. 

(iii) Also discuss the cases in which x"^ > <P and f < P, 

x^<(P „ i/>h\ 

51. Prove that if four points are taken on an ellipse such tliat tln'ir 
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normals intersect in the same point, two of them must lie on one quadrant 
of the arc, and the other two, one on each of the adjacent quadrants. 

52. CP, CD are conjugate semi-diameters of an ellipse, and DQ is the 
chord of the ellipse parallel to the minor axis. Find the locus of the inter- 
section of the normals at P and Q. 

53. Show that the normals which can be drawn from (aro, y^^) to 
icYft* -f y* 5® =1 are given by 

[a' [x - .■»„)’ -I- (y - y„Y] (xjf^ - x^yf = (a‘ - fc')® (x - Xo)' (j/ - yo)®- 

54. From a fixed point E on a central conic chords are drawn equally 
inclined to the axis and cutting the curve again at P and Q. Find the 
locus of the orthocentre of the triangle PQE» 

55. Parallelograms are circumscribed to a + = 1, the sides of any 

one being parallel to a pair of conjugate diameters of = 1. Prove 

that they are inscribed in a conic similar to the latter conic, determining 
its equation. 

56. Normals are drawn to the ellipse = 1 from any point on 

its evolute. Show that the locus of the centre of the circle passing through 
the three points of incidence is the curve 4 (a^x"^ — 

57. An ellipse circumscribes a triangle ABC and has its centre at the 
centre of gravity of the triangle. Prove that the radii of curvature at 
A, B, C are proportional to the cubes of the sides PC, CA, AB, and that 
the product of the three radii of curvature is equal to the cube of the radius 
of the circle ABC. 

58. The normal at a point {a cos </>, h sin </>) on an ellipse makes an angle 6 
with the central radius vector of the point. Prove that 

2 ah tan ^ = (a^ — 5®) sin 2 0. 

When has the angle between two corresponding tangents to the ellipse 
and the auxiliary circle its greatest value ? 

Show that that value is sin^’ (a -b)/ (a + h). 

59. If T is the intersection of tangents to an ellipse at the extremities 
of a chord FQ normal at P, prove that the perj^endicular from T on the 
diameter through P intercepts on FQ a length FN equal to the radius of 
curvature at P. 

60. FF' is a diameter of an ellipse and Q, B two points on the curve, and 
PP, P'Q meet in X, and FQ, P'B in Y. Show that XY is parallel to the 
diameter conjugate to PF. 

61. Show that the centroids of the triangles PQR, QRS, RSF, SPQ lie on 
the ellipse (3a?/a — 2Aa/c^)* + (3y/5 + 2^5/c*)’ = 1, where c* = rt‘^ — 5’, given 
that the normals at FQRS meet at (A, Jc). 

62. A circle passes through a given point and cuts off on a given line 
a chord which subtends at the given point a constant angle 6. Show that 
its centre traces out an hyperbola of eccentricity sec 0, 

63. A circle is drawn to touch one side of an equilateral triangle and to 
make the pole of another side (with respect to it) lie on the third side. 
Prove that the locus of the centre is an hyperbola. 
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64. Prove that the equation of the hyperbola passing through the point 

x\ y' of the ellipse + = a’ 6® and confocal with it is 

a® x^jx ® — y^y'^l y' * = 

Through a point P of this ellipse straight lines P$P, FQ' R' are drawn 
parallel to the asymptotes of the confocal through P, meeting the major 
axis in QQ' and the minor axis in RR\ Prove that QR\ Q'R intersect at 
a point on the normal at P, and that the locus of this point is 
x^/a^ + = { (rt® — 6^) /(a^ + ?;’*)] 

65. Find the general equation of a rectangular hyperbola when the 
origin is a point on the curve and the tangent at the origin is taken as 
the axis of x. 

If a chord PQ of a rectangular hyperbola subtend a right angle at 
a point 0 on the curve, show that PQ is parallel to the normal to the curve 
at 0. 

66. Prove that the axis of the second parabola which passes through the 
j)oints nil, m 2 , ni^ on i/ — Aiax — 0 is inclined to the axis of the latter 
at an angle cot~^ (wq -f mj -f + m^)/4:. 

Deduce that, if two parabolas intersect in four points, the distances of the 
centroid of the four points from the axes are proportional to the latera recta. 

67. An ellipse and hyperbola are concentric and coaxial, and have the 
same semi-axes. Prove that the circle circumscribing the triangle formed 
by the asymptotes of the hyperbola and the tangent to it at any point P 
intersects the dii^ector circle of the ellipse on the polar of P with respect to 
the ellipse. 

68. From the focus S of an ellipse whose eccentricity is e radii SP, SQ 
are drawn at right angles to one another, and the tangents at P and Q 
meet at T, Show that the locus of T is an hyperbola, parabola, or ellipse, 

according as e is >, =, or < l/\/2. 

69. Prove that the eight points of contact of the four common tangents 

of the ellipses -f — 1 = 0 and ~ ^ 

ellipse x’^ -f h^) -f y’® (a^ V + ^i**^*- 
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POLAR COORDINATES 

§ 1. When the focal properties of conics are under consideration 
it is sonuitimes convenient to use polar coordinates, taking a focus 
as pole. 

To find the, polar equation of a conic when a focus Is the pole and the 
axis Is inclined at an anqle y to the initial line. 



Let SZ ho the initial line, SA the axis of the conic, A'il/ the 
directrix. If P lie any point (r, 0) on the conic, draw PM perpen- 
dicular to the directrix. 

Now, if LL' is the latus rectum, let 
LT/ = 2SL .=: 2/, 
then SL = eSX ; 

SX = ?/c. 

But using the focus-directrix property of conics previously proved, 

r = SP^eP3r 

= e {SX^SP cos O-y) 

= Z — cr cos 0—y ; 

the equation of the conic can therefore be written 

l/r = 1 -f c cos tt’-y, (i) 
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N. B. When the axis lies along the initial line, the equation takes 
the simpler form 

1 'r — l + ecos^. (ii) 

Again, if (r, 6] be any point Q on the directrix, 
since SQ cos QSX = SX, 

we have rcos (6^ — y) = ?/c, 

so that 

1/r — ecos {0—y) 

is the equation of the directrix. 

Note. It is important to remember that, since fr, and ( — r, ^ 0) 

indicate the same point, 

— lfr=. 1 — ecos6/— y 

or J/r rr: — 1 + C COS 0—y 

represents the same conic as 

I'r = 1 -f c COS d—y. 

Thus, for instance, if 

/ V=r l + <’eos(^— y), 

L r = 1 -h Fj cos — rd 
are any two conics with a common focus, 

{I V— 1 — c cos O—y] — f Tj/v— 1 — E cos 6| — 0, 
i.e. (l—L]'r = c cos y) — irJcos e) 

])asses through points common to the two conics and. being a straight 
line, represents a common chord. Again, 

\l r—\— c cos (6 — y) } H- \ L r + 1 — F cos ( 0 — o) } — 0, 
i.e. il+L) r — c cos(f>— y) + J.'cos(6*— 6), 

where we have used the alternative form for the second conic, 
represents the common cliord through the othfu* two points of 
intersecti(m of the conics. 

§ 2 . To find flic equation of flic chord joininrf tiro points on the 
conic ? V = l + ccos(6>— y) whose vectorial anijlcs arc (X and 

The equation 

l/r= A cos [i9— ;i(<^ + A^)}+^sin | (9— 1(^4- /:^)} (i) 

can, by a proper choice of A and 7>, be made to represent any 
straight line. If (r^a), (r.,, /4) are the extremities of the chord 
whose equation is required, since 

l/r^ = 1 -f e cos (a — y) and I To = 1 + cos {i^ — y ), 
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these points lie on the straight line (i) if 

A cos I (a—j3)-hjBsm J (a— /3) = l-|-ecos(a— y), 

A cos J (a — /:!) — iisin J = 1 4-6 cos (/3— y) ; 

hence 

A cos^ (a— /i) = 1 + 6 cos Hot— ^3) cos { J (a + Z^i)— y}, 

and 

jBsin Hot~/^) = — 6 sin Hot — /^) sin [Hot+/^) — y}- 
Substituting these values of A and B in (i), the equation becomes 
//r— 6 cos (^— y) - sec \ (a — /^) cos { Hot + /^) f , 
which is the equation of the chord. 

It is often useful to take equiitions in the form shown in (i) when 
the conditions given are that points on the conic lie on a required 
locus : the following is another example. 

Example. 7b find the equatim of the circle which passes through the 
focus and also through the points a, /•! on the conic l/r= 1 + e cos 6* 

Let the equation of the circle be 

r = Acoa {^-Hot + iS^)} +R6in + 

instead of the usual Ibrin r = a cos {6 — d). 

Then, since the points Of, /3 lie on it, we have 

Acod^{(X-li)-^ Bsinl{OC-fS) = + ^cosO(), 

Acos |(0( — i3) ~Rsin|(0f — = I/{1 -^ecosfi) ; 

A (1 +eco8a)(l + e co8|3) = / sec i (OC-13) +ecos| (a + /^), 
and B (1 + e COB (y)(l + C 08 /3) = leain}(CX + /3), 

The equation of the circle then becomes 
r(l -heco8Ck)(l-i-ecoB/3) = l8eo§(a-^) cos {^-H^ + '^)} cos 

§ 3. To find the equation of the tangent to the conic 
l/r^ l + ccos(^— y) 
at the point whose vectorial angle is (X, 

This follows from the equation of the chord by putting = a : 
hence the equation of the tangent is 

//r,= e cos (^— y) + cos (6 — a). 

Example. If 7’P, TQ are tangents to a conic, show that ST bisects the 
angle PSQ. 

Let the conic be l/r = 1 + « cosd, and let Pand Q be the points Of and ji. 
Then the equations of TF and TQ are 

l/r = ^ cos ^ + cos (d - a). 
l/r = ccos^ + co8(d-/3), 
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hence at thoir common point T we have 

cos (^ — (X) = cos {B — 3) ; 

therefore, since OL is not equal to /9, we have ^ i (Ot-f /3), i. e. the angle 
ZST ^ (a + fi), 80 that 

z PST = z ra<) = I 

This property is usually referred to thus: ‘Tangents to a conic subtend 
equal angles at the focus.* 


§ 4. To find tite equation of the normal to the conic 
l/r = 1 -f ecos(^— y) 
at the point whose vectorial angle is oc. 

A line through the pole parallel to the tangent at the point d is 
(see Chap. II, § 11) 

ecos(^— y)-f cos(^— (X) = 0, 

i.e. 6= — tan (ecos y + cosa)/(esm y + sin(x). 

The normal, being perpendicular to this, is therefore parallel to 
6 = 7r/2 — tan ^ {e cos y 4-coscx)/(esin y -fsin (X), 
i.e. tan 6 = (esin y + sincx)/(ecos y-f cosa), 

i. e. e sin (^— y) + sin tx) = 0. 

The equation of the normal is therefore of the form 
h r^ c sin(^--y)-f sin(^— (x), 
and, since the point (X lies on it, we have 

A { 1 -f c cos (a — y)} = le sin (a— y). 

Hence, substituting for Zc, the equation of the normal is 

csin((X— y) I ... ^ • //I ^ 

l + ecos(a— y) r v v ; 


Example. If the normal at P to a conk cuts the axis at 6r, then 
SG = cSl\ 

Let the conic be l/r = 1 4 e cos d, and let P be the point (X. The 
equation of the normal at P is 

_ = g sin^4-sin 

1 4 - « cos (X r 

The normal cuts the axis on that side of the focus remote from the corre- 
sponding vertex, i.e. at the point on the normal where 6 = tt. Thus 

« sin (X I . ^ 

. — = sm (X ; 

14-^ cos OL SG 

SG = le/{l + 6 cos (X) » ^ SP. 
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We conclude this section with some illustrative examples : 

Example i. To find the locus of the foot of the perpendicular from 
the foetid to a tangent to a conic. 

Lcl the equation of the conic be l/r— 1-fecos^; the equation of the 
tangent at the point oc is l/r — c cos ^ + cos (S — CX), and the equation of the 
straight line through the pole perpendicular to this is 0 = ^ sin d + sin (d — D(). 

The locus of the point of intersection of these lines is therefore 
(//r-e eosd)*-f e^sin^ d — 1, 
i. e. r^l- i 2 ter cos d - = 0, 

which is a circle. 

For an ellipse I = a(l -e^), and the equation can be written 
r^ ^ 2aer cos d + = a* ; 

the centre of the circle is therefore at the centre of the ellipse, viz. the 
point (ae, tt), and the radius of the circle is a. 

For a i)arabola e = 1, so that the equation reduces to rcosd hi, whicli 
is the tangent at the vertex. 

Example ii. If the tangents at the points P and Q on a conic 
intersect at T, and the chord PQ meets the directrix at 7?, then the 
angle TSR is a right angle. 

Let the conic bo l/r ~ 1 + ccosd, and let Pand Q be the points (X and fi. 

The equation of the chord PQ is 

//r-€ cosd — sec — . cos {d — (Ot-f 3)}, 

and the equation of the directrix is 

//r — e cos d — 0. 

At the point P, where these lines meet, we have therefore 
cos {d~^ (0^-f /3)} = 0, 
hence d «= ± ^ tt 4 1 (0( ^ 3), 

which is the equation oi' SR, 

We showed in § 3 that the equation of SI' is d = therefore 

Z. RST is a right angle. 

Example iii. Prove that any chord of the conic 

l/r = 1 -f 0 cos d, 

which is normal at a point where the conic is met by the straight lines 
ZV(e+l/e)= + siiid4-(e2— l)cos d, 
will subtend a right angle at the pole. 

The vectorial angles of the points of intersection oi the given straight 
lines and the conic are given by 

(1 + ecosd) {e + \/e) = + sin d4- - 1) cos d, 
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i.o. ^ C t -1 {c^ -} 1 ) cos 6 = + sin - Ij cos Oy 

i.c. 1 ‘2ecos ^ = + csin ^ ; 

(l-4ccos^)"= + csin 

Hence, if either of these luiglcs is CX, we have 

(l4ccosDf)^= + esin ~r sin“a. (i) 

The equation of the normal at the point whose vectorial angle is (>, is 

esiiiLX / • /I • 

— t= c sill 6 4 sin 6 — a, 
liccosCX r 


This meets the line ^ i tt 4 0( at the i»oint whose radius vector is given hy 


f sin (X 
i + c cos Oi 


- = f cos (X 4 1, 
r 


i.e. 

or, sLiljstitnting from (i), 

i.e. 


I (1 4 C COS 
r e sin Oc 

h — ± 1 — c sin Oi, 
l;r = + 1 4 <■ COS ( Jtt 4 (X). 


Thus the normal meets the line w7r4 '^ at the ]ioint on the conn' 
whose vectorial angle is (J7r4 (X) ; in other words the normal chord subtends 
a right angle at the pole. 


Example iv. IShow that the ajuation of the iKi 'ir of tangents which 
can he drawn to the hgpcrbola I r ^ l4“Cco«6^ from the point (/*', 6^ ) is 
((C^— ^cos 0)'^— 1] ] (/;y — r cos 1 } 

— {[I r— c COS 0} (/ /•'— c cos 0'} — cos (6— 9'} I 
and that the equation of the asymptotes is 

I'r - j:z [c~-c coisO ±mi 0 */l — e 

The tangent at X to the conic 

//r ^ 1 -f c cos 

viz. 

//;•=; geos ^4- cos ^ — (ij 

passes through (r', S') if 

//;•' — € COS ^'4 COS (d' — Oi). (iij 

Hence, any point on a tangent from (r , ^").to the hyiicrbohi satisfies 
equation (i), if X has a value given by equation (ii). 

Thus, if we eliminate (X) from equations (i) and (ii), we get an equation 
satisfied by the coordinates of any point on these tangents. 

The equations can be written 

cos X cos S 4- sin -X sin S - (t/r — e cos ^ — 0, 
cosX cosd'4 sinX sin d' — (Z/r — c cos d') — 0. 

Hence 

cosX sinX 

{t/r - e cos sin d' — (/ // — e cos S') sin (9 {I j r — e cos S') cos S {I /r — c cos S) cos S' 

1 

“ ^iii{S'-S)' 
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f (^A* - ^ cos 6) sin - {l/r - e cos 6') sin Bf 

+ [Ulr' - e cos B') cos B-i^jv-e cos B) cos B']^ = sin’ (B - B'), 
i.c 

(Iji'-t cos Bf + (0’' - e cos B'f ~ 2 (7/^*— « cos B) {Ijr — e cos B') cos B-B' 

= sin’(^-^'), 

whicli is the same as 


{ (//r - ^ cos - 1 j { ( l/y - e cos B'f - 1 } 

— {(//r-^cos^) (7/r - rcos^')-cos^ -^'}’. 

The centre of the conic is the point {le/{e^-\), 0 }, and the asymptotes 
being the tangents from the centre to the hyperbola arc given by putting 
r z=z -- 0 in the above equation. 

In this case I/r—eco^ B' ~ {(^ — l)/e-e — - l/f!. 

Jlenco the equation becomes 

[(//r-gc06^)’“ 1 } {l/e’-l} = {l/e {l/r -e COB B)^ cos^}’, 
i.e. (//r-ccos^)’ + 2(Z/r~t cos^) . cos^/e + l/e’ - sin’ll, 

or {l/r-ecoB By 4 2 (//r — ecos B) cos^4 cos’ ^ = (1 sin’d, 
i.e. //r-ecos^4 COs ^ = 4 . sin 


Example v. An hyperbola and a parabola have a common focus and 
touch one another, and the line joining their other common points passes 
through the focus. 

Show that e= {5 4; 4 \^i/Cj^, where 21 is the latns rectum of the 
parabola and 2 c the length of the common chord. 

Take the axis of the parabola for initial line and let the equation of the 
coni('s be 

(parabola) l/r — 1 4 cos B, 

(hyperbola) L/r = 1 4- ^ cos {B - y). 

A pair of common chords are 

(L-l)/r ^ c COB B-y- COB B, (i) 

and 

{L-^l)/r — ecosB~~y + cosB, (ii) 

The first will pass through the pole (focus) if L = /. 

The second then becomes 

2l/r = ecos^-y4- cos B, 

and is by hypothesis a tangent to the parabola and the hyperbola. 

For some value of OK it is therefore identical with 
f/y = COS ^ 4 cos (B - ok). 

Comparing coefficients, 

2 _ ^ cos y + 1 _ « sin y 
i 4 cos OK sin OK ’ 

2 cos OK = c cosy- 1, 2 sin OK = 6! silly ; 

4 = e’~26CC3 y + 1 ; 

2ecosy = e’-3. 


(iii) 
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Now the first common chord (i) is 

ecos (^— y)-*cos^ : 


tan 6 ■ 


0 , 

1 — «COS y 
e sin y 

Hence, if 6 satisfies this equation, 6 and 7r + d are the vectorial angles 
of the ends of the common chord, say PSP', 

Thus l/SP = 1 -f cos d, l/SP' = 1 - cos d ; 

2 c/l = SP/l + SP'/l = 2/sin^ e ; 


- 1 f coP(9 = 1 


sin^ y 

-f — ^ 


Thus 


( 1 — C cos y f 
1 - 2 cos y + 6!* _ 4 

(1— <?COSy/ (1— CCOSy)'*^ 

1 - e COS y = ± 2 ^/l/c ; 

/. 2 e cosy — 2 + 4>v///c ; 

6^2-3 = 2±4V'/7c; 


(From iii.) 


Examples IX. 

1. The Benn-liifiis i'e(*tijni of a conic is th(‘ liannonic in<>an l)(*two(;n tlio 
segments of any focal chord. 

2. Each of the tangents to a conic from a point on its directrix subtends 
a right angle at the locus, 

3. Ill any conic the projection of the normal VG on the focal distance 
SP is equal to the semi-1 at us rectum. 

4. Show that the circumcircle of a triangle formed by three tangents to 
a parabola passes througli the focus. 

5. Tangents are drawn to a parabola from any point on its latus rectum ; 
show that the harmonic mean of the focal distances of the points of contact 
is equal to the semi- latus rectum. 

6. Trace the followinrr conics : -- 

(a) 2/r --- 1 I I (!OS d ; Hj) 2/^- — 1 cos d ; (c) 2/r ~ 1 -I 2 cos 0 ; 

(.1 j 3/r -- 1 4 V'i cos {e- 1 7r)/2. 

7. 'the ;ixes of an ellipse are 8 and 12 inches respectively. Show how to 
place a local chord of length li inebu-s in the elli[)se. How many possil.de 
positions are theie V 

8. If J'SP is any focal chord of a conic section, show that 

PP' - 2//tl-c^cos2d), 

where e is the eccentricity, 2 / the latus rectum, and 0 the inclination of the 
chord to the axis of tlic conic. A focal chord of a parabola is twice the 
length of the latus rectum : find the distance of this chord from the parallel 
tangent. 

9. Two conics have a common focus, equal latera recta, and four real 
points of intersection. Pjrove that one of them is an hyperbola, and that if the 

1267 B l> 
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other is an ellipse the sum of the reciprocals of the distances of the common 

• . 4- — €6' cosy 

points from the common focus is 7 • -/= — — » where 2/ is the length 

I g* + r~2^€ C0Sy ® 

of the latus rectum, t is the eccentricity of the ellipse, e' of the hyperbola, 

and 7 is the angle between the axes. 

10. Two parabolas have a common focus and axes inclined at an angle or. 
Prove that the locus of the intersection of two perpendicular tangents, one 
to each of the parabolas, is a conic. 

11. From the polar equation of a parabola deduce a quadratic equation for 
the lengths of the latera recta of the two parabolas, each of which has two 
focal radii of lengths and making an angle (X with one another. 

12. Conics with latus rectum of given length are described with a fixed 
point as focus and touching a given straight line. Prove that the locus of 
their centres is a conic. 

13. Two conics have a common focus S and have their corresponding axes 

at right angles. If r, , are the distances from S of the points of inter- 

section, being the greatest and the least, show that 

where e, e' are the eccentricities, and V the latera. recta of the conics. 

14. FQ are two points on an ellipse whose vectorial angles referred to one 

of the foci (S, H) are and (OC-ft), Prove that if FII and QS meet 

on the curve then the eccentricity e is given by sin (X/sin ^ 4- 1/e). 

15. Find the equation of the normal at the point d = (X of the conic 
/ =r r(l cos^), and prove that the part intercepted by the curve subtends 
at the origin an angle 2 tan'*(l +^^ + 2eco3a)/c8in(X. 

16. If the ellipses whose latera recta are ?, I' and eccentricities e, e have 
a common focus and touch one another, show that the cosine of the angle 
between their axes is {(/-/')” — + 

17. From the focus S of an ellipse whose eccentricity is e, radii SP, SQ 
are diawn at right angles to one another, and the tangents at P and Q 
meet at T. Show that the locus of T is an hyperbola, parabola, or ellipse, 
according as ^ is >, =, or < l/\^2. 

18. If *SP is drawn through a focus of an hyperbola parallel to one asymp- 
tote and meeting the curve at P, prove that the tangent at P meets the 
other asymptote on the latus rectum produced. 

19. Trace the curve rco8’0(.= aco8(d-3a), and show that for all values 
of (X it touches the pambola r — a sec^ I B. 

20. If a normal is drawn at one extremity of the latus rectum, prove 
that the distance from the focus of the other point in which it meets the 

curve IS 

21. The normal at a fixed point P of any conic meets the transverse axis 
at G, Show that points on the curve which are equidistant from G are 
such that the arithmetic mean of their focal radii is equal to the focal 
distance of P. 
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22. It' T is the pole of a chord FQ of / = ;•(! -j ^cosd) which subtends 

a constant angle 2a at the focus, l/*SP-f 2 cos a/57Ms constant. 

23. If a, (3, y are vectorial angles of three points on 2a/r =1-1 cosd, the 
normals at which are concurrent, S tan la ~ 0. 

Two points Py Q are taken on a parabola whose vectorial angles are 
supplementary. Show that the locus of the intersection of normals at F 
and ^ is a parabola. 

24. A parabola is drawn with its focus at the origin to touch ///• = 1 -f <? cos 6 
at any point. Show that the equation of the locus of its vortex is 

e cos 3), where 2u is the major axis of the given conit*. 

25. If dj, dg are extremities of conjugate diameters, prove 
(i) (e 4- cos ^i) {e 4 cos 4- (1 — e^) sin 3^ sin 3^ = 0 ; 

and (ii) + ^/l — . sin I (d, — ^3) = cos | (<9^ - ^2) -t ^ cos ^ (3^ 4- d.J. 

26. Show that the two conics / = >• (1 4- c cos 3)y I r (1 + c' cos 3) have two 

real common tangents if ^ < 2. 

27. A chord of a circle through a fixed point 0 on its circumference meets 
the circle in P, and a fixed straight line in Q and FQ) is harmonic. 
Prove that the locus of R is a conic. 

28. A right-angled triangle has its right angle at a focus of a conic 
section while the hypotenuse envelopes the curve and one other vertex 
moves on a given line : prove the remaining vertex describes a conic. 

29. A chord FQ of a conic subtends a right angle at a focus S. Show that 
the locus of the intersection of the circles on SF and SQ as diameter is 
a circle. 

30. The tangent parallel to tlie tangent at ^ = CV is 

I (e^ '1 2 6 cos (X + 1) = — 1) (cos <9 - ex 4 e cos 3], 

31. In the parabola r — «sec^|^, p, <7, r are the perpendiculars from the 
focus on any three tangents, and R is the radius of the circle circumscribing 
the triangle formed by the tangents. Show that = 2i?a*. 

32. The conic l/r = 1 4-^cos^ is cut by a circle which passes through the 
pole in the points (r, , (cg, dg), (r.,, ^3^ (r^, ^4) : prove that 

(i) 2 1 jr ■= 2/1 ; (ii) (1 4^ c) 2 tan ^ d = (\—e) 2 tan tan tan ^ 3^. 

33. Three points are taken on the parabola a ~ /•sin’*.Jd whose vectorial 
angles arc a, /8, 7. Prove that the radius of the circle circumscribed to the 
triangle of the tangents at the points is \a cosec ^a cosec I (3 cosec hy. 

34. A circle is drawn through the focus of the parabola 21= >•(! 4-C()sd) 
to touch it at the j^oint where 3 = a. Obtain its equation in the form 
rcos^^fX = I cos (d — J(X). 

Show that no circle of curvature at any point on a parabola can pass 
through the focus. 

35. Show that the equation of the polar of the point (/-j, 3j) with respect 

to the conic =1 fecos^ is — e cos 3) — e cos 3^) = cos {3 — 3^), 

If pairs of points collinear with the pole are conjugates for each of the 
conies = 1 -1- ^cos^, Ir~^ = 1 4-^8in 3, prove that they all lie on the conic 

^ cos d) {l/r — e sin d)4 1 = 0, or on the line ^ = Jrr. 

h b 2 
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36. Normals to the ellipse IJr = 1 4 ^eos^ at three points whose vectorial 

angles are Of, jS, y meet at a point. Prove that ~ * 

A, B, Cy D are the feet of four concurrent normals to an ellipse, focus S. 
On SAy SB, SC, SD as diameters circles are described. If two of these 
circles intersect on a fixed circle r = ccos^, prove that the other two will 
intersect on another fixed circle r = c'cos^, and determine the relation 
between c and c'. 

37. Tangents of lengths p and q are drawn to the parabola 2a/r = 1 + cos S 

from a point on the latus rectum produced. Prove that p, q satisfy the 
relation p*q* — and that the angle subtended by the 

chord of contact at the focus is 26, where 2p^tan^ = p^^q'^, 

38. Prove that two equal conics which have a common focus and whose 
axes are inclined at an angle 20(. intersect at an angle 

cos 2cx 4 2^ cos5f 4 ij 

39. BSQ is a focal chord of a conic. Find the locus of the intersection of 
the tangent at Q with the perpendicular from S on the tangent at P. 

40. Chords of the conic //r=l— ecosd are drawn through the origin 
and on these chords as diameters circles are described. Prove that their 
envelope consists of the two circles l/r{l/r-\-ecOB$) = 1 + ^. 

41. Prove, from the general polar equation of a conic 

r^(acos*^4 2A8in ^cos^4ft8in® 4 2/'(^^C08d4/sin 4 c *= 0, 

that the locus of the extremity of a radius from a fixed point equal to the 
harmonic mean of the two radii of the conic in the same direction is 
a straight line which, when the point is external, passes through the points 
of contact of tangents from the point. 

Prove also that, if the mean is arithmetic or geometric, the loci are 
conics, and that the centre of the conic in the case of the arithmetic mean 
is midway between the centres of the original conic and of the geometric 
moan conic. 

42. Find the equation to the choi’d joining the points 6 = (X~^ and 
d = CX4^ of the hyperbola //r=l4eco8^, and hence show that the 
equations to its asymptotes are c/r = cosS/a±smd/h, 

A line drawn through a focus S perpendicular to an asymptote cuts the 
hyperbola again in P, Q, Prove that SP.SQ = — 

43. At any point ci the conic i** cos 2d = a® is drawn the parabola having 
.4 point contact: prove that the locus of the foot of the perpendicular from 
the centre of the hyperbola to the tangent at the vertex of the parabola is 

cos 2d = a* (cos^ d 4 sin^ d)®. 

44. P is the pole of a chord which subtends a constant angle at the focus 
5 of a conic, and SPis cut internally bX.the conic in Q, Find the locus of 
the harmonic conjugate of 5 with respect to Pand Q, 

45. The parabola I = r(l— cosd) is turned about the origin through an 
angle cos”' J . If the new parabola cuts the initial line at P and Q, show^ 
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that the intercept made on the old parabola by the tangent at one of the 
points P, Q to the new parabola subtends a right angle at the origin. 

46. Two parallel straight lines and a circle, centre being given, a straight 
line 'PAB is drawn from any point of the circle to meet the lines in A and B 
respectively, and through A a straight line is drawn parallel to BF to meet 
FP in Q: show that the locus of Q is a conic, and determine whether it is 
a parabola, ellipse, or hyperbola. 

47. Prove that the equation r(l 4-ecosa)® = /cos (d-a) 47^cos(d-2a) 
represents a circle which passes through the origin and touches the conic 
l/r = 1 + ecos^. 

48. Find the equation of the polar reciprocal of the conic l/r = e cos S, 
with respect to a circle, whose centre is at the focus and diameter equal to 
the latus rectum of the conic. 

49. Find the equation of the polar of the point (/, 6') with respect to the 
circle r = c, and obtain the envelope of such polars when F) lies on the 
conic c/r = 1 -t e? cos B. 
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LINE COORDINATES AND TANGENTIAL EQUATIONS 

§ 1. In the previous chapters the position of a point has been 
indicated by the coordinates x and and the locus of a point, under 
various circumstances, has been represented by an equation involving 
the variables x and iy. 

The position of a line can also be indicated by two coordinates ; 
for example, those coordinates might be the lengths of the intercepts 
made by the straight line on the coordinate axes. 

Such coordinates are called line coordinates. It is possible to 
develop a system of line coordinates quite indeiiendently ; we shall 
illustrate tliis. Lino coordinates, however, are most valuable when 
used in conjunction with point coordinates ; we have therefore adopted 
that system of line coordinates which works most easily with our 
l)revious work on point coordinates. 

§ 2. Any straight line, including the line at inlinity, can ))e 
represented b}^ an equation of the form l.r -{-nz ^ 0. If we 
exclude the line at infinity, we can use the simpler form of this 
equation, lx ■\-mjf f n = 0, as the general equation of a straight line ; 
this equation involves three coefficients, ?, m, and n. If, further, we 
exclude straight lines which pass through the origin, so that n is not 
zero, W(^ can take the general equation of a straight line in the form 
lx-\-mij -\- 1 = 0; this equation involves only two coeflicients, I and m. 
If the mutual ratios I : m : n are known, the position of the line 
lx my nz =■ 0 is known, and similarly, if the values of I and m are 
known, the position of the line lx-\-my-^l = 0 is known. Thus 
(/, m, n) may be regarded as the coordinates of the line Ix + my + 7iz= 0 ; 
and (ly m) as the coordinates of the line lx-{-my-{- 1 = (). 

Note. When using point coordinates we found two coordinates (ar, ij) 
sufficient except when we had to deal with points at infinity, in which case 
we used the homogeneous coordinates {x, y, z). 

When using line coordinates we shall find two coordinates (/, m) sufficient 
except when we have to deal with lines passing through the origin, in which 
case we shall use the homogeneous coordinates (/, ///, n). 
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Let OL, OM ))e the coordinate axes, rectangular or oblique, and let AB 
be the straight line (/, m). The Cartesian equation of the line AB is 
lx^-mtj^-1 =^0y hence OA=^—\/ly OB -llm. Thus the straight line 




{ly m) makes intercepts —1/^, —X/tn on the coordinate axes. So also the 
line (/, m, n) makes intercepts — n//, -‘njm on the axes. 

The usual convention of signs can be followed ; thus in the figure the 
straight line A' B' is the line ( — Z, -ni). 

Wote i. The Cartesian equation of any straight line through the origin 
is Ijc -f my = 0 ; remembering that (/, m, u) is the straight line lx + my + = 0, 

we see that the homogeneous coordinates of this straight line are (/, m^ 0). 

Note ii. The coordinates of the axes OL and Od/ are (0, 1, 0) and 

( 1 , 0 , 0 ). 

Note iii. The coordinates of a straight line parallel to the axis OL 
(e.g. y-1 a = 0) are (0, 1/a). 

Note iv. The equation of the line at infinity is c = 0 ; if ^ and m are 
zero the equation Ix-^my^ nz = 0 reduces to ^ = 0. Thus the coordinates 
of the ‘ line at infinity ’ are (0, Oj, or in homogeneous coordinates (0, 0, 1). 

Examples X a. 

1. Show that the straight lines ( + «, ± h) form a parallelogram. 

2. Prove that the coordinates (A a, Aft), represent, for dift'erent values ol A, 
a system of parallel straight lines. 

3. The straight lines (a, h), (6, a) cut the axes of coordinates in four con- 
cyclic points. 

4. Find the condition that the straight lines (/j, [l^^ should be at 

right angles. 

5. What angle does the straight line (Z,, m^) make with the axis of a: ? 

6. If the axes are rectangular, find the angle between the straight lines 

(/j , nq), (fj, tWj). 

7. What does {hy k, 0) represent (a) in point coordinates, (b) in line 
coordinates ? 

8. The perpendicular from the origin on a straight line is of length p, 
and makes angles (X and with the coordinate axes : what arc the coor- 
dinates of the straight line ? 
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9. If the axes are rectangular the straight lines (/, m, 0), (/;», 0) arc at 

right angles. 

10. If the axes are oblique (oj', hud the condition that the lint's f/j, 0), 
(/., ;;/ 2 , Oj should be harmonic eonjiigates with respect to the straight lines 
(0, 1,0), (1,0,0'. 

§ 3. Any equation, </)(/, m) = 0, involving tin* coordinates /, in is 
satisfied by the coordinates of any one of a group of straiglit lines 
in the same way that an equation /(>7/) = 0 is satisfied by tlie coordi- 
nates of any one of a group of points. If any value be given to I in 
such an equation, corresponding values of m can be found, giving the 
coordinates of lines of the group. Any two lines of the group whose 
coordinates are (/, m) and {Z-f//, intersect in a point ; as //, and 

therefore fc, are indefinitely diminished, this jmint takes a definite 
limiting position, which is usually referred to as the point of inter- 
section of two consecutive lines of the group defined by (j){i m) = 0. 
The series of points so determined trace out a curve, and the ecjuation 
of this curve in line coordinates is </> (/, m) = 0. Every straight line 
(I, m), whose coordinates satisfy this equation, touches this curve ; 
for such a straight line meets the ciirve in two coincident points, 
viz. the limiting positions of its intersections with tlie lines 
— when h and It' and therefore k and /r' 

are indefinitely diminished. The curve is therefore the envelope 
of the line (Z, m)y when its coordinates are subject to the condition 
</) (I, m) — 0 

Thus the equation /(.r, y) = 0 represents the locus of a point 
(.r, y) whose coordinates satisfy this equation, and the straight line 
joining two points on the curve is, in the limiting position when 
these two points become coincident, a tangent to the curve. 

The equation </> (/, m) = 0 represents the envelope of a line (/, m) 
whose coordinates satisfy this equation, and the point of intersection 
of two tangents to the curve, in the limiting position when these 
two tangents become coincident, is a point on the curve. 

If cf) (/, m) = 0 represents the same curve as /(a;, y) = 0, it is called 
the tangential equation of this curve ; evidently cj) (I, m) = 0 is 
the condition that the straight line (I, m) or lr-j-7ny-{-l = 0 should 
touch the curve /(j', y) = 0. 

Cartesian coordinates are useful for the investigation of loci and 
their properties ; line coordinates are useful for the investigation of 
envelopes. We have learned how to interpret the equations of loci ; 
the object of this chapter is to interpret and discover the properties 
of tangential equations. 
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§ 4. The equation of the first degree A1 -h Bm 4-0 = 0 repre- 
sents a point. The Cartesian equation of the lino (/, in) is 
/x-hiny+l = 0, and Ai-f5in+(7=0 is the condition that this 
straight line should pass through the point (A /(7, B/C) Hence, any 
straight line whose coordinates satisfy the equation = 0 

passes through the i^oint [A/C, B C), This equation is then the 
tangential equation of this point. 

We have now the following reciprocal property of the equation 
= 0 ; — 

If I and ni are constants, it is the Cartesian equation of the 
straight line whose line coordinates are [I, m). 

If X and y are constants, it is the Tangential equation of the point 
whose point coordinates are (/*, y). 

Note i. So also in liomogen( 3 ous coordinates; lx-\ my nz 0 is the 
))oint equation of the straight line (/, m, n) and the line equation of 
the point [x, y, 

Note ii. The origin is the point (0, 0, 1) ; theretore the tangential 
equation of the origin is n =- 0. 

It should be carefully noted that when we are dealing with the origin or 
lines through the origin in line coordinates we must use homogeneous 
coordinates. 

Note iii. 'Fhc homogenoous coordinates of a at inlinity are of the 

form [x, y, 0) ; therefore the tangential equation of a i)oint at inlinity is of 
the form 7a; 4 my =■ 0. 

§ 5. (i) To fin J the equation of the jmnt of inters^xlion of the slraiyht 
lines (/i, wq), (/.^, i;q). 

If the point is 

1 = 0: (i) 

then, since it lies on the given lines, we have 

al^ 4- bmi -f 1 = 0, (ii) 

and al 2 + hm 2 + l = 0: (iii) 

these equations give tlie values of a and b ; or, in the determinant 
notation, eliminating the unknown constants a, h from (i), (ii), and 
(iii), we find that the equation of the point is 

I m 1 i 

1 i = 

I 2 ni-i 1 ; 

Cor. i. If the straight lines are parallel, their coordinates are of 
the form [l^, in,), (kf, knii), and the equation of their point of inter- 
section is mJ—liVi = 0, i.e. a point at infinity. 
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Cor. ii. 


The lines (Ij, mj), (1^, m^, (la, m3) are concurrent if 


li »», 1 

h »»2 1 
I3 ^ 


= 0 . 


Cor. iii. The cooi'dinates of a straight line through the inter- 
section of {li , Ml, ). {^3, m3) are of the form 

( p + a ’ P + q 3 


(ii) 'To find the coordinates of the straight line joining the points 

ol-|-6m+ 1 = 0, a'l+h'm + l = 0. 

These are evidently found by regarding the equations of the points 
as simultaneous equations giving I and m. 

(iii) J/« = 0, t; = 0 are the cciuaiions of two points^ to interpret 
the equation w + A t; = 0. 

The coordinates of the line which joins the points w = 0, v = 0 
satisfy each of these equations, and consequently satisfy w + A^; = 0. 
Hence this equation for different values of A represents points on 
the straight line joining the points u = 0, v = 0. 

(iv) To find the equation of the point ivhich divides the join of the 
points a? + 6m 4- 1 =0, a'l + 6'm + 1 = 0 in the ratio p : q. 

The Cartesian coordinates of the points are (a, 6), (a', b'}, and 
those of the required points are 

^qa -\-pa' gb +i>6" | 

hence the equation of the point in line coordinates is 

0 , 

q-^p g-\-p 

i.e. f/(a? + 6m+l)+i?(a7 + 6'm+l) = 0. 

Cor. i. The equation of the point midway between the points al + bm + 1= 0, 
a I + h'm +1 = 0 is (a + a') / + (6 + 6') w + 2 = 0. 

Cor. ii. If w = 0, = 0 are the equations of two points in the form 

al + hm + 1 = 0, then the points pu’hqv = 0, pu-qv = 0 are harmonic com 
jugates with respect to w = 0, v = 0. 

Example. The sides of a triangle ABC are divided at P, Q, li so 
that BP =^p. PC; CQ = q. QA ; AR — r.RB; find the condition that 
P, Q, R should be collinear. (Menelaus’ Theorem.) 
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Let the vertices of the triangle be 


w = a? + hm 4-1 = 0, 
t? = a7 4- h'm 4-1 = 0, 
w = a*l 4- 4-1 = 0, 

then the equations of the points Q, E are 


v + ptv = 0, w + qu = 0y « + nj = 0, 

and these are simultaneously satisfied by the coordinates of a straight line 
ih > = 0, w^ + qui = 0, 111 4- = 0, 


i.e. if 



?£i 

lii 




Ml 

Vl 


or pqr = ~1, 

which is the required condition. 




The reader should compare the solutions in point and line co- 
ordinates of the following elementary problems : — 


To find the locus of a point 
tvfiose distance from the origin is 
constant and equal to c. 

(Point coordinates.) 

Let any such 2 )oint be (,r, y), then 

a?'^4-y2 _ ^2^ 

which is the equation of the locus. 


(Line coordinates.) 

Let xl + ym 4-1=0 be any such 
2 )oint, then 4- y’ = c*. 

Now on any line (?', m') two points 
of the locus will lie, whose x and y 
arc given by 

xV -f ytn 4 1 = 0, 
and 4 y’ = c*, 

and the ratio x/y' is given by 
4 y* = [xV 4 y^w')®. 

These two points are coincident, 
and the line (l\ m') touches the locus 
if 

or cM^'Hm'*) = l, 

i.e. the equation of the locus is 
cMP4-m*) = 1. 


To find the enveloqye of a line 
whose distance from the origin is 
constant and equal to c*. 

(Line coordinates.) 

Let any such line be (/, m)y then 
1 _ 

or c’ (r*4 m*) = 1, 

which is the equation of the envelope. 
(Point coordinates.) 

Let 4 my -1 1 = 0 be any such 
line, then c*(/’^4 m®) = 1. 

Now through any point (x\ y') two 
tangents to the envelope will i)ass, 
whose / and m are given by 
lx' 4- my' +1=0, 
and c® (^* 4 tH®) = 1, 

and the ratio l/m is given by 
if + m*) = {lx' 4 my'f. 

These two tangents are coincident, 
and the point (a?', y) lies on the en- 
velope if 

(c»^^'»)(c»^y'*) = a:'*y'^ 
or a?'* + y'® = c®, 

i.e. the equation of the enveloi)e is 

4 y^ = c®. 
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Examples Xb. 

(The axes arc rectan;:^ulai* except in (questions marked Avith an asterisk.) 

'^1. Show that tlie disianee between the points 

al + htH 4 1 = 0, a 1 4 h'm 4 1 = 0 
is [(a - a')* 4 {b - h'f 4 2 (a - a') {b - h') cos cd J . 

2. Find the perpendicular distance of the point al-^hn-vX ^ 0 tVoui the 
line {/, , aij). 

*-]. Find the angle between the lines (Z^, m^), (/j, vt^}. 

’*4. Provo that the straight lines (Zi,Wi), ni^) are i)erpendicular if 

4 nil ] (/j 4 w = 0. 

The points aZ 4 Z>/// 4 1 = 0, ^74 Z>7;? f 1 = 0 subtend a right angle at 
the origin if bb'-j (ab'~i o7>)eosa) = 0. 

G. Find the equation of the inid-j)oint of the line joining the points 
Za’j 4- -} n^i = 0. 1 X 2 -I mi/2 4 >*-2 ~ 

7. Plot the following ])oints : al 4 1 = 0, hm -1 = 0, / I in = 2, 1-m = 2, 
3 / + 4 - 1 = 0. 

*8. Find the general e<|uaiions of two points equidistant from the axis of /. 

*9. »Show that for all values of X the point aJ 4 hw + 1 4 X 1) = 0 

lies on a fixed line, and find its coordinates. 

*10. Show that for different values of X the equation al-\-hm = X repre- 
sents points lying on a straight line through the origin. 

*11. Find the coordinates of the line joining the points 8Z-f4m~ 12, 
5Z-6;;? = 2. 

12. What is the area of the triangle whose vertices are + — 0, 

a,J -1 h^in 4 = 0, b^m 4 Cg = 0. 

*13. Find the coordinates of a line parallel to (Zj, 7/11) and passing through 
the point al 4 bm -I 1 -- 0. 

14. Find the coordinates of a line perpendicular to (Z^, Wj) and jjassing 

through al 4 bni 4 1 0. 

15. Find the condition that the line joining the points «Z4 hm + 1 = 0, 
rt7 4-Zy'w4-l = 0 should be per])endicular to (Z^, nq). 

16. Find the condition that the point Z.r4wiy+1=0 should lie on 
a circle whose diameter is the join of the i>oints 

al -t hm 4 1 ~ 0, a'Z 4 Z>' 7/H- 1 = 0. 

17. The centre of a circle is the point al 4 hm + 1 = 0, and Al-k^Bm + 1 = 0 
is a point on the circle ; find the equation of the other end of the diameter 
through this point. 

*18. Find the condition that the points rqZ + + 1 =0, njZ 1 ^ 

a^l + hsm H 1 = 0 should be collinear. 

19. A straight line (Z, m) cuts the axes at A and B so that I/O A® 4 1/OB^ 
is constant. Find the equation of its envelope. 

20. Find the coordinates of the straight lines bisecting the angles between 
the straight lines (3, 4) and (5, 12). 

*21. Find the coordinates of the stiuight line joining the intersection of 
(Zi, ni^y (Zj, m^) to the point «Z+Z7m 4 1 = 0. 
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22. What are the lino equations of the curves enveloped hy the lines 
(a) (a cos o sin ^), (b) (a cos sin d), (c) whore 6? is variable V 

*23. A straight lino cuts the axes at the points P, Q ; find the equation of 
its envelope in the following casta; 

(i) 1/Orn/OQ = c; iii) OQ ^ r ; ^\u) a/OP ±b/OQ = c ; 

(iv) OF+OQ== c; (v) OP- OQ - c. 

Show that the line at infinity touches the last two curves. 

^24. Find the equation of the centroid of the triiingle whose vertices are 

I + /q m f 1=0, h ., m -r 1 = 0, a^I + h^m + 1 = 0. 

25. Find the equation of the envelope of a line which moves so that the 
foot of the perpemiiciilar on it from al {1 = 0 lies on the axis of />/. 

20 . Find the envelope of a line whose distance from the point ia^.hy) is 
double its distance from the point 5.,). 

§ 6. The general equation of the second degree in line coordinates 
is u ^ tip -\-2gl-\-2fw 4- (‘ — (). If u has factors, i.e. if 
A = 0, the equation u ~ 0 represents a i)air of points. The co- 
ordinates of the line joining them are {(r'C. F C). (Cf. p. 109). 

The equation o/- + 2///m + = 0 represents two points whoso 

equations are of the form = 0, i.e. two points at infinity. 

Definition. Two points at infinity which subtend a right angle 
at the origin are called orthogonal points. 

To find the condition that the points al infinity whose equation is 
uF 4-21dm4-b)n^ ~ 0 should he orthogonal. 

Let aP 4- 2hhn 4- hni^ ^ a (f 4-l'm)(l4-h'm\ then, since the tangejitial 
equations of the points are — 0, Z + = 0, their point 

coordinates are (1, A*, 0), (1, h\ 0). These points lie on the straight 
lines through the origin whose point equations are Av— ?/ =: 0, 
rr: 0, or, in one eciuation, 

(A’.r — ?/)(A:V— ?/) = 0, 
i. e. hi ' +2 (Ic 4 A:') :ry -f if = 0, 

i. e. hx'^ — 2hxy -f ay^ = 0. 

Thus the Cartesian equation of the lines joining the points at 
infinity, aP 4 2hhn4-hnr = 0^ to the origin is hx- — 2hxy 4 aip — 0. 
These are ]>erpendicular if a -f h4 2h cos (o = 0. 

Note i. The lines ax* + 2 hxy -I hf = 0 arc orthogonal if r/ + 5 - 2 /? cos cu = 0. 

The points aP ^ 2hlm-\ hnr = 0 are orthogonal if a 4 5 -f 2// cosco = 0. 

Note ii. The Cartesian equation of the lines joining the circular points 
at infinity to the origin (called the circular lines through the origin) is 

F ^ if 2xiJ cos a) = 0. 
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This equation can be written 

(x + e'^y) (a? + = 0. 

Hence the line coordinates of these circular lines are (1, /?*«, 0), (1, 0), 

and these lines therefore pass through the points at infinity whose equations 
are = 0, = 0 ; or, in one equation, 

(e^ (<?■’» ^l-m) = 0 , 
i.e. /^-2/mco3G) + w* = 0; 

this is therefore the tangential equation of the circular points at infinity. 

If the axes are rectangular, the circular linos are (1, /, 0), (1, 0), and 

the circular points P + = 0. 

Note iii. The Cartesian equations of the lines joining the pairs of points 
at infinity, whose equations are at^ + 2hlm + hn^ = 0 , — 2lm cos o) + m* = 0 , 

to the origin are hx^ - 2 hxy + ay'^ *= 0, -f 2 xy cos o) + ?/* = 0. These lines 
are harmonic conjugates if o + fe+2/jco8o) = 0 ; hence, orthogonal points 
at infinity are harmonic conjugates with respect to the circular points at 
infinity ; and, orthogonal lines through the origin are harmonic conjugates 
with respect to the circular lines through the origin. 

Example i. If aP + 2hlm -I- bivP + 2gl -h 2/m + c = 0 represents 
two points^ find the equation of the point midway bettveen them. 

Let aP + 2 bhn + hm^ + 2^^ + 2/m + c ^ c (p? + gm + 1) (p'Z + g'm -f 1), then 
the equation of the point midway between the points 
p^ + gtn-fl — O, p'? + g'm + l=0 
is (p+p')l’¥(q + q')m + 2 = 0, 

or g? +/m + c = 0. 


Example ii. To find the angle between the straight lines joining the 
points Pj Q, whose eqmtian is 

u = aP’\-2hlm+bm^ + 2gl + 2/m + c = 0, 
where A = 0, to the point R whose eq;uatmi is pl + qm + l = 0. 


Method 1. The equation 

aP + 2 him + hrP -2 {gl+ fm) (pi + qm) + c (pZ + qmY = 0 (i) 

is satisfied by the coordinates of lines which pass through one of the points 
P, Q and also the point Ji. 

It can be written 


{a-2gp^-cp^] P-\-2{h-gq-fp^cpq} Zm-f {6*“2/g + = 0, 
or 

wZ^ + 2vlm + umP = 0. (ii) 


This equation therefore gives the ratios of the coordinates Ifm of the 
lines PR and QR. If the roots of equation (ii) be IJm^ and IJm^^ since 
the Cartesian equations of the lines are liX + miy + l 0, l^x-^m^yi-l = 0, 


we have 


tan PRQ = 


h/^i ~ _ 2y^v^ — uw 
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Method 2, The equation + + = 0 represents two points at 

infinity, viz. the intersections of the lines P7?, QR with the line at infinity. 
Hence the joins of the origin to these points are parallel to PR, QR \ the 
Cartesian equation of these straight lines is w'jj® — 2 + wy® = 0, hence 

w + u 


§ 7, The circle. Let the centre of the circle be the point (.r, y), 
whose equation is lx + my-\-l = 0, and let {?, m) be any tangent to 
the circle. The perpendicular from the centre on thi.s tangent is 
Zaj-h 1 




and this is equal to the radius r. 

The tangential equation of the circle is therefore 
{P + m^) = {lx + my 4- 1)^. 


Compare this equation with the general equation 
aP + 21ilm -f- IrrP + 2yZ + 2fm + c = 0, 

and we have 

““ xy^ X y I ’ 


hence fg = c^xy^ h — exy ; .*.//= fg-^ch = 0 ; 

also 6c— and ac^g^ = — ; 

A = B. 

Hence the conditions that the general equation of the second 
degree should represent a circle are A = B and H = 0. 


I. When the centre of the circle is at the origin, the equation 
becomes {P + m^) r= 1 ; this is the tangential equation of the circle 

a;2-f.y2 ^ ^.2 

The coordinates of any tangent to the circle can be put in the 


form (-costf, ^ sin^); the Cartesian equation of this tangent is 

a?cos 0+y sin 0 4-r = 0, so that the coordinates of its point of contact 
are (--rcos0, — rsin^j; the tangential equation of the point of 
contact is then rl cos ^ + rm sin 0 = 1. 

Again, the polar of the point (a?!, y^ with respect to the circle 
x^-\-y^ = is xxi-\'yyi = ; hence the polar of the point 

ZrTi-f-myi + l = C 


with respect to the circle r^{P-\-nP) = 1 is the line “ 

Similarly, the pole of the line (Zj, is the point r*ZjZ+r^im = L 
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These insults can be found independently as illustrated in the 
following example : — 

To find the equation of the point of intersection of the tangents whose 
coordinates are (icos6^, isind^, (^cos0, isin(#>^‘ 

If the equation of the point of inteisection is + l = 0, we have, 

since the given tangents pass through it, 

p cos 6 q sin 6 ^ r — 0, 
p cos ^ 4 gr sin -f >• =» 0, 

and by cross-multiplication, dividing the result by sin -</)), we have 

P _ ^ . 

cosJ(d-f(/)) s\n\{9 + (f) cosi(6/-</))' 

i.e. the equation of the point is 

rl cos 2 (^ + 0) + na sin J 4 1 />) = cos 1(6- 0). 

Hence, putting 6 — the equation of the point of contact of the tangent 

cos d, ~sind^ is W cos d-{ rwi sin d = 1 ; this is therefore the general 
equation of a point on the circle. 

The equation of the circle in homogeneous coordinates is 

; 

this is satisfied by the coordinates of the circular lines through the 
origin, viz. (1, 0), (1, — 0), and therefore the circle touches the 

circular lines through the centre. The equations of the points of 
contact are r(?4:im) = 0 or /4:nw = 0, i.e. the circular points at 
infinity. ( Vide Chap. V, § 16). 

II, The equations of any two circles are 

= + (i) 

(l?!* + q^m + 1)'-' := »-i* (2^ + m% (ii) 

and the coordinates of any line which satisfy both the equations 
(i) and (ii) will also satisfy the equation 

ri^ ( pi + qm -h 1)^ = (p^l -f q^m + 1 )“, 
which is equivalent to the two equations 

^‘i (P^ + 4- 1) + r (p^l 4- q^n -f 1 ) = 0, 

r^(pl-i- qm + 1) — r { -|- q^m + 1 ) .= 0. 

These equations represent two points dividing the line joining the 
centres of the circles in the ratio of the radii, i.e. the centres of 
similitude. Hence, the common tangents of two circles pass through 
the centres of similitude. 
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Example i. A straight line cuts two parallel straight lines in points 
which subtend a right angle at a fixed point mnhvay between the lines : 
find its envelope. 

Let the fixed point be the origin and let .r + a = 0, ic — a = 0 be the 
Cartesian equations of the given parallel lines. Let (?, m) or 7.r + 4- 1 = 0 

be the straight line : then the lines joining its intersections with x-\-a— 0 
and a: — a = 0 to the origin are x/a = 0 and Jx^-my — xla = 0. 

These are at right angles, hence ~ equation of the 

envelope of the line (7, m) is + = 1, which is a circle whose centre 

is the origin and radius a. 

Example ii. Any point P on a fixed circle is joined to a fixed point 
-4, and PQ is drawn perpendicular to AP : find its envelope. 

Let the straight line PQ be /^r-fmy+l = 0, and the fixed point {a, 0) ; 
and let the circle be 

The equation of the straight line through (a, 0) perpendicular to 
lx-\rmy-{- \ = 0 is mx’-ly = am, and these lines intersect on the circle. 

Eliminating x and y from these equations and + we have 

{lx + myY + {mx - lyY =14- 

i. e. (/^ 4- m®) (oj® 4- y*) = 1 4- a^m®, 

i. e. (r* 4- m®) = 1 4- a* wi*, 

which is the equation of the envelope required. 

Examples Xc. 

1. Find the coordinates of the chord joining the points rl cos 6 4- rm sin 1 , 
rl cos 0 4- /v/^ sin <^ = 1 . 

2. Show that the polars of all points on the line (7', m') with respect to 
the circle r® if 4- wt*) = 1 are concurrent. 

3. The locus of the intersection of tangents to the circle r®(7®4-m*) = 1, 

which include a right angle, is 2r* + = 1. 

4. A chord of a circle subtends a right angle at a fixed, point: show that 
the equation of its envelope can be put in the form 

{l^ + ni^) (a*~r*)-2a7 4-2 = 0. 

5. The sum of the perpendiculars from n fixed points on a straight line is 
constant : show that its envelope is a circle. 

If the points are ai7 4-7>im4' 1 = 0. a27 4-7>^m 4- 1 = 0, a^l + h^m + l ^ 0^ 
find its centre and radius. 

6. Find the condition that the point al + btn + 1 = 0 should lie on the 
circle f^{P-^m^) = 1. 

7. Find the coordinates of the tangents from the point 2a7 = 1 to the 
circle 2a*(7^4-m*) = 1. 
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8. Show that 3m^-4//«“4/ — 2m--l = 0 is a circle, and find its centre 
and radius. 

9. Find the contrition that two circles whose line equations are given 
should be orthogonal. 

10. Find the equation of the circle of similitude of the circles 

{pi + 1)® = (P -f W^), (ql -f 1 == ^2 ^ 

11. Show that the Cartesian equation of the circle 

(p f m^) = {la -I mb 4- 1)^ is {x - a)^ 4- (y — h)^ = r*. 

12. Through two points A and A\ Al\ A' P' are drawn perpendicular to 
AA\ and A' 1\ AP' are perpendicular. Find the envelope of the join of 
the mid points of AP and A'P', 

13. Show that the equation c^P -^{p^ + — \ = 0 represents for 

different values of /u a system of circles passing through two fixed points. 

14. Show that the tangents from any point on the axis of m to the circles 
c*Z*4'(c^~X^)tw^4-2X/4- 1 = 0, c^r^4'(c*-/x^)w*4-2/i/4- 1 = 0 are equal, and 
hence that the first equation for different values of X represents a system 
of coaxal circles whose limiting points are cl±l = 0. 

15. Show that the coordinates of the common tangents of the two circles 
in Question 1 i are given by the equations {c^P 4- 1) (X 4-/i) 4- 2 (c* 4- \/j) 1=0, 
(\'hp)f}p = 21, Deduce that they intersect on the line of centres of the 
circles at distances from the radical axis whose product is c^, 

16. Two circles of a coaxal system can be drawn to touch any given 
straight line. 

17. Pairs of circles of a coaxal system are taken such that the sum of the 
distances of their centre from the radical axis is constant. Show that their 
common tangents envelope the curve = 2ld. 

18. For different values of c the equation — 2c?--l =0 represents 
circles touching each other at a fixed point. 

19. A system of circles touch one another at a fixed point, and a line 
parallel to their common tangent cuts them. Show that the tangents to the 
circles at the points of intersection with the line all touch another fixed 
circle. 

§ 8. The general equation of the second degree. 

I. Tojind the Cartesian equation To find the tangential equation of 
of the envelope the locus 

2=a?^4-2AZm4-&m2 4-2^?4-2/w S = ax^ •\-2hxy -\-by^ ’\-2gx-\-2fy 

4-c = 0. 4-c = 0. 

In other words, to find the equation In other words, to find the equa- 
of the envelope of the straight line tion of the locus of the point 
/x 4- 4- 1 = 0, a?/ 4 y w + 1 = 0, 

when I and m satisfy the equation when x and y satisfy the equation 
2 = 0. S=0, 
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Through any point (a?, y) two 
straight lines of the system defined by 
2 = 0 pass, for the values of I and m 
for such lines are given by 
/a: + my + 1 = 0, 

and 

at^ -f 2 him + hnt^ — 2 fy/ + fm) (lx + nuj) 
-f c {lx + myY = 0, 
i. e. (a - 2 ya? + cx’^) f 

+ 2 (Ji —fx — yy + cxy) Im 

+ (6-2/y + cy‘’)m* = 0. 
These two straight lines are coin- 
cident, and their point of intersection 
{x, y) lies on the envelope if 
{a - 2 ya: -f ex'-) (h - 2fy + ci/) 

= {h-fx-yy-^exyf, 
which at once reduces to 
Ax^ + 2 Ilxy + Bi/ + 2 Gx 

-f- 2 Fy -{'0 = 0, 
which is therefore the Cartesian 
equation of the envelope. 


On any straight line (/, tn) two 
points of the system defined by 6’ = 0 
lie, for the values of x and y for such 
points are given by 

xl + ym + 1=0, 

and 

ax^ + 2 hxy ht/ — 2 (yx +/y) {lx + my) 
+ c(/a? + 7//y)^ = 0, 
i.e. (a — 2gl-{-cP)x‘^ 

+ 2 {h -fl-gm + chn)xy 
+ (& — 2 fm + cni^)i/ = 0. 

These two points are coincident, 
and the straight line through them 
(?, m) touches the locus if 
(a~2yl-\-cP) (b-2fm + cm'^) 

= (h—fl-ym-\^dmy^ 
which at once reduces to 
Al^^21lhn-^Bm^\2Gl 

+ 2/<>?t + C = 0, 
which is therefore the tangential 
equation of the locus. 


These propositions are very important, and another proof will bo 
given later. 


Note i. Since the envelope + + + 2y; + 2/m + c = 0 is the 

same as the locus Ax^ + 2 Ilxy + By'^ + 2 Gx + 2 Fy +0=0, the envelope 
is a conic. 

Note ii. The Cartesian equation of the conic 2 = 0 and the tangential 
equation of the conic S = 0 are formed from these equations by the same 
process, viz. replacing a, 6, c,/, y, h by A, By 0, F, G, II and interchanging 
ly m and Xy y. 

Since the tangential equation of S' = 0 is 

AP + 2 lUm + Bfn^ + 2 0/ + 2 Ft/j + 0 = 0, 
the Cartesian equation of the latter must be S = 0. This fact indicates 
the reciprocal relations which exist between the letters a, by c, fy y, h and 

Ay By Cy Fy Gy II y ViZ. = Ay BC F^ = A «, 

fg-ch^Hy FG-CII^ tihy &c.; 
these can be easily verified algebraically. 

Note iii. The conic Ax^ + 2 Hxy + 2?y* + 2 Go? + 2 Fy + 0 = 0 is an ellipse, 
parabola, or hyperbola according as AB-lFy i.e. Ac, is positive, zero, or 
negative : hence the conic 2 = + 2 him + bni^ + 2gl + 2fm + c = 0 is an 

ellipse, parabola, or hyperbola according as Ac is positive, zero, or negative. 

The condition for a parabola, c = 0, corresponds to the fact that the line 
at infinity (0, 0) touches the conic 2 = 0. 

c c 2 
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Similarly, we can show that 

(a) 2 = 0 is a rectangular hyperbola if -4 +5- 2// cos o) = 0 ; 

(b) 2 = 0 passes through the origin if (7 = 0. 

The latter can bo shown independently thus : since we are considering 
the origin we must use homogeneous coordinates ; the equation 2 = 0 can 
then be written aZ* + hm^ + cn* + 2 fmn + 2 gnl + 2 him = 0. 

The coordinates therefore of the lines which pass through the origin and 
touch the curve are given by n = 0 and aV- -f 2 Mm + hm^ = 0. These tangents 
are coincident, i.e. the origin n = 0 lies on the curve if db — M = 0. 

Note iv. (a) When A = 0 the equation 5=0 represents a pair of straight 
lines. 

Now AC-G^ = Ah, BC-F-=Aa, FG-CII^Ah, 
hence G^ ^ AC, F^ = BC, FG = CH. 

The tangential equation corresponding to S = 0, viz. 

Al^ -4 2 Him + Bm^ + 2 6?Z -f 2Fm + C = 0, 
can therefore be written 

G'^P -I 2 FOlm + F^ nP + 2 G(7Z + 2FCm + = 0, 

i.e. (tyZ + Fwi + Cf = 0, 

which is the square of the line equation of the point {G/C, F/C), i.e. of the 
point of intersection of the lines 5=0. This is geometrically evident since 
all lines which meet 5 = 0 in coincident points pass through their point of 
intersection. 

(b) In the same way if A = 0, 2 = 0 represents a pair of points, and the 
corresponding Cartesian equation reduces to (GxAr Fy^- Cy = i.e. the 
square of the Cartesian equation of the line (GjC, F/C), i.e. of the line 
joining the two points. 

The geometrical significance is that all pairs of iioints, the joins of which 
to the two points 2=0 are coincident, must lie on the line joining tue 
two points. 

II. To find the equation of the points of intersection o/ IS = 0 and the 
line (Zj, Wj). 

The coordinates of any straight line through the point of inter- 
section of the lines (Zj, wij), (Z. 2 , m^) are 

line touches the conic S == 0 if 
a {fill + + 27i {p\ + ql^ {pnii -f qm^) -f b [pm^^ + qm^ 

+ 2^ {pli + (zZg) (f + g) -h 2 /(i?w 2 i + qm.^ (i> + (?) + c [p -f- qf = 0. (i) 

This equation is quadratic in tjje ratio p/q, so that there are two 
such lines, and if they are coincident the point of intersection of 
(Zp Wi), (Zg, must lie on 2=0. 
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We adopt a notation similar to that used for the general Cartesian 
equation of the second degree, thus 

L = al-^hm-k-g, M = + N = + 

and so 

Li = aly -h hmi -f = hl^ + hrn^ +/, = gl^ +/>ni + c. 

The equation (i) reduces to 

+ + + = 0 , 
and this has equal roots if 

which is therefore the condition that the point of intersection of the 
lines (?i, Wi), (I 2 , m 2 ) should lie on S = 0. Hence the coordinates 
of any line through either point of intersection of fjii) and the 
conic S = 0 satisfy 

= + (ii) 

which is therefore the equation of the points of intersection. 

Cor. If (lij is a tangent to the conic, then = 0 and the equation 
(ii) reduces to IL^ + tnM^ + = 0 ; this is therefore the equation of the 

point of contact of the tangent (Z^, m^) to the conic 2 = 0. 

The equation is alg(djraically equivalent to 

0 . 

HI. To Jind the equation of the 3)oint of intersection of tangents whose 
chord of contact is {l\ m'}. 

Let the tangents be (Z^, ^^ 2 ), then their points of contact 

are ZXi + ni3fi-f iVi = 0, ZL 2 + + ^2 ~ t). But (Z', m') passes 

through both of these points, hence 

Z'X2 + ^'^^2 + -^2 = t), 

and these are the conditions that the lines (Z^, mj, (Zg, m.^ should 
each pass through the point Z'X-f m'iljf + JV = 0, which is conse- 
quently the equation required. 

It is algebraically equivalent to 11/ -\-N' = 0. 

IV. To find the equation of the pole of (Z', m% 

Let (li, wij) be any chord such that the intersection of the tangents 
at its extremities lies on (Z', m'). 

The equation of this point of intersection is ZX^ 4- niMi -|- = 0, 

and since by hypothesis it lies on (Z', n/) we have 

+ = 0 . 
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But this is the condition that should pass through the 

fixed point V N 0. Thus the chord of contact of 
tangents from any point on (l\ m') passes through this point, which 
is therefore the pole of (Z', wi'j. 

The equation is algebraically equivalent to 11/ N' = 0. 

Cor. The pole of the line at infinity (0, 0) is N = 0, i.e. (jl-\ fm + c = 0, 
which is therefore the centre of the conic 2=0. Its point coordinates 
are {glc.fjc). 

V. To find the coordinates of the asymptotes of ^ = 0. 

Let (Z^, be an asymptote ; its point of contact is 

Z/yj -f mMi + A*! = 0, 

and this point must lie on the line at infinity (0, 0) ; hence 

= oh A-fnii + c = 0. (i) 

Now since (Z^, Wj) is a tangent to the conic, wo have also 

Gif' + 2 hlimy 4* hnii^ -f 2 ^Zi -f 2 //^^ 4 - c = 0 . (ii) 

The equations (i) and (ii) therefore give the required coordinates ; 
these equations reduce to 

gl-\-fm-\-c = 0 ; aZ^ 4- 4- = c*. 

The ratio of the coordinates is given by 

c (aP 4- 2hlm 4- hm^) = {gl 4 - fm)‘^j 
i. 0 . BP — 2 Him 4 - A nP = 0 . 

If the asymptotes are perpendicular, wo have 

Z^Z^ 4 - 4 - (Zi 4- Ijn/j cos to = 0, 

or A 4- R — 2 // cos oj = 0, 

which is the condition that ^ = 0 should be a rectangular hyperbola. 

VI. To find the condition tkit (Zj, (Zg, m.^) should be conjugate 
lines of the conic. 

The pole of the line (Z,, is 

ILi 4- 4 - 2V| = 0, 
and this lies on (Z^>, ni.j) if 

"h 4 - -Vj = 0 , 

which gives the condition, symmetrical with respect to Zj, nii 
and Z 2 , ^ 2 ? 

aZiZ 2 4- hmpnj^ 4- h 4 - Imh) 4- (Zj 4- Z 2 ) -\-f{m^ 4- ^^ 2 ) 4- c = 0. 

If (Zi, nil) and (Z 2 , are diameters of the conic, each passes 
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through the centre = 0, so that A, = 0 and \\ = 0 ; hence 

+ li (linio + 

or acI^L 4- c/i 4- 4- ~ c- 

= (oh 4-/wi) (ifl. -f /w/v>), 

which reduces to 

II Bhij. = 0 ; 

this is the condition that the diameters (/i, m.j) .should be 

conjugate. 

VII. To find the director circle of the coii ic - — o, 

Let = 0 be a point on the director circle, then the 

coordinates of the tangents from it to the <'oiuc satisfy the equations 
lx-\-my-V 1 = 0 and ^ (). 

The coordinates of those tangents therefore satisfy 

aP 4 2/#/?w 4- — 2 (/.r -j- >>?//) 4- c + = 0, 

i. e. (exP- — 2^.r + a) -f 2 [exy —gy — /r + 1i) Im + (cif - 2fy h) nP = 0. 

This equation therefore represents two points at infinity on the 
tangents from lx-^my-\-l = 0 to the conic ; if the tangents are at 
right angles these points are orthogonal, hem'-e 

— 2gx 4- + cy'^ — 2/^ + 64-2 (cxy —(jy — fx + h) cos oi — 0, 
i. e. c (xP + 7/2 + 2 xy cos w) — 2 x (</ +/ cos o>) — 2 y ( / ’+ g cos (o) 

-f a + 6 + 26 cos CO = 0, 

which is therefore the Cartesian equation of the director circle. 

If the axes are rectangular the equation of the director circle is 
c [x- + if) - 2(jx— 2fy + (f + 6 = 0, 
and its tangential equation is 

{A + B) (P + nP) + (gl -Vfni + cf = 0. 

If the conic is a parabola we have c == 0 ; tlie equation of tlio 
director circle reduces to 

2gx-{-2fy—a—h - 0, 

which is the directrix of the parabola. The line coordinates of the 
directrix of the parabola are then [ — 2g/{a + 6), — 2 //{a + 6) j. 

VIIL To find the foci of the conic S = 0. 

We have just shown that the tangents from the point (ir, y) to the 
conic pass through the two points at infinity whose equation is 
[ex- — 2 //x + a) i- + 2 {cxy — gy —fx + h) Im + [tf — 2fy + h } nP ~ 0. 
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Consequently, if [x, y) is a focus, these points must coincide with 
the circular points at infinity whose equation is 
/''^“-2?mcos w-f =. 0. 

Hence, if (x, y) is a focus, 

cx^ — 2gx -i-a = cy^—2/yi-b = --secoo {cxy^fx— gy + /f). 

When the axes are rectjingular these equations become 
f/2) — 2(7Jr-f 2 fy-\-a-‘b — i) 
and cxy — /x — gy + 7^ = 0, 

i.e. {cx-gf-{cy-ff = (J-—p-c[a-b) = A-B 

and {cx - g) (cy -/) =^fg- ch = IL 

Note. The tangential equation of the conic 

S “ ax^ -\^2hxy + hi/ + 2gx + 2 fy -l c = 0, 
is AP + 2IIlm 4 4 2 67 4 2Fij 4 6 0. 

The foci of the conic S = 0 are therefore given by 

( Cx - 6)^ - (Cy - Ff - 6^ - - C {A -> R) = A (a ~ ft), 

(Cx--G)(Cy-F) = FG-CIl = Ah. (See p. 245.) 

When the conic = 0 is a parabola we have c = 0, and the 
tangents from the point (.r, y) to it pass through the two points 
at infinity 

{a — 2 gx) V-^2 (h --gy^ fx) hn + {b — 2fy) — 0, 

and if (.r, y) is the focus, these points must be the circular points at 
infinity. Comparing this equation with that of the circular points 
we obtain two linear equations in x and y giving the coordinates of 
the focus. 

Example i. A conic touches three giccn straight tlncs^ and the radius 

of its director circle Is given (r) ; shoiv that Its ccutrc lies on a fxed circle. 

Let the conic be aP ■v2hhn ^huP A2gl-\-2fin + \ (since the conic 
has a director circle c:^0), and let the coordinates of the fixed lines be 

(^I, (^2, (^3, 

The centre of the conic is the point (y,/), so that for the required locus 
we have x y, y — /. 

Since the radius of the director circle is ?•, we have 
/ — a — h ~ 

hence 4 y‘ — a - 5 — rK 

Since the lines (/j, (/j, (/g, wig) touch the conic, 

4 2 /7i wq 4 - (2 a? 4 2 Wj y - 1 ) = 0, 

(d.^ 4 2/^2 n/g hm^ — (2^2 x 4 2 nqy — 1) = 0, 
al^ ^2hl^m^V hoi^ — [2l^x ■v2m^y — 1) = 0. 
and a 4 5 - (-^^ -t y“ - =0- 
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Eliminating a, h, and ft, we have 


if- r* 

1 

1 

0 

27ja? + 1 


”'i* 

;,w, 

2720:4 2^2^-1 

/ 2 
'i 

m.? 


27^0:4 2 7ag?/ — 1 

7 2 

'3 


I2 ^^^3 


which is evidently a circle. 

§ 9. The tangential equations of the conics referred to their 
principal axes. 

These equations can be found from the known Cartesian equations 
by the method of § 1, or by comparing the general equation of a 
tangent to the conic with the equation = 0. We shall 

illustrate the latter method in this section. 

(1) The Parabola. The equation of any tangent to the parabola 

— 4aa; = 0 is = 0^ and if this is identical with 

lx -I- my 4-1 = 0, 

we have I = —m/t = Eliminating t we get 

am- = 1. 

(2) The Ellipse. The equation of a tangent to = 1 

is (x cosO)/a {y 0)/h = 1 ; identifying this with ?.r + ;ay4-l = 0, 
we have la = — cos ml) = —sin 6 ; 

an^ + b-^m- = 1. 

(3) The Hyperbola. In the same manner we find that the 

tangential equation of the hyperbola = 1 is 

an^-b^m^ = 1. 

If the hyperbola is referred to its asymptotes as coordinate axes, 
its equation is xy = ; any tangent is k'^x-\-y — 2cK = 0, Avhence 

? = — A/2c and m = — l/2cA, 
and 4c^lm = 1. 

Illustrative Examples. 

Example i. Find the envelope of a chord of an ellipse tvhose mid- 
point lies on a fixed straight line. 

Let == 1 be the ellipse and 7a? 4 my 4 1 =0 the chord, then 

the diameter conjugate to this chord is V^mx — a^hj = 0, and this meets the 
chord at its mid-point. The coordinates of the mid-point are therefore 
{ 4 ft*m*), - + ft^m*)} . 

This point lies on a fixed straight line, say (7', m'), so that 
a* W -f ft*m ni = 7^ -f ft* 



410 


LINE COORDINATES 


This is the tangential equation of the envelope of the line {/, m). The 
coordinates of the straight line at infinity (0, 0) satisfy it ; the envelope 
is therefore a parabola. It also touches the given straight line (/', m') and 
the tangents to the ellipse at its points of intersection with this line. 

Example ii. Through points on a given straight line straight lines 
are drawn parallel to their polars with respect to a fixed ellipse : find the 
envelope of these lines. 

Let the ellipse be a'^P + h^m'^ = 1 and (A, k) the given straight line. Now 
the equation of the pole of any straight line (X, fj) is + = 1, and if 

this point lies on the line (/i, k) we have 

+ = 1. (i) 

The coordinates of a line parallel to (X, /n) are (cX, c/x), and if this passes 
through the point a^lX-i-PmfjL = 1 we have 

a^cX* + 5^c/4* — 1. (ii) 

Hence, using condition (i), 

h^CfJL^ = a^hX + h^kfjL, 

or d^c^X^ + = a^hcX + h^kcu-, 

Consequently, the line (cX, Cfx) envelopes the parabola 
d^P 4 - = d^hl + km. 

This parabola touches the given straight line (^, k). 

Example iii. Find the envelope of the polars of a fixed point ivith 
respect to a system of ccmfocal conics. 

Let a;V(a® + X) +y^/(b^ -{-X) = 1 be one of a system of confocal conics, and 
{hj k) the fixed point. 

The equation of the polar of (fe, k) is 

xh/{a^ + X) + yk/{b^-^X)--=l. 

The coordinates of this straight line are therefore 

/ = - h/{a^ + X), m = - k/{h^ + X). 

Eliminating the variable X we have 

h/l-k/m^a^-b^ 

or (a^ — IP’) hn =^kl-- hm. 

This is a parabola, since it is satisfied by the coordinates of the line 
at infinity (0, 0). Writing the equation in homogeneous coordinates, 
(a* — = kln — hm 7 iy we see that it is satisfied by the coordinates of the 
axes; the parabola therefore touches the coordinate axes. 

Example iv. To find the focus, directrix, and the tangent at the 
vertex of the parabola — b^)Zm = Jcl’^hm, 

The coordinates of the focus can be found as above (§ 8, VIII). The 
following is another method. 
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If the point y^) is the focus, then the line 

x^iy-{x^-{-iy^) = 0 , 

which is the join of the focus to a circular point at infinity, touches the 
parabola. 

Let = then, since the lino ^ ~ ~ 0 parabola, 

we have, by substitution in the equation of the parabola, 




i (a^ — h") 

Y-iJr 


_ {h-ik) 

i-e- a?i- , y, - • 

Thd equation of the directrix of iS = 0 (when it is a parabola) is 

and since the tangential equation of the parabola is 
2 (a* - y^)lm - 2 A-y + 2 hm = 0, 

we have -4 «= = 0, II -I?, G — -A:, F i.e. the equation of the 

directrix is kx — hy = 0. 

This is a straight line through the origin, its coordinates are (Ar, — /i, 0); 
the coordinated of a line parallel to it are (XA;, — X/i), and, if this touches 
the parabola, it is the tangent at the vertex. 

The condition for this is 

kh{a^'--P) ■ 

The coordinates of the tangent at the vertex are 
( k^-¥lv^ \ 

\ h{a^-V^Y k{a--h'^))' 

and its equation is therefore {kx-hy) = {ci^ — lj^)hk. 


Example v. Points 0, T) on an ellipse arc such that AC, A'D 
intersect on one of the equkonjugate diameters : find the envelope of CD. 

Let C be the point (acosd, hBinB) and D the i^oint hsinc/;). 

The equations of AC, A' D are 

(iccosJ^)/a + (y sin^^)/^ = cos^^, 

{x sin <fi)/a - (y cos J </>)/& = - sin ^ f/', 
and these intersect on the line through the origin 

8in^</> {(arcos Jd)/a + (;/sin id)/h} +C 08 id {(xHin^(l>)/a-{y coBl<t>)/b} =0, 
i.e. 2a:sin J </) cos ^ $/a-y cos J (^ + (l))/b = 0. 



412 


LINE COORDINATES 


If this is the equiconjugate diameter xja-ylh = 0, we have 
2 sin J cos i d = cos |(d + (J!>), 


or 


sin I (d + </)) — sin J (S — (f)) = cos i (d + 0). (i) 

Now CD is the line a?cos J (d4'0)/a-f ^/sin J (d + 0)/& = cos J (d — 0), so 
that its coordinates are given by 

al = — cos \ (d + 0) sec | (d — 0) ; hm = — sin ^ (d + 0) sec J (d — 0). 
Substituting in (i) we have 

tan i (d ~ 0) = al — hm^ 

and therefore + - 1 = (al-hmy, 

or 2ah/m = 1. 


This is the tangential equation of the envelope of CD ; it is a rectangular 
hyperbola whose asymptotes are the axes of the ellipse. 


§ 10. Interpretation of some special forms of tangential 
equations. 

Let w = 0, i; = 0, lo = 0, z =^0 be the equations of four points 
A, B, Cj D ; = 0 the general tangential equation of the second 

degree ; ^ = 0, <' = 0 the equations of two points T, T' on the conic 
2 = 0, and Ic a constant. 

1. uv = k . wz. 

This equation is satisfied by the coordinates of lines which pass 

through the pairs of points xi = 0, 
0 ; n = 0, jer = 0 ; z; = 0, ««; = 0 ; 
i; = 0, ;3r = 0, i. e. by the coordinates of 
the lines AG, -AD, BC^ BD, It is of 
the second degree ; it therefore repre- 
sents a conic inscribed in the quadri- 
lateral ACBD, 

Example i. Find the locus of the centres 
of conics inscribed in a given quadrilateral. 

Let ABCD be the quadrilateral, and take AC^ BD as coordinate axes. 
The equations of the points A, By C, D are of the form al-hl =0, bm -f 1 = 0, 
cZ -f 1 = 0 , dm + 1 = 0 . 

The equation of a conic inscribed in this quadrilateral is 
(al + 1) (cl + 1) + ik (bm + 1) (dm + 1) = 0, 

and its centre is the point girrf } ' 

The Cartesian equation of its locus is therefore, eliminating ky 
2xl(a 4 c) + 2y/(b 4 - d) = 1. 

This is a straight line which passes through the points {|(rt4-c), 0}, 
{0, i(^4-d;}, i.e. the mid-points of the diagonals. 
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Example ii. On tivo given intersecting straight lines two sets of 
fixed points A, B, C and A', B\ C' are taken. Points P, P' on these 
lines are chosen so that {AB, CP] = {A'B\ C'P'}. Find the envelope 
of PP\ 

Let ACjCB = k . A C/C'B\ then we are given that 
AC AP A'C' A'F 


Hence 


CB * PB &B' * PB' 

AP^ £P 
PB^^' PB'' 


(i) 


Take the given straight lines for coordinate axes, and let A, B be the 
points (a, 0); (6, 0) ; A', B' the points (0, a') (0, h'). Then from (i) we have 
{OP -a) {b' - OP) = k (OP - a) {b - OP). 

The coordinates of the line PP'are Z = ~l/OP, m = -l/OP ; hence 

(aZ + 1) (b'm + l)=^k (am + l)[bl + l), (ii) 

which is the equation of the envelope of PP\ This is a conic inscribed in 
the quadrilateral ABA'B'; it touches the lines AA'y BB' and also the axes 
AB, A'B'. 

If the equation (ii) is made homogeneous, it becomes 
(al + n) (b'm 4->i) = k(a'm + n) (bl + w) ; 

it can be readily shown that the points of contact of the conic with the axes 
(0, 1, 0), (1, 0, 0) are points Oj, 0^ such that {AB, CO} == {A'B\ C'O^} and 
{ABj COj} = {A'B', C'O] where 0 is the origin. 


2. uv = k . w^. 

In this case the points C, B coincide, and the pairs of tangents 
AG, AB] BC, BB also coincide. The 
conic therefore touches the lines CA, CB 
at the points A and B, 

Hence uv = represents a conic touch- 
ing the lines joining w = 0, 0 and 

i; = 0, w = 0 at the points = 0, v = 0, 

Example. Show that the parabola 
hn -h «? + = 0 

touches the coordinate axes, and find the 
points of contact. 

The equation of the parabola in homogeneous coordinates is 
Im + aln + bmn = 0 ; 

this can be written (? + bn) (m 4 - an) = abn^. 

Now Z + fen = 0 is the point B{l/b, 0), m + an = 0 is the point A (0, 1/a), 
and n = 0 is the origin. Hence the parabola touches the coordinate axes 
OA, OB at the points A and B. 
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3, ^ = kuv. 

This represents a conic touching the tangents to S ~ 0 from the 



points M = 0, V = 0; in other words the common tangents of the 

conics 2) = 0, ^^kuv = 0 intersect at the points w = 0, v = 0. 

Note i. If = 0, t; = 0 are the circular points Q, Q' at infinity, the 
tangents from them to a conic intersect at the foci of the conic. In this 
case iiv = P -2hn cos co -I or in rectangular coordinates uv = -f 

Hence 2 = A; represents a conic having the same foci as 2 = 0. 

Again, if w = 0, v = 0 are the equations of the foci S, S' of a conic, since 
the conic is inscribed in the quadrilateral SS'Cltl' its equation must be of the 
form uv = k 

Thus, if ti = 0, v = 0 are the foci of the conic 2 = 0, the equations 
iiv — k [P + m*) = 0 and 2 = 0 are identical ; it follows that 

2 + A; ip -f ni^) ^ hv. 

Hence, for values of k for which 2 + A:(/^ + ?»^; = 0 represents a pair of 

points, these points are a pair of foci of the conic 2 = 0. 

The condition that 

aP + 2 him 4 hnt^ H- 2^^ + 2fm 4 c + At p 4 = 0 

should represent a pair of points is 

a 4 At h g 

h h-\-k / = 0, 

y f c 

i.e. cAt*4(^4H) At4 A = 0. 

If c^tO, this gives two values of k corresponding to the two pairs of 
foci, one real and one imaginary, of a central conic. 

If c = 0, it gives only one value of k ; the equation 2 4 At {P 4 trP) — 0, for 
this value has two factors, one of which represents the finite focus, the other 
the point at infinity on the axis. 

Note ii. If /x, 4 wi/j 4 1 =0, /xg 4 mij^ 4 1 = 0 are the foci of a conic, the 
equation of the conic is 

(Ixj 4 7nij^ 4 1) (1x2 ^^^^2 4 1) = ^’ (A* 4 nP), 
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This corresponds to the geometrical property that the product of the 
perpendiculars from the foci on any tangent to a central conic is constant 
and equal to the square on the semi-minor axis. 


Example. The equation of an ellipse, + = 1, may be written 

or (1 - lae) (1 + Jae) = (^2 ^ ,,*2). 

The foci are [ae, 0), { — ae^ 0), and the perpendiculars from them on any 

1 4 lae 


tangent lx 4 w/y 4- 1 = 0 are 


y/ f f 


and ~ - their product being fc*. 


Note iii. The general equation of a conic having a focus at the origin is 
a 4- m^) 4* 2y/ + 2 fm 4- c == 0, 
for this equation in homogeneous coordinates becomes 
4- ■^n{2gl-\2 fm 4- c») ” 0, 

so that the foci are « = 0 and 2y/ + 2/m4-cn = 0. 


Example i. Two points 1\ Q on a circle subtend a right angle at 
a fixed point : show that PQ envelopes a conic, and find its foci. 

Let the fixed point be the origin and the centre of the circle the point 
[a, 0). The equation of the circle is then .r* -{-y^ -2ax-\- c— 0. 

Let lx A my 4 - 1 = 0 be the chord 1\ Q ; the equation of the lines OP, OQ is 
4 - 4 - 2 ax {lx 4 ' my) 4- c {lx 4 myf = 0 ; 

these are orthogonal if 1 4 - 2 4 - 4- 1 4 ati^ = 0, 

i.e. c(;*4-m2) + 2(a? + l) = 0, 

which is the tangential equation of the onveloiie. The envelope is therefore 
a conic with its foci at the origin and the point {a, 0), i.e. the centre of the 
circle. 

Example ii. Find the equation of the auxiliary circle of the conic 
a [P 4- 4- 2yZ 4- 2/m 4* c = 0. 

The focus of the conic is the origin, the auxiliaiy circle is therefore the 
locus of the foot of the perpendicular from the origin to a tangent to 
the conic. 

Let (a?! , yf be a point on the auxiliary circle, the line joining it to the 
origin is xy^-yxy = 0 ; a perpendicular to this through the point (xyy yj is 
xxy 4- yyi = Xy^ 4 yi®. This is a tangent to the conic, its coordinates are 
j ... Ih ] 

t + 

Hence, substituting these in the given equation of the conic, we have 
c + Vx) - 2gxy ~ 2fyy 4 a = 0, 
or the equation of the auxiliary circle is 

c (x^ 4 ifi) -2gx -2fy + a = 0, 
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Example iii. Hhotn that the equation A S+ fcZ) + = 0, where 

7) = 0 the equation of the director circle of the conic 5 = 0, represents 
a system of conics confocal with 5=0. Ttcctangular Coordinates, 

The tangential equation of the conic 

S = ax^ -i 2 hxy + hf + 2gx-\- 2 fy + c = 0 

is 2- 

Hence the tangential equation of any conic confocal with this is 

2 + m*) = 0, 

i. e. {A + k) -f 2 Him + (5 -f A;) + 2 6^/ + 2 Fm + C — 0. 

The coefficients of the corresponding point equation are 
(B + k)C-F‘^^- Aa-\-kC, 

FG-CII=^Ah, 

(A + k)C^G^^Ahi^kC, 

FH — {B -^k) G = A g — kG, 

Gn-(A + k)F== Af^kF, 

(A-hk)iB^k)^lP Ac + k{A+B)-^k\ 

i.e. the equation is 
A + 2 hxg •{■ hy^ 2 gx 2 fy + c) 

+ A: ( - 2 (73: - 2 + ^ + ^ ) + /r 2 = 0 , 

or A 5+ A:Z> + A:® = 0. 


4. i: = ku2. 

In this case A and B coincide ; 2 = 0 and 2 = j^ave double 
contact, the pole of their common chord being A [u = 0). 



Example. The equation am®— 7+ A* («/ + !)* = 0 represents a system of 
parabolas confocal with am^ = 7. 
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5. ^ = kut. 

T is a point on the curve N = 0 ; the two tangents from T to 
1 =z 0 coincide, hence T lies on both the curves, and they touch 
each other at 2\ 

A 


Thus N = kut and N = 0 touch at i = 0, and their two other 
common tangents meet at ti =: 0. 

6. N = k . tt'. 

Tliis curve has double contact with = 0 at the points t = 0, 

t' = 0. 

7. N = kut whore u ~ 0 is a 
point on the tangent to N = 0 
at ^ = 0. 

In tliis case one tangent from 
A coincides with the tangent at 
7'; thus the curve I! = kut has 
three coincident tangents in com- 
mon with N — 0 at 7’, and the 
fourth common tangent meets 
them at . 1 , 

Thus '^^kut have con- 

tact of the second order at t — 0, 
n ~ 0 being the intersection of 
their common tangents. 

8. N ==. ki‘^ 

In this case the two points A 
and B liecome coincident at T 
on tlie conic N = 0 ; hence, the 
conics = 0, N = A7- have four 
coincident common tangents at the point t = 0, i.e. have contact 
of th<.‘ third order. 

1) d 




i':6 7 
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1). = k . S'. 

If S = 0, S' =: 0 aro two conics, then S = 7jS' represents a conic 
touching the common tangents of the conics S = 0, S' =: 0. 

Example. Chords of a conic subtend a rUjlit angle at a fixed imnt : 
shoiv that they cnvelojie another conic, and if the Jirst conic is circum- 
scribed to a fixed quadrangle the second conic is inscribed in a fixed 
quadrilata'al. 

Let the fixed point be the origin and the fixed cpiadranglc that formed 
by the common chords of 

S “ ax^ + 2 hxy -I htf -f 2gx + 2 fy -f c — 0, 

S' = a'x •\-2K x\j H \> y- -f 2ij x + 2 f'y 4- c — 0. 

The first conic has then an equation of the form 

*V f kS' - 0. 

The e<puLtioii of the straight lines joining its intersections with the line 
lx'\'my f 1 = 0 to the origin is 
ax’^ 4- 2 hxy 4 btf - 2 {gx 4 /y) {Jx 4- my) 4- c {lx 4 my f 

' ■\-k[dx^-\^2h'xy \ l> y -2{t/ fy) {lx-\ my)‘\ c {lx -\ myf] == 0. 

These are perpendicular if 

c if 4 nd") — 2yl — 2fm f- a 4- b -}- k [c 4- nd) —2y'l — 2fm 4 d 4- ^>'] = 0, 
which is tlierefore the tangential equation of the envelope of 

/x’ 4 my 4 1 == 0. 

But this is the e(piation of a conic inscribed in tlie quadrilateral formed 
by the common tangents of the conics 

c f 4- mr) — 2yl~2 fm 4 4 — 0, 

c f ■{ nr ) — 2(fl — 2 f m 4- n' 4- // — 0. 


§ 11. When the solution of a problem in point coordinates has 
been obtained, the solution of the ci>iTespoiiding reciprocal problem 
in line cc^ordinates follows by interchanging points and lines. The 
following exami^les worked out side by side illustrate this. 


Example i. Point Coordinates. 

The vertices A, B, C of a triangle 
are joined to tico ymnis P, P\,and 
these Joins meet the ojq)osile sides 
of the triangle in the points 
I), D ' ; E, E ' ; F, F\ 

Shoio that 1), If E, E ' ; F, jF' tie 
on a conic. 


Example i. Line Coordin'^tes. 

The sides a, b, c of a triangle 
arc met by two tines p, p', and 
these intersections are joined to the 
opiposite vertices by the lines 
d,d'-, c, c'; /,/'. 

Show that d, d ' ; c, f ; /, f touch 
a conic. 
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Lt.'t the equations (in abridged 
notation) of tlio sides of the triangle 
be It — 0, c = 0, w = 0, and let the 
values of when the coordinates 

of P, i*' respectively are substituted 
in them, be iq, t?i, \i\ ; nj, 


A 



Let the equations (in abridged 
notation) of the vertices of the 
triangle be it =0, c = 0, ir = 0, and 
lot the values of tt, r, /c, wIkmi the 
cooidinates of ^), p' respectively are 
substituted in them, be iq, n\\ 

W2j I’a? n’j. 



Then the equation of the join of 
A, r is - — - - =- 0; and the equation 

of the join of P, P is -- - — 0. 

/q /r, 


Since the equation 

ll V w ^ 

- + - - =0 

/q Vi u\ 

can be written -f ( ^ ) = 0 

?q \ it\J 

or - + f -- ~ I = 0, it represents 
i\ \ vq it\l 

a straight line through the points of 
intersection of the lines .IP, BC and 
Bl\ AC resj)ectively, i. e* it is the 
equation of the join of D and E. 

Similarly, the equation of the join 
of D\ E' is 


Then the equation of the intcrsec* 
tion of a and p is — 0, and 

r, /Cl 

the equation of the intersection of h 


1 . w A 

and n IS =0. 

?Ci 

Since the equation 

U V IV 
— - - ocz 0 

1 •. i / C IV \ 

can be written } ( -- - 1 = 0 

?q V q fCi/ 

’’ / u U’ \ 

or " + ( — 1 = 0 it represents 

ri \?q vci/ 

a i)oint on the join of the points aj), 
he and bp, ac respectively, i.c. it is 
the equation of the point of inter- 
section of d and r. 

Similarly, the equation of the point 
of intersection of d\ t is 


a V 

— + — 


-’"- = 0. 
Wn 


U V IV 

— “f- ~ 

Ho Vq IV n 


0. 


'*2 ^2 

Hence the equation of any conic Hence the equation of any conic 

D d 2 
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through the points D, D' ; E, E' is of 
the form 


/ n r w \ 


fn V 

W\ 



>* 

II 

-f 

1 

I 

~~ ) 

\ ?q t\ u\/ 


\ 7q Cl 

wj 

/ U V 

tv \ 

fu 



- - 

( 1 ) ( 

+ - 

\ Wa ^’a 

xv^f 

\ «2 

1*2 


touching the lines d, d'; e, e is of 
the form 


(i) 


This passes through the intersec- This touches the join of the points 

H V tl V 

tion of the lines CI\ - - — - = 0, cp, — 0, and ab. tv = 0, i. e. 

i\ r, ’ 

and ABf w — 0, i.e. the point E if X the line /if X has the value given by 
has the value given by 

X = 2 \ X Wj = 2 + \ 

W/2 ^2/ \^2 ^’ 2 / 


2(M,i?3 + ty2r,) 

1 . e . A = - • 

The symmetry of the result shows 
that this is also the value of X for 
which the conic (i) passes through F'. 

Hence 7), 2>'; L’, E'\ 7’, i'^'lie on a 
conic. 


1 . 0 . A = • 

n,t\ t/jrj 

The symmetry of the result shows 
that this is also the value of X for 
which the conic (i) touches /'. 

Hence dy d'\ /; /, /' touch a 

conic. 


Example 2. The polars of a 
given point with respect to a series 
of conics circumscribed to the same 
quadrilateral are concurrent. 

Let Wj — aiic + i?!?/ + 1 = 0, 
nzi (^2 X b^y 1 
'u.;y'E:a^x-\ b^y-\ l 0, 

W 4 ^ + -f 1 = 0 , 

be the equations of the sides of the 
quadrilateral. 

The equation of the conic is 

7/11^2 + A; W3 1^4 = 0 . 

The equation of the polar of the 
fixed point {x', if) is therefore 

nyU2 1(2^ s' = 0, 

where + + 1, &c., which 

for all values of h passes through 
the point of intersection of the lines 
whose equations are 

U 2 = 0, 

and 77gn/ + « 4 W 3 ' = 0, 
i.e. a fixed point. 


Example 2. The poles of a 
given straight line with respect to 
a series of conics inscribed in the 
same quadrilateral are collinear. 

Let jq = a/ + + 1 = 0, 

tq = 021 1 — 0, 

= a^l + h^m + 1 = 0, 

+ m -{ 1=0, 

be the equations of the vertices of 
the quadrilateral. 

The equation of the conic is 

The equation of the polo of the 
fixed line {l\ ni) is therefore 

tq + H 2 + k (7<s w/ + ii^) = 0, 

where + 1, &c., which 

for all values of k lies on the line 
joining the points whose equations 
are 

3/i?73' + W2tq' = 0, 
and n 3 tt/ + tq7q' ?= 0, 
i.e. a fixed line. 
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Example 3. Find the cnveloxw. 
of tJicpolars of points on an ellipse 
with respect to a coaxal ellipse. 

Let the ellipse be 


'if ^ 
— - 4 - — — 1 
»» ^ ~ 


(i) 

(ii) 


and the coaxal ellipse 

f : + y' = ] 

B- 

Any point on (i) has coordinates 
{a cos B, h%m B), and the polar of this 
point with respect to (ii) is 


xa ^ ^ ^ 

^,cos(9+-— ,sind= 1, 


or, writing t \ 


e 

: tan , 


Example 3. Find the locus of 
the p)olcs of tamjents to an ellipse 
with respect to a coaxal ellipse. 

Let the ellii)se be 

- 1, fi) 

and the coaxal ellipse 

- 1. (ii) 

Any tangent to (i) has coordinates 

1 J^^nd the pole of this 

line with respect to (ii) is 

I cos B X -- ni sin d == 1, 
a 0 

or, writing t z= tan > 


“(!--■) + g, . 2, 

(t '■ ' 1) 

i. 0. 

i.e. 


\ a / h i( 

The envelope of this line is there- 

The locus of this point is thereforo 

fore 

/, IA-\/. lA" \ B* ,, 

Irtf - 

A~ *Tr-'’ 

m C + »’ - 1, 

which is another coaxal ellipse. 

which is another coaxal ellipse. 


§ 12. We have shown in § 8 how the tangential ectuation of 
a conic can be obtained from its CarteKsian equation, and conversely ; 
in this section we give another proof of this property, and some 
immediate deductions. In order to obtain complete synimetiy the 
equations are given in homogeneous coordinates. 

I. If the Ime Ix ^rmy^-nz = 0 touches the conic 

S = -f bf + 4 - 2fyz + 2(jzx + 2 hxy = 0, 

then -f 2 Fni -f- 2 Gn Z -f 2 Illni — 0. 

If the line lx-\-my-^ nz = 0 is the tangent at the point {x\ y\ z\ 
then its equation must .be identicfil with that of the tangent 

{af + Az/' + yz') ^ + W +/^') y + ^fy + ^ 
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Thus 

1 = ax' + hy'+gz', 

Hence 

in — hx^ + hy'+fz', 
n = yx' +fy' + cz'. 


= x'{aA ^hir^gG)^-y'{}iA^hH^-fG)^z'{gA ^fIUcG\ 
but aA + hH^ gG = A, liA -f- 171+ fG = 0, gA +fII+cG = 0 ; 
therefore AI + llm + Gw = A x\ 

Similarly, HI 4- Bm 4- Fn = A ?y', 

Gl + Fm + On = Ajs\ 

Hence 

{Al + 7/m + Gn) I + (III + Bm 4- Fn) m + (Gl 4- Fm 4- On) n 

= A (/:r'4-m,v'4-w<2^')- 

But since (x\ y\ z) is, by hyj^othesis, a point on the line 
Ix + my + ns = 0, wo have Ix'+mi/ + ni^' = 0 ; thus 

AP + Bm^ 4- Cn^ 4- 2 Fm^i + 2 G 77.1 + 2 Him = 0. 

Conversely, 

IL If the point Ix + iny + nz^O lies oji the conk 

al^ + hm^ 4- cn^ + 2/mw 4- 2gnl + 2hlm = 0, 
then Ax'^ + By"^ 4- + 2Fyz 4- 2 Gzx + 2 Hxy = 0. 

If the point Ix + my + nz = 0 is the point of contact of the tangent 
(l\ m', 71% then its equation must be identical with tliat of the point 
of contact 

(aV 4- hm' 4- gn') 1 4- (hV 4- hm' +fn') m + (gV 4*/wi' 4- C7i') w = 0. 

Thus X = al' + hm' 4- gn', 

y = hV + l)m' +fn, 
z = gV 4- fm' 4- cm'. 

Hence 

Ax + Hy + Gz 

= (aA + hH+ gG) V + (liA + IH+fG) m' 4- (gA +fH+ cG) w' ; 
therefore Ax+Hy+Gz = A l\ 

Similarly, Hx + By + Fz = A7>i', 

Gx + Fy + Cz = A n'. 

Hence 

(Ax + Hy + Gz) x + (Hx + By + Fz)y + (Gx + Fy + Cz) z 

= A (I'x 4- m'y + n'z). 

But since (?', m', n') is, by hypothesis, a line through the point 
lx+my + 7 iz = 0, we have Vx + 7n'y + n'z = 0, thus 

Ax^ + By^ + Cz^+2Fyz + 2Gzx + 2Hxy = 0. 
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Note i. Jf (/, w, n) are the line coordinates of a tangent to the conic 

= ax^ + hi/ + 4 2jyz H- 2 g 2 :x + 2 hxy = 0, and {x, y, z) the point coordi- 

nates of its point of contact, we have the reciprocal relations 
I ^ m )i 

ax + hy 4- yz hx + hy + ax -h/y -f cz 

1 X y z 

an( = Iir/nmT~Fn "" Cl [ Fm /Cu ' 

If (x, y, c) is a point on the conic 

al^ 4 hm^ 4 cn^ + 2/>nn 4 - 2ynl 4 2 him — 0, 
and (/, n) the coordinates of the tangent at this point, similar relations 
hold, the small and capital letters being interchanged. 

Note ii. The above formulae connecting the line coordinates of a tangent 
and the point coordinates of its point of contact were obtained from the 
equations of the tangent and the point of contact respectively. 

When (r, y, z) is not on the conic, or when (/, a) does not touch the 
conic, the equation of the polar of {x, //, z) or of the pole of (/, m, n) are of 
exactly the same forms as those of the tangent and point of contact. 
Hence, if (a?, y, z) is a point not on the conic = 0, and (^, n) are the 
line coordinates of its polar, then 

/ _ 

ax 4- hy 4- (jz hx 4- hy 4- fz yx 4 y// -i- cz ’ 

and reciprocally, if (Z, m, n) is a line not touching the conic S = 0, and 
(a?, y, z) are the coordinates of its pole, then 

^ y ^ _ - 

Al-\- Hm 4- G n Jll 4- Bm 4 Fn Gl 4 Fm -r On 

III. Any conic being 

S = ax^ + 21ixy + h^/ -f 2fjx + 2fy + c = 0, . 

S' being the value of S when x\ y are substituted for .r, y and 
P = 0 being the equation of the polar of {x\ y\ the equation of the 
pair of tangents from (P, y') to the conic is (Chap. VI, § 4 (v)) 

ss' = r\ 

So also :^ = AP^[-21I/m+l]m^- + 2ai-h2Fm + C=^0 being the 
tangential equation of the same conic, N' tho value of N when 
{l\ m') are substituted for Z, m and TI = 0 being the equation of the 
pole of {l\ m'), the equation of the points of intersection of (Z', m'} 
and the conic is (Chap. X, p. 404) 

NV' == |I2. 

These can be put in the same form. 

Making the equations homogeneous, for convenience of notation, 
we have 

S E; nx"^ -f hy- -f + 2fyz -f- 2yxz -f 2Ji ry, 

V = AF-^Bm^-{-CH-^~\~2Fmu + 2GIn-j-27fh^ 
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Now the equation of tlie polar of with respect to S = is 

{ax' 4- %' + r/c'j + y 4- 4*/r') 4- 4- c/) = t), 

i.e. the coordinates (/, n) of this polar are 

I = ax' 4- hy' 4- m = hx' + hy' n = gx' -Vfy' 4- cz ' ; 

thus S' = lx' 4- my' 4- nz'. 

Also 

Al-\-]Jm 4- On 

— x' {(I A 4“ hlf -\-gG) -\~y' {liA 4~ hll -)rfG) 4* z {gA 4~ cO) — ^ x . 
So ni-\-Bm-\~Fn = 

Gl-\-Fm^Cn=^ A,/; 

. • . l{Al-\- Jim + Gn)-{- m {III 4- Bm 4- Fn) 4- ?? (G? 4- Fm 4- Cn) 

= A {x' 4- my' 4- nz')^ 

i.e. N = A.r. 

Also the polar of (x,y',z') being lx my nz — 0, we have 
lx-\-my-\-nz ] hence the equation of the pairs of tangents from 
(r'j y\ z') to = 0, viz. aSS' = can be written S . ^ = A (/x 4- my 4- nzf- 
Similarly, the equation of the pole of (/', m' ^ n') with respect to 
= 0 is 

/ ( A /' 4- Ilm 4- Gn') 4- m {HI' 4- Bm' 4- Fn') 4- n [GV 4- Fm' 4- Cn') = 0, 
i. e. its coordinates (.r, y^ s) arc 

.r = Ar 4- Hni' 4- On', y = III' + Bm ' -f Fn', z ^ GV Fm' + Cn'. 
Thus 2^' = xV 4- ym' 4- zn'. 

Also ax 4- hy 4- gz = A V, 

hxA-hy^-fz - Am', 
gj^^+fy^-cz = A w'; 

X (ax 4- hy -\-gz)-\’y [hx 4- hy -{-fz) 4- z [gx -\-fy 4- cz) 

= A (I'x 4- m'y 4- n'z) ; 

/. S = A . li)'. 

Also the pole of (/', m', n') is the point lx-\-my-\‘nz — 0, i.e. 

11 = lx -^-my-^-nz) 

hence the equation of the points of inter- 
section of tlie line (V, m', n') and the conic 
= 0 being ww' = ll^ becomes 
IS wS" = A (?:r 4- my 4- nzY, 
which is the same form as the equation of 
a pair of tangents. 

Thus, if 7, m, n are fixed, viz. the coordi- 
nates of BQ, 

^ . >S = A (/.r 4- my 4- nz)^ 
is the equation of the tangents at the point of intersection of the 
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conic and PQ ; and if {x, are fixed, viz. the coordinates of 'J\ it 
is the tangential equation of the points of contact of tangents from T 
to the conic. 


For an ellipse 


Illustrative Example. 


S 


_ .r- ?r 


+ 




L 


7‘) O 


A = 


1 

a"tX 



Let T be the point (a?, ;/) ; then the equation of the points 1\ Q is 


or 


Let the coordinates of P and Q be ix^, y,), (x 2 , y ^) ; then their equations 
are 

(/.r, + my^ + 1 ) {Ix^ 4* my^ + 1 ) =0. (ii) 

The equations (i) and (ii) are therefore identical, and we have, putting 
in a factor to make the absolute terms the same, 

d + (a-‘P + b‘‘m^-l) - (te + wi.v+lf 

^ ^ ^ 2 V 

= ~( + jii ) + ”'^1 + 1 ) (^-^2 "'^2 + 1 ). 


or 

S 4- — 1) — (/.T 4- my 4- 1)'^ ~ — (*S’ 4-1) {Ix^ 4- my^ 4-1) [Jx^^- my^ + 1), 
and this is identically true for all values of / and m. 

(a) Now put / = ^ - , m = ; then 

‘ x->riy x-{-iy 

~( 5 ' 4 - 1 ) {x-x^ + iy-yi] {x-X2 + ly -^h]^ 
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, . , on N + 1 f (■ 

1 . r. (x-\ 11 /)- ~aUr = i .ij — if^'^ ,^-.'^2 ■ 

o 

,9 -f 1 

i. e. {x \ I // — ae) (x i iij \ ae) ^ ~q~ 1 a: - -i l . // — //j \ \ x - L.y - f/.j] . 


Now let TP, TQ, TS, TS' innke ^o, ^/>i, </^2 with the axis of x; 

tlien .-r — Tj " 7’P(‘os/?^, 7’Psin^i, 

X — .To — TQ ('OS ^2 , If - y^ - TQ sin 0^ , 

x - N7’cos (/), , y P7’si n (/), , 

.7‘-t -- N' 7’(‘OS f/'o, y rrr ,9' 7’ .sill r/ o. 

Suhstitutinf^^ and iisini^ I)(i Moivre’s 7'heorein, 

ST . >S'' T [co.s (/>! ■{ (p 2 -\ L . sill (/>j : y 2 ' 

Oil 

- -- . TP . TQ [cos dj -I I • ■! ^ 2 ! * 


Kqiiaiinff real and iina^n'nary parts we hav(‘ +c/>„ = 0, 4 ^o, which shows 
that /S7'P= Z S' TQ, and further 

TP , TQ _ S 
st7s"t ~ S+ 1 ‘ 

(ll) Put / -r - ^ 7 — _ * ; 

ae ae 


(x -ae + i ,y (N + 1 ) (tj - ae + 1 //,) (T2 - ae 4 i //o). 

So iliat if SP, SQ make angles \/^j, yf/.^ with tlie axis of t, 

/S'7’^(cos 201 4 - 1 sin2c/)j) ^ (N4 1) . *S'P. .S() Icos0i4 i sin 01 4-021 ^ 

01 4- 02 201 , 

i.e. Z7\SP= / 7’6U 


an(.l 


ST^ 

SP,SQ 


- 54-1. 


(c) Put 


1 

> = 

i.Vi 


— » and we iret 

Tjdiyi 


5(a*i 4- lyi^ - a^r^) }- (.r-.r, 4- (// - = 0, 

wheiicf', as abovi^, SP, 5'Par(‘ equally inclined to 7’P, and 

7 2 *2 _ ^ 

.s 7 \ .s"y' “ 

Similarly, 7’Q^ _ 

SQ.S(j~‘- 


Examples X d. 

1. Find the envelope of chords of an ellipse which .subtend a right angle 
at the centre. 

2. Find the envelope of chords of a parabola which subtend an angle (X at 
the vertex. What does the envelope become when Oi — 90'^ ? 

3. Find the condition that the point p^-f( 7 ?n 4 1 =0 should lie on the 
parabola n nr 4-2/ --= 0. 
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4. Two ciicles touch externally, the centres are fixed. Find the envelope 
of their coniiuon tangents. 

5. Three points 7^, 3/, X <»n the sides of a triangle are collinear and 
L^f : 3/.V-- h : 7c. Show that LX touches a fixed paral^ola. 

G. Find the envelope of the poiars of a fixed point with resj^ect to a series 
of circh s wliieh toueh two giv('n straight lines. 

7. A variable tangent meets a fixed tangent of a |»arabola and through 
their point of intersection a straight line is <lrawn per})endicular to the 
variable tangent: find its onvoloj-e. 

Find th(‘ equation of a paiabola. whose fjcns is aJ ^ Jwi \ 1 ~ 0, tlio 
coordinates of the tangent at. the vertex being ( />, q). 

Also find the eoordinates of its directrix. 

lb Circles are drawn with given (‘ontres A and B : show tiuit the common 
tangents of pairs of these circles, the ditforence of whos<‘ radii is constant, 
touch a fixed ])arabola.. 

10. Find the coordinates of tlie normal througli the point of contact of 

the tangent (B/a, f /a) of the jnirabola a}}i^ 1. 

Hence show tliat three normals ra.i> be drawn tbrougli a given point 
plA-qm 4- 1 - 0, and the ])aramet(‘rs of the eorres}>oiiding tangents are such 
that S (1/7) = 0. Interpret this geometrically. 

11. Find ih(^ envelope of a line on which two fixed circles intorc(‘))t equal 
lengths. 

12. Two finite lines are each divided into n ecpial jiarts : find the envidope 
of the lines joining corresponding points of division. 

in. Find the eTivelo])e of tin' polar of any point on the circle 
naV“ + 4a^n^~2nZ~l - 0 

with respect to tin' circle 2 + 1 =•■ 0. 

14. A system of conics have their foci at the points al \ 1 — 0, al - 1 0. 

Find the envelojie of the tangents to them at their points of intersection 

with the straight line (X, ^). 

15. Two points arc taken on an ollipsi* so that the sum of their ordinates 
is constant; show that their join envelope.s a parabola. 

16. -Y, >' are fixed points on two lines OY, OF, and points P, Q an; taken 
on the lines such ihat 

(i) XP . YQ - r" ; (ii) A^P^ VQ -- c ; ( iii ) XF - YQ - c ; 

find in each case the envelope of PQ. 

17. Circles are drawn with their centres on the tangent at the vertex of 
a parabola and touching tlie parabola. Show that the envc'lop*; of the 
common chords of the circles and the parabola is another parabola, and 
find its focus. 

18. The envelope of the poiars of p(*ints on the auxiliary circle of an 
ellipse with respect to the cdlipse is another ellipse. 

Find its equation and its foci. 

19. The bisector of the angle between the tang(*nt6 from a point to an 

ellipse + = 1 is parallel to the line (7,, m.): find the envtdope of 

the chord of contact and the coordinates of its asymptotes. 
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20. A variable circle of i-adius r passes through a fixed point (7/, 0) ; show 
that the envelope of the common chord of this circle and the circle 

is a conic. Find the foci of the envelope. 

21. PR is a diameter of a circle, QR passes through a fixed point : show 
that PQ envelopes an ellipse or an hyperbola according as the fixed point 
lies inside or outside the circle. 

22. A chord of a parabola which subtends a right angle at the focus 
touches a conic one of whose foci is the focus of the parabola : prove this 
and find the other focus. 

23. P'ind the condition that the lines (/j, 0), (/g, ^ 2 , 0) should be 

conjugate diameters of the conic at^ = n^. 

24. The four lines (ij, Wj), (Zj, (Zs, n^g), (Z^, form a quadrilateral ; 
find the coordinates of its three diagonals. 

25. (i) Three conics arc drawn circumscribing the quadrilaterals formed 
by two sides of a triangle and two given straight lines. Show that their 
other common chords pass each through a vertex of the triangle and are 
concurrent. 

(ii) Three conics are drawn inscribed in the quadrangles formed by 
two of the vertices of a triangle and two given points. Show that the points 
of intersection of their other common tangents lie each on a side of the 
triangle and arc col linear. 

26. (i) If a triangle circumscribes the ellipse f jl)^ = 1 and two 
vertices lie on j -{■ if j = 1, the locus of the third vertex is a coaxal 
ellipse. 

(ii) If a triangle is inscribed in the ellipse a^Z^ + &®m^ = 1 and two 
sides touch + 1, the envelope of the third side is a coaxal 

ellipse. 

27. (i) Two sides of a triangle inscribed in an ellipse pass through fixed 
points : find the envelope of the third side. 

(ii) Two vertices of a triangle circumscribed to an ellipse lie on fixed 
lines : find the locus of the third vertex. 

28. Find the general tangential equation of a rectangular hyperbola 
which has contact of the third order with the parabola ani^ — I, and the 
locus of its centre. 

29. Find the envelope of the polar of a fixed point with respect to a conic 
circumscribed to a given quadrilateral. 

30. A system of conics is inscribed in a given quadrilateral : show that 
their director circles form a coaxal system. 

31. A conic has double contact with a parabola at the ends of the latus 
rectum : show that the envelope of the polars of points on this conic with 
respect to the parabola is another conic having double contact with the 
parabola. 

32. The sum of the abscissae of two points on a parabola is equal to the 
latus rectum. Show that the chord joining them envelopes a parabola and 
find its focus. 
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33. The normals at the extremities of two chords of an ellipse are con- 
current; prove that 

(a) If one chord passes through a fixed point the other envelopes a 
parabola ; 

(b) If one chord touches an hyperbola whoso asymptotes are the axes 
of the ellipse, the other chord envelopes a rectangular hyperbola. 

34. If 2 == 0 is the tangential equation of the conic S = 0, show that the 

equation m*) == 0 represents a pair of foci of the conic if 

35. The sum of the squares of the semi-axes of the conic 

al^ -f 2 him + + 2 /m -f 2 y/ -1- r = 0 

is 
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MISCELLANEOUS THEOEEMS 

§ 1. Transformation of Coordinates. Application of De 
Moivre’s Theorem. 

I. To change from one set of rectangular axes to another ^ the origin 
being unchanged. 



Let the new axis of x make an angle (X with the old axis. 

Let P be any point whose coordinates referred to the two sets of 
axes are {x, g)y (X, Y), and let OP = r, Z POx = 0, Z POX == 0', 
i.e. O' = 0—a. 

Thus x-hig = r (cos 0-{-i sin 0), 

X-hiY = r (cos0— oc-fisin a) 

= r (cos 0 + i sin 0) -f- (cos a + i sin 0() 

= (^ + ig) -r (cos cx + i sin oc). 

Hence a; -f = (X + i IT) (cos a -f i sin a), 

and X-hiY = (x-h ig) (cos a — i sin a). 

Equating real and imaginary parts, 

X = X cos a — F sin a, g = X sin a + F cos cx, 
and X = a:cosa-f 2 /sina, F = y cosa — ojsina. 

II. To change from one set of axes inclined at an angle cn to another 
set inclined at an angle co', the origin being unchanged. 

Let the new axis of x make an angle a with the old axis, and let 



MISCELLANEOUS THEOREMS 431 

P be any point whose coordinates are (x, y), {X, Y) referred to the 
two sets of axes. 




(a) Let the coordinates of P referred to rectangular axes Oxj, Oj/i, 
where Ox, Ox^ coincide, be (xj, y^). 

Then == :r + i/C03a), 

y sin o). 

Thus :=:l x-\-y (cos CO -f- i sin co). 

(b) Again, suppose the coordinates of referred to rectangular 
axes Ox.^y Oyc^y \vhere Ox^ coincides with OA, be {x^y y2\ then in 
the same manner 

^2 + iZ/2 = -X 4- T' (cos co' -f i sin co'). 

Now {xiy yi)y {x2y 2/2) the coordinates of Preferred to two sets 
of rectangular axes, the oj-axes making an angle oc with each other. 
Hence, by the first part of this section, 

•^1 4- iyi = (^2 4- iy2) (cos oc 4 - 1 sin a). 

Hence 

x-^y (cos CO + i sill 00) = (cos oc + i sin oc) [X 4- (cos co' 4- i sin co') ], (i) 

This, multiplying by (cos 00 — e sin co), becomes 
X (cos 60 — 2 sin co) 

= X (cos cx — 60 4- i sin cx — co) 4- Y (cos co' 4- oc — co 4- i sin co' 4- oc — co). (ii) 
Equating imaginary parts in (i) and (ii) 

y sin CO = X sin oc 4- Y sin (oc 4- co'), 

X sin CO = X sin co — a 4- Y sin (co — oc — c#/). 

The values of X and Y in terms of x and y can be found by 
writing the equations (i) and (ii) in the forms 

x(cosoc — isinoc)4-2/(co3co — oc4-isinco— oc) = X 4- E (cos co' 4- i sin co'), 

a;(cosoc4-<*>'— i sin oc + co') 4- (cosoo— oc — co'4- isinco — cx — co') 

= Y4-X(cosco'— isinco'), 
Ysinco' = y sin CO— oc — a; sill Of, 

Xsinco' == J"sinoc4*co'4-ysinoc4-cu' — CO. 


whence 
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Invariants. We have seen in Chap. Ill, § 6, that if by any 
change of axes the equation 

-f 2 hx)j 4- -f 2/yj; -f 2/^ -f 6’ = 0 

is transformed into 

a'XH2//xr+6'yH2/x+2/'r+c' = o, 

(i) a change of origin only does not affect the coefficients of the 
highest terms, viz. a, //, h ; 

(ii) a change in the direction of the axes does not affect the 

a6~/r a + — 2/icoso> , 

expressions . .. > - . : and these expressions are 

siiroj sin-^w 

called invariants. 

We propose here to add another important invariant, and then to 
illustrate their use. 

If by any change of axes + 2hxy 4- hy^ -f 2//.1' + 2fy -f c becomes 
+ 2/i'Xr+ // r" + 2/X 4- 2/' 74* 

then 

abC’\-2fgh—af ---b(f’-ch^ ^ a7/c*'4- 2f'yh'— — — 

sin'^oj sin^co' ^ 

in other words, . is an invariant, 
sin^ 0) 

Make both the expressions homogeneous by introducing ^ and Z, 
where in the present case J and Z will both be unity : the expressions 
are ax^ 4- 2 lixy 4- by^ X 2yxz 4- 2f(jz 4- cz"^ and 

ft'X- + 2 A'X .74- b'T - 1 2r/XZ4- 2./ 'rZ 4- cZ'K 
We have relations between xyZj XYZ of the form 
x==IX + m, 74- a,Z, 
y — l^X 4“ 74- /?;.Z, 

=:Z. 

This is a particular case of the quite general transformation 
X — X 4" n/ 1 7 4" 1 Z, 

^ = ?.^X 4- 7 4- noZ. 

. = Z.X4-JH;>74-n;.Z, 

which for the sake of symmetry we will first consider. 

Make these substitutions in the first exprebsion ; then 
a! = ai;^^-bl^^cU^2fU^^ 
or 

a' = [al, + hi, 4- 1, (hi, -f bl., 4-//,) 4- L (yl, f //, 4- cl,). 
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Similarly, 

h' = {(Wii + h})U-\-gm.^ + ntj, {huii -f- + fm ,) + j {(/niy + 0)13), 

c' = [an^ + hn^ + gn.) + {[)^h +/^^2 + ^^h)} 

f = (a/ll + [O^h + A2 + 

= Wj (rnni + hm.^ ^gn^) + '^2 + ^^^*2 + ^K\ [iP^h 

g' — /I i [dll 4- l^l^-\-gl^ + {Id 1 4- 4-/ ^3) 4- « } [gli 4-y l> + ^3) 

== 1 1 [a/ll + + ^2 4-y)^.{) 4- /j (ry/^i 4-y«o 4- r/i;.), 

]d =: 4- huio+gm^i) 4- ?2 + ^'^^2 4-/?>0 4- ^3 Upni 4-/»i.2 4- c/)«3) 

= Dll [ali + hLj,+gl^) 4- ^>?2 4- ^2 4-//>i3) 4 - [gli 4-/ ^2 + 

Hence, by the ordinary formulae for the multiplication of deter- 
minants, 


I a 1/ g' 

I Id V r 

! / /' c' 


ali-{-lih)-\- gl-^^ Idi-^-hht.'^fls d-y'L d" 

ami + ^^>>^2 + +/>^i3 gnii 4- fm^ 4- cm^ 

a/ll + + f^h + 


oh +/L + c^a 


1 ^ 

h 

h. 

2 1 

a 

h 

g 

= ] 

m,. 


: X 1 

h 

h 

f 

: «i 

«2 

«; 

i 

0 

f 

c 


In the proposed case, when wo are transforming Cartesian co- 
•dinates, we have = 0, /n^ = 0, W3 = 1, hence 


ordinates, we have = 0, = 0, W3 = 1, hence 

a' Id g' I \ a h g 

It 1)' /' I = h b fix 

9' f' c' ! 9 f c ' 

Now the factor {lim,^ — lj,mi)‘^ is independent of the change of 
origin, this only affecting Wj, W2 ; to find its value then, consider 
the particular case of the transformation of (uj^ + hg^-{-2hxg-^c to 

a'A^ + 2/yzr4-?/r^4-c' 

without change of origin, so that c = c'. 

Then from the above 


a' 

h’ 

0 

a 

h 


Id 

h' 

0 

= h 

h 

0 1 

0 

0 

c 

1 0 

0 

C 


i.e. [a^h' — 1d'^) = [ah--h'^) X [liin.^ — l^miy ^ ; 

2 a'h'-^Jd'^ sin^^co' 

[linU’-l^miY = ---,—,1'- = ~-o~- 
^ ^ ao — fr sin^w 

by the former invariants. 

A' A 

Hence, finally, . - • 

sin-^co sin-^w 

12C7 K 0 


Hence, finally. 
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fa) To deduce formulae for oblique axes from corresponding formulae 
for rectangular axes. 

^1. To find the angle between the lines ■\-by'^ = 0 when the 

axes are inclined at an angle o). 

Suppose that when the axes are transformed to reetangnl.ir axes the 
expression + 2hxg becomes a'X^ + 2/rxr+&' T* ; then 

, . ,, a-f 2>~2/^cosa) 


ab' — h'^ 


But the angle between the lines is 

tan“‘ - r — 

a 

. 2 sin (i> \/ h^ - ah 

tan ^ ^ 

o + o-ancoso) 

Cor. The lines lx 4- my 4 ;t = 0, Vx + m'y + n' — 0 are parallel to 
//V + {hn 4 Vm)xy 4 mm'y'^ = 0, 
and hence include an angle 

tan^^ (/>h' — I m) sin q) 

IV mm' — {J nx 4- Vxn ) cos w 

To find the length of the perpendicular from (x', y) on the line 

h:-\-my-\-n = 0. 

Suppose by change of axes to rectangular axes (without changing the 
origin) the expression 7a;4“my4-n becomes VX-\^m'Y-^n; then the expres- 
sion Ix' + my' + n becomes VX' + m'Y' -i- n. 

Now the perpendicular from (X\ Y') on rX4-m'r-t-n = 0 is 

4 n 

13ut since Jx^my becomes l'X-\ m'Y, {lx->t-myr becomes {rX-\ m'Yf^ 
i.e. Px'^ -\-2lmxy i m^tf becomes I'^X^ + 2l'm'XY Y^ ; hence 

7/5 . /2 + — 2/;ncoSft) 

; H m = . « » 

sin^o) 

i.e. the required length of the perpendicular is 

(lx' 4- my' + n ) sin a> 

4 }}P — 2hn cos w 
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To find the axes of the conic ax^ + 2hxy ■\-}}y'^-\-2gx-\- 2/y + c = 0 
and the latus rectum when it is a parabola. 

If the conic is a central conic, when the coordinate axes are transformed 
to the axes of the conic the equation takes the form 

A- y- 
a* ' 

i.e. the process of transformation reduces the given equation to unc of the 
form X O’ + Oi’ T’ - aO’j = 0. 

Note that since wc choose a, (:i to be the actual lengths of the semi-axes 
of the conic, we must introduce the arbitrary constant X, for in the above 
work we have assumed that the lesultant equation is obtained from the 
given one by substituting linear relations for x and y with no subsequent 
division or multiplication by any factor. 

The invariants now give us 


c 


. =X’aV:l’, 

sin’ a) 


Thus 

and 


sin’ 0 ) 


* . - . 

A sin^o) 


n (a + 6~2/ico8a)) ^ 

+ .A, 


0(’/3» = 




sin‘‘ to) 


C'^ 


- -0. 


Hence A’, are roots of the equation 

^ (a+ 6~2fecosto))-f 

When the conic is a parabola the equation, when the axes of coordinates 
are transferred to the axis of the parabola and the tangent at the vertex, 
takes the form X(r’-4LY) = 0. 


Hence 


= -4/’X^ 


a + h — 2h cos (o 


= X, 


hence 

the latus rectum being 4/. 


4/’ = 


A . sill* to) 

(a + b — 2h COB (o)^ 
E c 2 
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§ 2. Similar and similarly situated conics. 


Definition i. If the radii drawn from two points respectively, 
one to each of two conics, in directions which contain a constant 
angle, are in a constant ratio, the conics are similar. 

Definition ii. If the radii in the above definition are drawn in 
the same direction and their ratio is constant, the conics are similar 
and similarly situated. 

Suppose that a straight line is drawn from a point 0 (a, /^) to 
a conic, meeting it in the points 1\ Q ; and also one from the point 
O' (a', Ii') in the same direction to meet another conic in the points 

If these two conics are similar and similarly situated, the ratios 
and are constant, hence also the ratio constant. 

As in Clia]). VI, § 5 (i), we can show that if the conics are 
/(x, y) = + 2hxy + hy"^ -f &e., 

and /' (r, y) = 4- xy + h'y^ + &c., 

then 01*. OQ =/(a, /:^)-r(t^cos‘^^ + 2/isin6costf-f 6sin‘‘^6), 

O'l*' . O'Q' = f' (a', /3') -r a' cos^ ^ -f 2 // sin 0 cos ^ -f h' sin'^ 6). 

The condition above requires that the ratio 

a cos'^ 0 4- 2 A sin 0 cos O-i-b sin^ 0 
a' cos*^ ^ 4- 2 // sin $ cos sin^ 6 

should be independent of 6. 

a h h 

Hence ^ • 

a h b 


This is the required condition that the conics should be similar 
and similarly situated ; it is also the condition that their asymi)totes 
should be parallel. 

Again, if the straight lines through 0 and O' are drawn in the 
directions 6 and (f) respectively, the ratio of the rectangles 02 * . OQ 
and O'P' . O'Q" becomes 

a cos^ ^ 4- 2 A cos 6 sin 6-{-h sin'^ 6 
a' cos^ </) 4- 2 A' cos (/) sin (/) 4- A' sin*-^ </^ 

If the conics are similar, this ratio must be constant when 
is constant. 

If 0^(t> = y, the ratio becomes 

a cos^ (0 4- y) 4- 2 A sin {(f) 4- y) cos (</> 4- y) 4- A sin^ {(f> 4- y) 
a' cos^ 4- 2 A' sin (f) cos 4- sin^ 0 
and must be independent of 0. 
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The ratio may be written 

a + 6 + (« — 6) cos 2*(0 + y) H- 2/i sin 2 (</) -I- y) 
a' + + (a' — b') cos 2 </> -h 2 // si n 2 0 

Equate the ratios of the coefficients of cos2f|), sin2(/), and the 
terms independent of </>, then 

a + b ___ (a — cos 2y 4-2/i sin 2y __ 27<cos2y — (a — 7>)sin 2y 

~ 27? 

Hence, eliminating y, 

(a + ?>)2 _ (^4./,)2_(a-_/,)2_4/i2 _ 

This is the condition that the conics should be similar, and is also 
the condition that the angle between the asymptotes of each conic 
should be the same. 


§ 3. The gereral equation of the second degree. Curvature. 

When the origin is on the curve, c = 0, and the general equation 
becomes 4- 2to^ + b^^ -f 2gx+2fy = 0. Tlie equation of the tangent 
at the origin (0, 0) is gx-\-fg = 0, i.e. is represented by the terms of 
the lowest degree. 


Cor. i. If any tangent and the corresponding normal are taken as coordi- 
nate axes, the equation of the curve takes the form ax^ -\^2hxy + hy^ = 2fy ; 
this form is often useful. 

Cor. ii. The equation of the circle of curvature of 
ax'^ 4 2 hxy 4 hy^ 4 2gx f 2/y = 0 


at the origin is of the form 

A + 2xy cos « + y®) 4- 2gx + 2/y = 0, 

and A must be chosen so that one of the common chords of the circle and 
conic, which passes through the origin, should be gx-^fy = 0. 

Hence ax^ + 2hxy 4- h^f — A ix’^ -^2xy cos « 4 y*) has gx + fy for a factor, and 


therefore vanishes when gx-Kfy — ^ or when ^ J thus A is the value of 

ax^ ^2hxy-vhy'^ 
x^ 4 y’4-2a?y cos o 

when gX’^fy ^ 0, and unless y or / is zero this 

= a/^~2/y/i4- V ^ 

/^~2^C08a)4-y*’ 

and the equation of the circle of curvature is 

+ 2*y cos 0 , + f/) + 2^* + 2/j/ = 0. 
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This method can be used to find the cifcle of curvature at any 
point {x'f If') of the conic 

ax^ + 2hxif+ + 2gx 4 2fy + c = 0. 

Change the origin to the point (a/, y\ then the equation becomes 
ax^ + 2hxy-\-'by'^-^2X'x-\- 2 Y'y = 0, 

where, as usual, 

X' = + Jiy' +g, Y' = Jix ' + V +/• 

The equation of the circle of curvature at the origin referred to 
the new axes is 

bX'^-2hX'Y' + aY'^ 


(x^ + 2xy cos <0 4- 


.,.4-2X'.T4-2ry = <); 


'X"'*-2X'r'coaw+r2 
for the equation of the tangent at the origin is X'x 4- Y'y = 0, 
or (x^-{-2xy cos to 4- y^) (hX'* - 2 AX' F 4- aF *) 

4- 2 (X'2 - 2X' Y' cos 0 ) 4 F®) (X'a: 4- Y'y) = 0. 

But 6X'’*-2AX'F4-aF* = C5'-A = -A, since (*', y') is on 
the curve ; the equation of the circle referred to the new axes is 
A(a:2 4.y2+2a^cos£o)-2(X'2-2X'r'cos«4-r'“)(X'a:4-F3>) = 0. 

The equation referred to the original axes can be found by sub- 
stituting (x—x'), (y—y') for X and y respectively. 


v/ Example. To find the circle of ciirrafttre of the cUipfic ^ ^ ~ ^ 

at the point (acos0, ?;sin(/)). 

Tmnsfov to parallel axes through the point («cos(/), 6 sine/)) and the 
equation of the (dlipse becomes 

2 + i 2 + — ~ sin = 0 . 

a* a ^ h ^ 

The circle of curvature referred to the new axes is 

X(.r® + y*) + 2^^cos(/)+ -sinc/)^ = 0, 

X 1/ 

where - cos A + ^ sin 0 = 0 is one of the lines 
a ^ 0 

1’) -0, 

1 


x = 


a* sin* 0 + fe’ cos* </> 


i.e. the circle of curvature is 

+ y*) + 2 COB </) + I sin j (a* sin* + i* cos* </>) = 0, 
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or, referred to the original axes, 

(ar“aco8<^)*+(f/~6sin<^)’ + 2 (^^cos</)+ | sin 0-1^ (o* sin* </> -f 6* cos* (/>) = 0, 

i.e. + — - — co8*<p~2y* — sin’0 

+ (a* - 2 6*) cos* </) + 1^6* — 2 a*) sin* (/? »= 0. 

§ 4. Equation of conio when a pair of tangents and the chord 
of contact are given. Special Notation. 

Let the equation of the tangents in abridged notation he u — Oj 
V — 0, and the chord of contact w = 0 ; then the equation of the conic is 
uv = w^, 

(Strictly, the equation should be k,uv = 7 v^ where Ic is a deter- 
minate constant ; this can, however, be included by considering 
7 cu = 0 to be the equation of one tangent.) 

Let Wi, Wi be the values of tho expressions i\ w when the 
coordinates of any point P are substituted in them ; evidently we 
can express these coordinates in terms of any two of the quantities 
U|, Viy Wif and conversely, if the values of rj, n'l for any point are 
known we can determine its coordinates. It should be clear that 
we can use the values of u^ r, and ?v at any point to indicate the 
position of the point ; only tho two ratios u : v : xv are necessary. 

Now if is a point on the curve, we have = xvf, and 

%v 

hence, if A?r|, then Vi= i.e. the coordinates of a point on 

the curve are connected by the relation J ^ - and con- 

versely, if A is known the ratios iiy^ : are known, and the 

position of the point is determ in(3d : we shall refer to this p(dnt '.nj 
the curve as ^ the point A 

I. To find the equation of the chord joining txvo points A, \x on the 
curve. 

Let the chord be Au-\-Bv^-Cw — 0 ; then 

AK^^B + Ck = 0 , 

0 ; 

^ B _ C 

^ — A *“ A/i(/i — A) — 

1 Xjx ~ (A + /a) * 

/. the equation of the chord is 

u f- A/it’- (A-|-|Lt)?e = 0, 
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11. The equation of the tangent at the point A follows ly putting 
/ji = A, viz. w + A'^y — 2A?£; = 0. 

Ilonce, if the tangent at A passes through the point :i\ :u\)f we 
liave X\-2Xwi + Ui = 0, 

i.e. two tangents pass through this point, and the parameters Aj, A^ 
of their points of contact are given by this equation. Hence 


A| 4- Ag — 


2 iVi 


A, A, = “1 ; 

Vl 


• W'^ — ^1^2 * ^ * (^1 4" A2). 

Conversely, the point of intersection of the tangents at the points 
AjjAois ;AiA2:l:i(A^4-A.2);. 


III. To fiYid the chord of contact of tangents from the point [u ^ , i \ , ?ei). 

Let tlie points of contact be A^, Ag. 
the chord of contact is 

w + A^AoT— (A^4-A^)26’ = 0. 

But we have shown in II that in this case 

Wirt’iifri = A^AorliH^i + A^); 
the equation of the chord of contact is 

ui\~\-vui — 2wiVi = 0 . 

Note, By the usual argument the polar of any point (iq, Vp w^) takes the 
same fonii. 


IV. If w, and w are taken in the form a; cos cx -f y sin a — p = 0 , 
the equation must be taken in the form t4V = k . tv^y in which case 
any point on the conic is indicated by 

u:v:w = 

This is sometimes useful, for we then know for example that 
— t; = 0 bisects the angle between w = 0 , v = 0 . 


Example i. The anharmonic ratio of the pencil formed hy joining 
four fixed points on a conic to any fifth point on it is constant. 

Let the conic be uv = and four fixed points Aj, X^, Xg, X 4 and any fifth 
point X. 

The equations of the rays of the pencil arc 

n + XXjt’ - (X + X J w = 0, 
ii + XXjV — (X + Xj) w = 0, 

U + XX 5 I — (X + Xj)?^ = 0 , 

u -f XX 4 t' - (X + X 4 ) w — 0, 
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Now u — \w^0, tv — \v — 0 are straight lines: let us write x = u — \iv, 
y — then the equation of the rays of the pencil become 
^ ~ ^ ~ ^ == ^ 4 !/ (Chap. II, § 10) the anharinonic ratio of this 

pencil depends only on Xj, > 2 ^ ^4 is independent of X. 

Example ii. If OP, OQ are tayigents to a conic from a point 0, and 
the line bisecting the angle POQ meets PQ in V, and if PS is any chord 
of the conic passing through V, pi'ove that OP, OS are equally inclined 
to OF. 

Let OP, OQ be the lines 

u^x cos OL-^-y sin OL —p = 0 , v = x cos [S + y sin /3 - q, 
and let FQ be tv = 0 (including any necessary constant factor), then the 
conic is t4v = w^. 

The bisectors of the angle POQ are the lines u — v = 0, n-Vv = 0. 

Let R and S be the points X, y., 

RS is the line j/ + X/uv — (X -f /i) — 0, and by hypothesis this passes 

through the intersection of ?/-!) = 0 , ic = 0 ; X/i — — 1 . 

The lines OP, OS ani a — = 0, u — p^v ~ 0. 

Now the anharmonic ratio of the pencil = 0, tM-r = 0, u — X^r = 0 , 

u-H^t =Q is (Chap. II, § 10) which since is 

equal to — 1 , i.e. the pencil is harmonic ; and since n f t; — 0 , te — r == 0 are 
perpendicular they are ihe bisectors of the angles between n — X'h’ — 0 , 
w — = 0 . 

Illustrative Examples. 

I. To fmd the loeus of the poles of tangents to the conic 

S' = a'.z2 -h 2h'3^ 4- 6 V + 2gx + 2f'y + c' = 0 
with respect to the conic 

S = ax^-\-2hxy-^by^-{-2gx + 2fy-^c 0. 

The tangential equation of S' = 0 is 

yl' /" + 2 II Im B'm'^ + 2 07 f 2 F'm + O' = 0, 
and if lx^my-{ 1 = 0 is any tangent to S' — 0, {I, m) satisfies this equation. 

Let ix', y) be the pole of lx-\-my-\^l — 0 with respect to 5=0; the 
equation of the polar of {x, y') is 

X (ax' + hy' + ^) 4 y ihx' -4 by' 4/) 4 yx 4 /y' 4 c = 0, 
or :rX'4yF'4Z' = 0. 

This equation is therefore identical with Ix-^my -v 1=0. 

Hence IjX' = mjY' ~ XjZ ' ; therefore (dropping the accents) the locus of 
(x,f) is A'X'^^2irXY-^B'Y'^ + 2G'XZ-\^2F'YZ^C'Z^ 
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11. To find the length of the equi-conjngate diameters of the conic 

2 

S=0, and to show that they are inclined at an angle 


to one another. 


a '\~h 


If 2r is the length of the equi- conjugate diameters, their extremities lie 
on a circle whose centre is the centre of the conic and whose radius is r : 
hence they are common chonls of S = 0 and 

Thus their equation is of the form 

F 2 




Transfer tlie axes to parallel ax* ‘s through the centre of the conic; tli^'ir 
equation then becomes 

X ( ^ hf -f 4 f - r® = 0. 

Now X is to be determinod so that this represents a pair of straight linos 

through the origin; = /* cr X ^ ^ the equation of the equi- 

conjugate diameters referred to parallel axes through the centre of the conic 
is 

(^a,^ + re’ + 2h,^.r;, + ( br‘‘ + ,/ = 0. 

The con<lition that these should he conjugate diameters of 

A 


4 2hxg 4 hf 4 ^ -- 0, 
(I (hr”- + I h f 


or 


‘2 iah - //*) r’^ = — fa 4 h) - » 
2 {a¥h)Ci 


which gives the lengths of tlm equi conjugates. 

The angle between the lines follow:'* from the usual formulae. We might 

liere usefully employ invariants: in the conic — j + ~ ^ equi-con* 

Oi* b 

jugates ure ^ the length of the cqni-conjugates is then 


4 


_ 2 0(3 

-- - and the angle between them is sin ‘ ; j * 

J !!X 4 p 

Now suppose that the equation of the conic 

ax* 4 2 hxy 4 4 2 t/x 4 2/y 4 c = 0 
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by suitable change of axes reduces to 


a 4 — 2 7/ cos o) ah — W 


Hence a + 6 = fc f 1 + i . 


C = ah-h--^^,^, 


a’/s* 

y 

A , a + h a? + l3^ 
__ = 

a’ + /3’_ / 

i } ’ “ 1 ® 4 •>) 2 (^2 ' 


also 


2j/C _ 2 0(3 
a + Z^ “ a* f ’ 


vJ^T. What locus is represented by 


U<)U 


a 


h c ^ j = 0. 

4- yn,2,'^n.3 Z.j7, 4 m 3 w?i 7i 7^ 4- 

where u EE 7ir4-m3/4 1 /or each suffix and a^ ?>, r are constants? Show 
that for all values of a, h, c it passes through a certain fixed point. 


Tho equation is of the secoTid degree and represents n conic : it is satisfied 
by the coordinates of an}^ point which also satisfy any two of the equations 
Mj = 0 , ?/j == 0 , 7/3 = 0 , i.e. ^t represents a conic circums(?ril>ing the triangle 
whose sides are 0 , n.^ = 0 , 0 . 

The coefficient of a is 

[ "■ (h h + ?/« i- 

EE Ui IJi say. 

Now 77i — 0 represents a straight line through the point of intersection of 
1/2 = 0 , « 3 = 0 : further, the coefficients of x and y in flic equation are 
— ^1 (ZgiHj - ^ 2 ^ 3 ) and 4 7^ (/giWj — / 2 W 3 ), i.e. is perpendicular to 

Uj = 0. Hence, if ABC be the triangle whose sides UC^ CA^ Ali an' 

= 0 , t/g = 0 , W 3 == 0 , then f\ ~ 0 , and (using similar notation for the 
coefficients of h and c) U^ = 0, U^~0 represent the ^lerpendicalars AD, 
BEy CF of the triangle. Hence Jf = 0, = 0, t/g = 0 are concurrent at 

the orthocentre. This point clearly lies on the conic since the equation of 
the conic is au^ 4 bur, Tf 4 ci/g T/g = 0. 

Again, since the pairs of lines w, = 0, = 0 ; i/g = ~ 0 ; 1/3 = 0, — 0 

are perpendicular, the coefficients of and in each term of this equation 
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are equal and opposite, hence tlie Mini of the coefficient of and in the 
whole equation is zero, i.e. ihe conic is a rectangular hyperbola. 

Finally, then, the equation represents a rectangular hyperbola circum- 
scribing the triangle whose sides are iq = 0, such 

rectangular hyperbolas pass through the orthocentre of the triangle. 

/ 

Prove that 

freosa-f y sinot— 2^) (.r cosoif + ,?ysin o - 

( — p'j2 

+ ^ -(:rsina — ?/cofta — 7)2 = 0 

?.9 the general form of the equation of a conic of ivliich 

X OL y 9\n OL — p ~ 0, X cos a h ;/ si n 3^ — // t 
are the directriccfi. 

The tangents from the circular points at intinit^q 12 and 12', to 
a conic intersect in pairs of foci, and the directrices being the polars 
of tlio foci it follows that the conic circumscribes the quadrilateral 
formed by the directrices, and that the tangent to the conic at each 
v<'rt<‘X of this quadrilateral passes through 12 or 12'. 

The directrices are parallel to the axes of the conic, so that one 
pair is perpendicular to the other pair. 

Let the conic bo 

(x cos Ol -f- y si n (X —j)) ( r cos oc-\- y sin oc —j/) 

+ Jc [x sin OL—y cos (X — / ) {x sin a — ?/ cos oc — r') = 0 

The equation of the tangent to this conic at the point of intersec- 
tion of the lines .r cos cx -f sin a— y; = 0 and a’sin a — ?/coso^ — r = 0 
is (.r- cos X -f y sin X —p) {p —p') -f k (.r sin X — y cos x -- r) (r— r') = 0 : and, 
sinc(' this passes through 12 (I, /, 0), we have 

(cos X + } sin x) (j^—p') + k (sin X — i cos x) (r — r') — 0, 
i . i\ p — jp' — ik {r — >*'). 

If wo put r-f r' = 2q, the equation of the conic can ho written 

(,r cos X + y sin X — p) {x cos x + y sin X —i/) 

-f k (,r sin X — y cos x — 7)“ —\k (r — r'Y = 0. 

Now let (p—p'f = A A:, so that 

A7j = -A;2(r-r02 or -JA;(r-r)2= 

The equation of the conic then becomes 
( cos X -f y sin x — i>) {x cos x -f- 7/ sin x — y/) 

-4- - ( — pT X — ^ cos x — 7 )^ + J- \ = 0. 

K 
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Examples XI. 

• 1. (i) A conic is circumscribed to a quadrangle : show that the product of 
the perpendiculars from any point on it to one pair of opposite sitles is 
in a constant ratio to the product of the perpend’culars from it on thi' 
other pair. 

(ii) A conic is inscribed in a quadrilateral : show that the product of the 
Ijcrpendiculars from one pair of opposite vertices on any tangent to it is in 
a constant ratio to the product of the perpendiculars from the otlier pair of 
vertices on the tangent. 

• 2. The conic -f //7(/^ ’ + /rV7 = 1/(1 -f/r) is for all values of k 

inscribial in the same quadrilateral. 

‘ 3. Find the locus of the foci of conics which i)ass through the vertices 
of a given rhombus. 

• 4. The director circles of all conics inscribed in a given ((uadrilateral are 
coaxal. 

• 5. Find the equation of the chord of curvature through and the length of 

the radius of curvature at the origin for ax^ -\ 2hx^^ = 0. 

Deduce the length of the radius of curvature at any point on the conic 

N := 0. 

• (). A variable chord subtends a constant angle at a given point of a conic : 
lind its envelope. 

• 7. Chords of a conic which subtend a right angle at a fixed point envelope 
a curve of which the fixed point and its polar are focus and directrix. 

• (S. A conic is drawn touching the axis of x at the origin and having its 
centre at tlie point {a, b); the axis of y intersects tlu‘ conic agaiir at P; 
prove that the tangent at /* ])asses through the point (a, 2b) and that the 
normal at touches the parabola whose e<pJation is (// — 26)^^ ~ 4 ax. 

' y. If the four points of intersection of two parabola, s lie on a circle their 
axes must be at right angles, and the coordinates of the centre of the circle 
referred to the axes of the ])arabolas must be equal to the semi-latera recta. 

10. A straight line is drawn to be cut harmonically by two given circles. 
Show that its envelope is a conic whose foci are the centn\s of the two 
circles. 

• 11. Show' that the pair of tangents to »S 0 at tlie })oints ^vhere the conic, 

is met by Xx-^^y-^r—0 are given by 6' . 2 — A (A a* -} gy t r)" — 0, and 
deduce that + — 0 is a directrix if ~ iJL^)/{a~b) Xfi/h --- 2/A. 

‘ 12. Show that a third pair of straight lines through the four points where 
the straight lines 5=0 cut the axes are cS-\ 4 lixy = 0. 

. 13. Find the equations of the conjugate diameters common to 

x^ 4xy + = 1, 

2x'^ -\^Qxy + 1 . 

• 14. Prove that the locus of the poles of tangents to ax'^-{ 2hxy-\ by"^ = 1, 
with regard to the conic a' x“ -^2h' xy + h'y^ ^ 1, is 

a {h' X + b' y)'^ — 2h [ax + h'y) {^k'x + b'y) + 6 (a' x^li yY^ = ab^h'\ 



446 


MISCELLANEOUS THEOEEMS 


• I*"). Show that, if tluj pole of oiio common chord of a circle and a fixed 
conic lie on the circle, the pole of the opposite common chord lies on the 
circle ; also show tliat the lines joining these poles to the centre of the conic 
make equal angles with tht^ major-axis of the conic, and that the rectangle 
under them is constant. 

. 10. Two concentric conics are equal in every resj)ect. Prove that the 
points of inter.seetion of their common tangents always lie on the director 
circle, whatever the angle between tin* major axes. 

• 17. Prove that the locus of the foot of the perpendicular from the origin 

• m a chord of the conic N = 0, suldendirig a right angle at the origin, is the 

c ircl(‘ (a h) 4- 4 2(jx i-fy 4 c — 0. 

• 18. The equations of two conics touching one anothoi' at the origin 0 are 
dx'^ I 2hxy-{ 2 fy ~~ 0 and a' -{-'Zh' xy 4 />%/“ 4 2/'ij = 0, and they also 
int(!rsect at P(J \ find tlic C(iuatioii of PQ and of the ]'air of straight lines 
OP, Oil 

• 19. (i) If the chords of intersection of 


anglob, --y - =r. 


nx*^ 4- 2 Jixy 4 hf *= 1 , 
a x^ 4 2h’xy f ?>'</* = 1 

which ))ass through the centre are at right angh's, a ft* *= a 4// ; 

(iij If the chords whicdi do not i)aBs through the centre are at right 
a^h n' --h' 

• 20. Show (hat the area of the parallelogram formed by drawing tangents 

. ,1 • . 1 .... . /• VI . 4 A . sin 0 ) . -v/a6 

to the conic 8 = 0 parallel to the axes ot coordinates is - ’ 

where w is tin* angle betAveen the axes ami A = uhe 2f(/h — af^ — htf — 

’ 21. In oblique coordinates what is the locus of a i)oint P of which the 

cuindinates are ncos(/), 6sin(/jV Give a geometrical interpretation of «/). 
AVhat arc representeil by the equations a'“4y‘ = «^ and a^ + y’^ — h^^ If 
the tangent at to the first locus nn'ots the locus + — a} in the points 

y, O', then two of the lines joining Q to the points 0) and 

( ~ 0) are parallel. 

» 22. Show that the equation of the director circle of the conic 
u ^ ax^ 4 2 hxy ^ h\/ — \ — 0 
IS i; :E iab ~ IP) [x^ 4 /) - [a 4- h) = 0. 


AssUiiiiug that the directrices are chords of intersection of the conic and 
the lUrector circle, show' that the equation of the four (two real and two 
imaginary) directrices is -\-b)uv \ [ah-lr)iP = 0. 

' 23. Find the foci of 2.rM 3jry-2y^~12a:-4//4 8 = 0. 

• 24. Prove that, if at a point on a hyjjerbola the sum of the tangents of (he 
angles wdiich the normal makes wdth the asymptotes is 2, then the vertex of 
the parabola of closest contact at the point lies on a lino through the point 
inclined at an angle tan~' 3 to tlie normal, and at a distance from the normal 
equal to three-eighths of the radius of curvature. 

^ 25. A conic has four-point contact with tlie parabola = 4aa’, and the 
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radius of its director circle is constant and equal lo r. Prove that the locus 
of its centre is the curve 

[ 1 / — 4 ax) (y^ -f 4 ax -f 8 -{16 a* c" — 0. 

’ 26. Show that the p«Vints whose rectangular coordinates are (/>, r), Ir, b), 
(r, nj, (6/, c), (a, h)^ (b^ a) lie upon an ellipse whose eccentricity is independent 
of a, c, and whose centre is fixed if a + ?> -t c is constant. 

.27. Prove that if b — b the conics 

ax'^ + 2 hxf/ { bf/’^ =■ 
a -I- 2// ay -f //y^ — x 
will h.ivc three-point contact «it the origin. 

Two parabolas have three-point contact at F and intersect at (^. Prove 
that the tangents at Q, the line Ql\ and the line through parallel to the 
coininon tangent at P form a harmonic pencil. 

28. Find the equation to the common conjugate diaincttirs of the conics 
•\ 2 hxy -{ by" - 1 , -I 2 k' xy + 6'y^ = 1 . 

29. Parallel tangents imdiiieil at the angle 15'^ to the positive direction 
of the axis of x are drawn to the conic nr^-f 2}ixy -{ 2yx^2fy c — 0: 

prove that their distance apart is - — 2 A (2/< -f « -f b), 

30. Prove thiit the conics which pass tniough the origin and wliich are 
confocal with the conic d- 2ry + 2;/'--2.r--2y -{ 5 — 0 arc hoth real and 
pass both through the intersections of the circle -f y^ — 2.r — 0 and tin; 
con ic ^ 2 xy i 2 y’ — 2 .r - 2 y = 0, 

31. Show that the straight line niy-\ n — 0 will he a tangent to tiie 
conic ■\-2hxy hip ~ 1 if br^~2hlm'\-aar ~{ah — li^)n^. Show that the 
pair of tangents to this conic from any ])oint on the conic (ab -h^) xy h — 0 
are equally inclined to the axis of x, 

32. Find the envelope of the chord common to an cdlipse and it.s circle ol 
curvature at any point, and show that its equation may be put in the foiin 
r r* = 0, where U ^ 0 is the equation of a similar and coaxal ellipse, 
r == 0 that of its equi-conjugate diamet(;rs. 

33. Show that the angle subtended at tlic origin by the intersections 
with the circle x"^ + y^ + 2fy \ 2yx ^ c ^ 0 of any tangent to tin; parabola 
iyx-\^ fy~{'C/ — ifyxy is bisected internally and externally by the ax<‘s of 
coordinates. 

34. Find the equation of the conic which passes through the origin and is 

confocal with the conic 2hxy ^ by~ 2.r. 

• 35. If e is the eccentricity and 21 the latus rectum of the conic given by 
the general equation in rectangular coordinates, prove that 

{a-\-b)^ ‘ (ab-h^f A* * 

36. Show that the lines 7/U’^ — y“) — {A — B)xy are conjugate with regard 
to the conic ax"^ -f 2 hxy -f by" -f 2y.r -f 2/y + c ~ 0. 

37. Show that the general equation of conics having the points (u, h), 

( - a, —h) as their foci may be written (.r^ — — (y’ — - X) - {xy - ahy . 

38. A conic touches the axes of coordinates (not necessarily rectangular) 
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and has its centre at the point /, g. Show that the locus of its foci is the 
rectangular hyperbola x'^ — y^ — 2fx -F 2 //y = 0. 

39. If = 0 is the equation of a conic and A is its discriminant, 

show that the asympt jtes are given by C + iq c) = A. Find the condition 
that the asymptotes should form a rhombus with the lines = 0. 

40. A series of conics being drawn having four-point contact at the origin 

with the conic ax’^-^ 2hxg-^ht/ 2/g = 0^ prove that their director circles 
form a coaxal system, and that +a//(a^4 is one of the 

limiting points. Find the equation of the radical axis. 

41. A variable circle passes through a fixed point A and also through the 
point of intersection of two fixed straight lines which it cuts in P and Q, 
Find the locus of the centre of gravity of the triangle APQ. Show also that 
the envelope of the straight line PQ is a parabola touching the two fixed 
straight lines. 

42. Interpret the equation — l)*-2\ary = 0, and find the value of X 

if it represents a parabola. 

If it represents a parabola, and if a + & is constant, prove that the locus of 
the focus is a circle, and find its centre and radius, the axes being either 
rectangular or oblique. 

43. If a = 0, a' = 0 are the equations of a pair of tangents to the conic 
n s= 0 and 7 = 0 their chord of contact, explain the geometrical meaning of 
tt — a* = 0, w - 0(0(' = 0, M - 7* = 0. 

An ellipse passes through the origin, touches the axis of y, and has double 
contact with a fixed circle whose centre is at the origin. Show that the 
locus of the foci is a pair of circles. 

44. Interpret the equation LM 1= where L = 0, 3/ = 0, A = 0 each 
represents a straight line. 

Find the equation to the tangent to this curve at the point (L', 3/', A'). 

Deduce the equation of the pair of common tangents, other than the axes, 
to the conics {x/a 4 g/h — 1)* = 4ify, P {x/a 4 y/b' - 1)^ = ixg. 

45. The eciuation of a conic referred to two tangents and their chord of 
contact being LM = find the equation of the tangent at any point in the 
form /i®L-2fi7? + 3/= 0. 

Through the point of intersection of P ~ 0, 2L4 37 = 0 two tangents 
are drawn to the conic LM — 7^*, touching it in PQ. Find the equation of 
the conic which has double contact with LM = 7P at P, Q, and which has 
the triangle formed by L = 0, 3/ = 0, 7? = 0 for a self-conjugate triangle. 

46. Find the equation of the tangents to the conic ax"^ h/ 4 c = 0 at the 
ends of the chord pa;4-5y + r = 0 in the form 

4 caq^ 4 ab}^) (ax^ 4 4- c) — abc ( 2 )X + yy + r)^ = 0. 

47. Prove that the equation of the family of conics inscribed in the 
rectangle formed by the lines a: + « = 0, y±5 = 0, is 

Prove also that the locus of the foci is — — and if two conics 

intersect on this locus they do so at right angles. 
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48. Determine the magnitude of the axes and the foci of 

2 {d^ 4- - a’*) + 2 1 / (d® + a* - - 8 ocfixi/ = (d* + a* -f (r/* - a® - 

49. The coordinate axes being the lines joining the middle points of the 

opposite sides (2a, 2/^) of a parallelogram, prove that the coordinates of 
the point of contact with the line + — 1 = 0, of the conic which can 

be inscribed in the parallelogram to touch this line, are + 1)/2X, 

(-X2tt2 + ^V>ni)/2^. 

^ 50. Find the equation of the director circle of the conic 
ax^ + 2 Jixi/ 4- bi/^ + 2gx-\‘ 2 fg 4- c = 0. 

If the conic is a parabola show that the coordinates of its focus are 
{ F/f 4- i (A -B)G}^ { (5// f J ( R - ) F f 

(F" +(?'") ' ■ {F‘^+rP) 

* 51. Prove that tlie four points of intersection of two conics, and the four 
points in which the asymptotes of one cut those of the other, all lie oh 
a conic, which is a rectangular hyperbola whenever the other conics are both 
rectangular hyperbolas. 

• 52. A conic circumscribes a right-angled triangle ABC^ and at the right 
angle A it touches the circumscribing circle. It also passes through the 
centroid of the triangle. Prove that its eccentricity is {2/(1 — sin B sin C)] 

53. Prove that 


X, y, 1 

\ Cx, 

Cy, 

CN-^ 

x', 1 

= 0 and i A, 

If, 

GX-^x' 

G, F, C ' 

! II, 

B, 

FX-dy 


are conjugate diameters of the conic 

ax^ 4- 2hxy 4 - + 2gx \-2fy + c ^ Oy 

where A is its discriminant. Ay By <7, F, G, H are the minors of A, N is 
gx' ^fy' -\-Cy and x\ i/ is any point on the curve. 

' 54. Show that if tangents are drawn to a series of confocal conics from 
a fixed point on one of the axes, the locus of the points of contact is a circle, 
and prove that two such circles corresponding to two points, one on each 
axis, cut each other orthogonally. 

55. A parabola is di.iwn touching the sides ABy BCy CD, DA of the 
cyclic quadrilateral ABCD. Show that its directrix passes through the 
intersection of AC and BD, 

• 56. Trace the curve v^2a — 2^:4' \/u7 4 -y 4- V^27/ — 2 = 0. What portions 

of the curve correspond to the various arrangements of the signs of the 
radicals ? What is the length of the latus rectum ? 

57. A conic is drawn having one side of a triangle for directrix, the 
opposite vertex for centre, and the oithocentre for focus. Prove that 
the sides which meet in the centre are conjugate diameters. 

58. Show that the general equation of conics, having the points 
(a, h)y {a'y b') as their foci, may be written 

fj? {x{h--h')-y{a-a')AaF -a'hy 

+ 2y.{{x-a){x-a') + (y-b){y-h')} -1 = 0. 
F f 


1267 
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59. Find the conditions that the conics 

ax^ + 2 hxy -l- + 2^0? + 2/y = 0, 

a'x^ + 2 h'xy + h'y^ -f 2gx + 2fy = 0 
may have (i) three-point contact, (ii) double contact. 

A variable parabola S' has three-point contact with a fixed parabola S, 
their common chord and common tangent being equally inclined to the 
axis of S : show that the focus of S' lies on the curve 27 ay* = x{x-2aY, 
GO. A parallelogram circumscribes a given circle and one vertex moves on 
a fixed line : prove that one of the others describes a conic. 

61. Through the four points of intersection of a circle and a rectangular 
hyperbola two parabolas are drawn. Show that the tangents to the four 
curves at a common point form a harmonic pencil. 

• 62. Show that the equation for determining the foci of the conic 

S=ax^i2hxy + h/-^2(jx + 2fy + c = 0 
may be written in the form aS—l^ = bS-r)^=:{hS-^rj)Bec(Oj where 
^ ax + hy + g^ T) — hx-\ hy-\^f, and w is the angle between the axes of 

coordinates. 

Show that the equation of the axes of the conic is given by 
a h b 

e r?* =0. 

1 cos 0 ) 1 

• 63. Show that the length of the diameter, conjugate to the diameter 
through the origin, of the conic ax^ + 2hxy-{^hy^-h2gx-\^2fy + c = 0 is 

ctf^ + bg'^-ifgh ) ^ 

the axes being rectangular. 

• 64. -Show that the locus of a point whose coordinates are determined by 

the relations a7/(aiX*-f'6iX +Cj) == ^/(ajX^-f ftjX-f 02 ) = •{■b^X'^c^) is in 

general a conic section. 

Find the equation of the lines, through the origin, parallel to its asymptotes. 
Can the locus be a pair of straight lines ? 

‘ 65. Prove that the locus of the centre of a conic, with respect to which four 
given pairs of straight lines are conjugate lines, is a straight line. 

• 66. The length of the diameter of the conic 5=0, which is conjugate to 
the diameter which passes through {x\ y'), is 

2 {A (X'*+ r*)/(C*S'^OA)}i. 

"67. Two straight lines 0^, ORC contain an angle B] determine how many 
parabolas can be drawn through J?, C to touch OA at and find their 
equations. 

Prove that the diameter of curvature of one of the parabolas at the point 
A is a* cosec 6 (b^i + c-i)* where a, 6, c are the lengths of OA, OB, OC, 

• 68. Employing as coordinates .the distances r,r of a point from two 
given points, interpret the equations r*-r'* = a*, r*-fr'* = a*, r=X/, 
r* — r * — 2ar-f a* s= 0, and prove that the equation 

(1 +p) (r-r'y-2c(c-l-pq)^-2c(€-pq)r'^ + c^(c^ + q^) = 0 
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represents a pair of straight lines, the angle between which is bisected b}’ 
the line joining the two poles, c being the distance between these points. 
Interpret the constants p and q. 

• 69. Show that through any four points there can in general be drawn two 
parabolas and one rectangular hyperbola. 

Prove also, that if , 7^ are the semMatera recta of the parabolas, pj , p 2 the 
distances of the centre of the rectangular hyperbola from the axes of the 
parabolas, then + 7^* == pj* -f Z,® . 

'• 70. A triangle is inscribed in the conic = 1, and two of its sides 

touch the conic Ax^ + 2 llxy + Bi/ = 1. 

Show that the envelope of the third side is the conic 

[{Ab + Ba-AB^ iPy -f 4(7/2- 42 ?) ah] (ax^ -f V - U 

^ 4 {JP~AB) ab [Ax'^ + 2 Hxtj -hBy^-l], 


F f 2 



CHAPTEK XII 


TRILTNEAR AND AREAL COORDINATES 

§ 1. The position of n point is fixed wlien its coordinates referred 
to tivo axes are known, consequently the coordinates of a point 
referred to three or more axes (e. g. the point’s distances from three 
fixed straight lines) must he connected by as many identical 
relations as the number of coordinates exceeds two. The best 
known multiple coordinates are the Trilinear and the Areal. 

In trilinear coordinates the position of a point is given by its 
j)erpendicular distances a, /I, y from the sides BC, CAj AB of a 
triangle ABC^ which is known as the triangle of reference. 

If a point P lies within the triangle of reference, its coordinates 
(Df, ft, y) are all positive ; if P lies outside the triangle, oc is positive 
or negative according as the points P and A are on the same side or 
on opposite sides of BG ; similarly for ft and y. 

The sides of the triangle of reference divide the plane into seven 



j>arts ; the signs of the coordinates of points within them are shown 
in tlie diagra n. It may be noted that not more than two of the 
coordinates can bo negative. 

The areal coordinates (.r, //, of a point P are the ratios 
ABPC ACIM ^A^B 
A ABC ’ A ABC ’ A ABC ' 

with the same sign convention as that given above for trilinear 
coordinates. 
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Thus the areal and trilinear coordinates of a point are connected 
by the relations 2Sx = aoc, 2Sf/ = bfS, 2Sz = cy, whore a, 6, c are 
the lengths of the sides, and S is the area of the triangle of reference. 

Note i. When a ligure is projected orthogonally into another 
figure, the areal coordinates of a point are unaltered, since corre- 
sponding areas in the two figures are in the same ratio. The 
projection of the triangle of reference is taken as the new triangle of 
reference. 

Note ii. A point is the centre of mean [)osition of masses, 
proportional to its iivetd coordinates, placed at the vortices of the 
triangle of reference. 

Identical relations between the coordinates. 




Let P be the point ((X, y) ; then in Fig. (i), where P is within 
the triangle, we have 

aoL = 2A BPC, bf3 = 2A CPA, cy == 2 A APB. 

Hence aa-f cy = 2 A ABC. 

In Fig. (ii) the point P is outside the triangle ; the coordinates 
(a, /3, y) of a point are supposed to contain their signs, so that in 
this case the numerical value of /I is negative, and 

aa-f&/:l-fcy ABPC- A CPA^^ A APB = 2AABC. 

In every case we have similarly, 

aa-f-bp + CY ~ 2S. (i) 

This result can also be written 

OL sin A + /3 sin B-\-y sin C = S/B = 4 P sin A sin B sin C, (ii) 
where li is the radius of the circumcircle of the triangle of reference. 

Now if (Xj js) are the areal coordinates of P, we have from Fig. (i), 
x + = A BPC/S+ A CPA/S -h A APB/S = 1, 

and, with due regard to sign, we can show in general that 

x-fy + z = l. 


(iii) 
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Note i. By means of these relations any equation can be made homo- 
geneous in the coordinates. 

Note il. Areal coordinates will be generally used rather than trilinear 
because the identical relation is so simple. Throughout this chapter 
trilinear coordinates are called a, y and areal coordinates y, z. 

Now the position of a point is known when any two of its 
coordinates are known, and the third coordinate can be found from 
the identical relation. 

Also a point is fixed when the mutual ratios of its coordinates, 
OLifSiy or x\y\Zj are known. W e shall use (cx, y) to denote a 
point when the actual values of the coordinates are given, and 
{oci^iy) when their mutual ratios are given. 

In trilinears suppose oc: ^:y =: l:m:n, then we have 

oc ^ ^ ^y^aoc-j-h^-i-cy _ 2S 

T al + bm + cn ”” aZ + 6m-f-cw ^ 

, 2Sl 

hence a = rp—r , &c. 

al’\-bm + cn 

So also in areals if x:y:z=^l:m:n, we have 
X ^ y ^ x-\-y-\-z ^ 1 

I + + 

so that X = + &c. 


To find the coordinates of a point It dividing the distance between the 
points P(ai, Piy Vi), l^ 2 y 7^) l:m. 

Since the perpendiculars from P and Q to the side BC of the 
triangle of reference are and (Xg, we can show in exactly the same 
way as in Chapter I, § 6, that the perpendicular from the required 
MCXi-ficXo 

point It to BC is — — . The required point is then 

( Z + m * l + m ’ l-hm J 

If the areal coordinates of the points P and Q are (x^, Zj), 
(^ 2 f V'lt their trilinear coordinates are 

{28x^la, 2SyJb, 2SzJc\, {2SxJa, 2Sy^/b, 2Sz.Jc]. 

2S 


The a-coordinate of the point B is therefore, as above. 


Z-f m 


and consequently its a;-coordinate is 


mxi -f 1x2 
l + m 
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Thus the areal coordinates of the point dividing the distance 
between the points (a^i, in the ratio l\m are 

\ l + m ^ l-i-m ^ l + rn ) 

Note. It should be carefully noted that in the above work the actual 
values of the coordinates have been used ; if the points P, Q are given as 
{xiiy^:z^}y {x^iy^'z^], we must calculate the actual values of the coor- 
dinates (viz. + + &c.) before using the formulae to find the 

coordinates of R, 

The point { {Ix^ + mx^ : {lyi -f my ^ : {Izi + } lies on the straight 

line joining the points {xi : y ^ : {x ^ : y *^ : z^ for all values of the 

ratio l/m. 

The actual values of the ^^-coordinates of the points are 
^i/(^i + + ^i) and xj[x^ 4 - + ^2) ; 
hence the ic-coordinate of the point dividing the distance between 
{x ^ : y ^ : z^ and (^2 • ^2 • -^2) ^ (^2 + ^2 "b -2^2) • ^ (^i + 2^1 + ^i) 

(JjTi + myi)/ {I {xi+yi-\- z^) + m (0^2 + ^2 + ^^2 ) } > 
with similar results for the other coordinates. Hence the point 
\ {Ixi -f mx ^) : {lyi + my 2) *• + m^2) } joining the points. 

Example. Mnd the trilinear and areal coordinates of the centroid 
of the triangle of reference. 

The trilinear coordinates of the vertices A, B, C of the triangle of reference 
are (25^/0, 0,0), (0,25/6,0), (0,0,25/c). The mid-point A' of PC is therefore 
(0,5/6,5/c). 

The centroid G divides AA' in the ratio 2:1, so that G is the point 
{25/3a, 25/36, 25/3c}. 

These are the actual values of the coordinates ; the point can be referred 
to as {1/a : 1/6 : 1/c}. 

We have seen that a point is the centroid of masses, proportional to its 
areal coordinates, placed at the vertices of the triangle of reference. 

Hence the areal coordinates of G are all equal, i. e. the point G in areals 
is (1:1:1). 

This is also evident by elementary geometiy, since the triangles AGO, 
CGB^ BGA are equal. 

The actual values of the areal coordinates of G are ( , J , ^). . 

Examples XII a. 

1. What are the actual values of the areal coordinates of the points 
(1:2:5), (3: -2:7)? 

2. If the sides of the triangle of reference are 3, 4, and 5, find the actual 
values of the trilinear coordinates of the points (2 : -3 ; 0), (1 : 6 : -3). 
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3. Find the trilinear coordinates of the mid-point of the line joining the 
points (1, 3, 5), (-1, “1, 3). 

4. Find the areal coordinates of the points midway between the following 
pairs of points ; — 

(i) (4,2, -5), (-2,4, -1); 

(ii) (1:2: 3), (5: -1 : -2). 

5. The trilinear coordinates of three points are (4, —2, 2j, (6, 2, —2), 
( -3, 4, 1). Find the mutual ratios of the sides of the triangle of reference. 

6. In what ratio does the point ( — 4 : 15 ; 7) divide the line joining the 
points (1 : 6 : -5), ( - 2 : 3 : 5j ? (Areal coordinates.) 

7. If A' is the mid-point of BC, find the areal coordinates of a point P in 
A A' such that (o) AF = FA'; (b) AF = SFA\ 

8. Find the coordinates of the points of trisection of the line joining the 
points (iTi, f/i, (jTj, ^ 2 , c'j). 

9. Find the values and the mutual ratios of the coordinates of the follow- 
ing points (a) in trilinears ; (b) in areals - 

(i) the in-centre; (ii) the ex-centres; (iii) the circumcentre ; (iv) the 
orthocentre of the triangle of reference. 

10. Find the areal and the trilinear coordinates of the points where the 
bisectors of the vertical angle A and the exterior vertical angle of the triangle 
of reference meet the opposite side. 

§ 2. Transformation of trilinear and areal coordinates to Cartesian 
coordinates. 



(A) Take the sides CA, CB for axes of coordinates, so that o) :=z C, 
Let the coordinates of a point P be (X, F) in Cartesians, (a, y) 
in trilineara, and (r, y, in areals. Then we have 
a = X sin C, /3 = r sin C, 
and therefore cy = 2S—a(X—hfi 

= 25— oXsin C—hY sin C, 
or y = Z) sin X — X sin X — r sin li. 

Conversely, X = (X cosec C, Y — ^ cosec C. 

Again, x = a(X/2S = X/b 

y= Y/a 

z— 1— X/b — Y/a. 
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(B) Occasionally it is convenient to change to rectangular axes. 
Take CA as axis of X and a line through G pei-pendicular to it for 
axis of Y, Then 

X = a cosec C-f cot C, Y = /3 ; 

and conversely, 

a = X sin C— Y cos C, Yj y = a sin R— X sin A — Y cos A. 

(C) More generally, let OX, OY be any pair of rectangular axes, 

the origin 0 being any point inside the triangle of reference. Now 
let the perpendiculars from the point 0 to the sides of the triangle 
BC, CAy AB make angles 0^, 0-^ (all measured in the positive 



direction) with the axis OX. The equations of the sides of the 
triangle of reference, referred to OX, OY as axes, , are then 

X cos + Y sin — i?i = 0, X cos O^+Y sin ^2 
X cos ^3 + Y sin 0^ —^3 = 0, 

where PifP 2 f Ps are the lengths of the perpendiculars from 0 to the 
sides. 

Now if P is any point whose Cartesian coordinates are (X, Y) and 
trilinear coordinates (a, /3, y), we have 

a — Xcos^i— Ysin^i, 

/3 T'sin 02y 

y = — X cos 0^— Y sin ^3 ; 

the point 0 being inside the triangle, the signs of a, /3, y, when P 
is also inside the triangle, are the same as the signs of the perpen- 
diculars from 0 to the sides ; the reader should verify that these 
formulae give the correct signs for a, /3, y when P is outside the 
triangle in various positions. 

We have, from elementary considerations, the following relations: 

= C; 0^-'02 = tt^A; = tt P. 
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§ 3. The straight line. The general linear and homogeneous 
equation of the first degree, in trilinear or areal coordinates, when 
transformed to Cartesians evidently gives a linear equation ; 

z=i 0 or lx-\-my-^nz = 0, therefore, rejH’esents a straiglit 

line. 

This can bo shown independently: let //i, (^’ 2 ? ^ 2 ’ -^ 2 ) 
be any two points on the locus — 0, and (x, z) any 

third point on this locus. Tiien 

lx -f w??y + nz — 0, 

/.ri+w/i + w-s'i — 0, 

= 0 ; 

hence 

, V ^ . 

; Vi i = 

i ?/2 ^2 ' 

This is the condition that constants A, /r, v can be found, which 
are not all zero, such that Xxi- fxXi-\‘VX\^=^ 0^ Ay ry/^; = 0, 
Az^ IXZ^ + VZo = 0 . 

Hence the coordinates of the point (:r, y, z) are of the form 
r'u 2 , /yi + r'yo, + is a 

point on the straight line joining the points (.rj , y^, (.r^, y^, 

To find tilt ciinaiion of the stnughi line joining (.rj, y,, ^j), (.r^, y^, z.j). 

Let the equation be lx ^ my-\- nz = 0, then we have 
/aq -f my^ + = 0 and ?.ro -f my.> + = 0. 

Eliminating /, vn we obtain the equation of the straiglit line 
in the form 

! I 

i Hi ~i I = 0. 

I I 

i ‘^2 U'l -I ! 

Note i. This equation is the same whether ./■, y, ^ are the actual 
values of the coordinates or only their mutual laiios. 

Note ii. The trilinear equation of the straight line joining the 
points (exj, /-ti, > 1 ), (eXoj /^ 2 » y^) (‘xactly similar. 

Note iii. It follows at once that the condition that the three 
points f/’j , /q, ^j), f.r.j, y^, z.X (.^q, y,;, .c-.J sliould ))e collinear is 

: xq y, 

. Ih -1! : 

i ' 

Since the general linear eipiation in trilinears or areals transforms 
into a linear equation in Cartesians and vice versa, the following 
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properties, proved in Chapter I for equations in Cartesian coordinates, 
hold also for equations in trilinear or areal coordinates. 

(a) If — 0, e? = 0 are the equations of two straight lines, then 
it-\-kv=:0 represents a straight line through their i)oint of inter- 
section. 

Now the equations of the sides of the triangle of reference are 
.r = 0, ^ = 0, = 0, so that, for example, mif-\-nz^0 represents 

a straight line through the point of intersection of y = 0, ^ = 0. 
i. e. through the vertex A of the triangle of reference. 

Example. The equations of the straight lines joining the point (j j , //, , 
to the vertices A. JJ, C of the triangle of reference are y/yi — 0, 

z/zi-j'/T. 0 , -y/i/y = 0 . 

(b) The straight lines ii — . 0, v ~ 0, u -{-kv = 0, ii — kv — 0 form 
a harmonic pencil. 

For example, ?/ = 0, ^ = 0, -f 7?^ ~ 0, wy—'nzzr.O is a har- 
monic pencil whose vortex is tlie point A, 

Example. The straight lines joining the vertices A, R, 0 of a 
triangle to a point P meet the opposite sides of the triangle in the points 
A\ B\ C\ If jrc\ A'lr meet PC, CA, AP respectively at 

A", P'\ 6'", these points are collinear. Show also that AA\ AA" 
arc harmonic conjugates with respect to AP and AC. 

Let ABC be the triangle of reference and P the point (.r, , //, , c,). The 
equation of PPis then zjz^ P point of intersection 

of this line and // =• 0. 

The equation of any straight line through B' is therefore of the form 
-Jo'a\ -I [ly ^ 0. 

Similarly, the equation of any straight line through C is of the form 
+ = 0. 

Tlie equation — T y/^i f -/-i = 0 is in both of these forms and there- 
fore represents B C . 

The coordinates of the j)oint A" are therefort' given by x — 0 and 
— xjx^ d y/z/i 4 -/^1 — 0 ; evidently, then, X' lies on the lim* 

It is evident by symmetry that B", C" also lie on this straight line. 

The equations of the straight lines JC, AB, A A', A A" are y 0, - = 0, 
ylyi — z/z^ — 0, + = 0 ; these form a harmonic pencil. 

To find the equation of the straight line drawn through a given point 
(^ 1 ? Y]) ^ givoi direction. 

Let 0 bo the point (cXj, yi\ P[% l) other 

point on the straight line. Suppose that OP makes angles 0^, 0.^ 
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with the i)eri)endiculars from 0 to the sides, measured in the same 
way as the angles between OX and these perpendiculars in § 2 (C). 
Then, if OP = r, we have 

— a = r cos^i > = rcos^jj ; — y = r cos^a, 


so that 


cos Oy^ cos $2 cos ^3 


This equation is not homogeneous ; it is sometimes useful since 
r is the actual distance between (a, /3, y) and (a^, fh, yi)- 

The areal equation of a straight line, px g[y + rz = 0, can be put 
in this form : let (x^ yi, Zy) be a fixed point on the line, (Xy y^ z) 
any other point. 

Then px -\-qy-\‘rz’=^i), 

and pxy + q;yy + rzy = 0. 

Hence yi)4-r = 0, 

and (x-Xy)^{y-yy)-\-[z-Zy) = 0, 

since ^+^ + -8^ = = 1- 


Hence 


x —Xy _ y—yy _ z^z^ ^ 
q-r r--p p—q^ 


Conversely, if the equation of a straight line is given in this 
non-homogeneous form, we can obtain the homogeneous equation 


of the line. Let the given equation be 

and let each fraction equal k. 

Then x---Xy^lk = 0, y^y^-~mk = 0, z— 
have i X’ y ^ ! 

j ^1 Vi Hi =0 

i I m n 

for the required equation. 


00- _ y-y\ _ 

I m n 

Zy — nk = 0 ; hence, we 


Examples XII b. 

1. Find the equation of the line joining the points (2 ; - 3 : 5), (1 : — 4 : — 2). 

2. Find the areal equations of the straight lines joining the in-centre of 
the triangle of reference to the ex-centres. 

3. Find the trilinear and areal equations of the medians of the triangle of 
reference. 

4. Find the equation of the straight line joining A to the i)oint of inter- 
section of BC and lx + my + nz = 0. 

5. Find the equation of the line joining the vertex A to the point of 
intersection of the lines lx -f- tny + nz = 0, I'x + m'y + n'z = 0. 

6. Find the trilinear and areal equations of the bisectors of the angles of 
the triangle of reference. 

7. Prove that a cos + 6 cos cos = 0, where f 
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angles made by any straight line with the perpendiculars from any point 
to the sides of the triangle of reference. 

8. Prove, by using § 2 (B), that the straight line lOi + + ny = 0 makes 

with AC an angle 6 such that tan 6 = (/sin C—n sin vl)/(/cos +n cos^). 

§ 4. Line coordinates. If [x^ y, ei) are the areal coordinates of 
a point, lX’\-niy-{-n^ = 0 is the equation of any straight lino. The 
straight line is fixed when we know the values of /, m, or of 
their mutual ratios l:m: n. As we have seen in Chapter X, /, 7n, ?i 
are called the tangential coordinates of the straight line. 

Let the straight line lxi-my-\-7iz = 0 meet £C at 7>, and draw 
perpendiculars AL, J)M, CiV to 
it from A, B, C, We shall call 
the lengths of these perpen- 
diculars 2h The signs of 

the ratios p:q:r are determined 
by the following convention : 
q and r have the same sign 
when the line cuts BC externally, 
and opposite signs when it cuts 
BC internally ; and similarly p 
and q have the same or opposite 
signs according as the line cuts 
AB externally or internally. In 
the figure^, q, r are all of the same sign. 

Now B is the point of intersection of a; = 0 and ; 

it is therefore the point (0 : w : — m). We have then 
q _ BB __ A BAB ^ m 

for since B and B are on opposite sides of AO, while 0 and B are 
on the same side of AJ5, the areal coordinates of B are 
( AZ)0A ^BAB\ 

AAi70’ AARCJ 

The reader should work out similarly the case where the line cuts 
BC internally, paying special attention to the signs. 

In all cases we have then l:m:n p:q:r, so that ( jp, (?, r), with 
the sign convention explained above, may be regarded as the line 
coordinates of the straight line lx-\-7ny + nis = 0. It is evident then 
that the point equation of the straight line (p^ q, r) is 

px + qy + r 0 — 0. 

Note. In trilinear coordinates, if p, q, r have the same meanings, the 
equation of the straight line is ap(XAhqP-\-rcy = 0. 
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Identical relation between the coordinates of any straight line. 

Let the straight line make an angle 6 with BC) then we have 
from the above figure 

r = asintf, (i) 

= csin(R— 6). (ii) 

Hence from (ii) 

p—^ + ccoaRsinfl = csinRcosfl ; 
a(2)— g)-f-ccosR(^— r) = acsinJBcos^. (iii) 

Eliminating 0 from (i) and (iii), we have 

+ 26cgrcos A — 2car^co3R--2a6i)3 cos G == 4S^ 

which is generally referred to as [ap, bq^ cr}^ = 45^ 

Note. This relation can also be written 

(i^p-q) ip- r) + h'^{q- r) (q-p)-¥ ^ (r-p) (r-q) = 45*, 
or (^ — r)®cot-4 + cot R f (p-qy cot C ==^2 S, 

The tangential equation of a point. 

The equation in point coordinates of the straight line (p^ q, r) is 
px-\-qy-\-rz ] this passes through a particular point Zi) 

if pXi’\-qy^-\-rZi = 0. So any straight line, whose coordinates 
Py qy r satisfy this equation, passes through the point (xi , yi , Zi), 
Hence px^ -f qpi -f = 0 is the tangential equation of the point 
whose areal coordinates are (a^j, Zi), In general, then, the 
equation px-\-qy-\-rz 0 is the point equation of the line (Py q, r) 
or the line equation of the point (a?, y, z). 

Note i. The coordinates of the sides BCy CA, AB of the triangle of 
reference are (1:0: 0), (0:1; 0), (0:0:1). 

Note ii. The equations of the vertices A, R, 0 of the triangle of reference 
are p = 0, g = 0, r = 0. 

Note iii. The coordinates of a straight line parallel to (;>, r) and at 
a distance k from it are p±A;, q±k, r±k. 


Illustrative 
Ceva’s Theorem. 

The lines joining the vertices of 
a triangle ABC to a given point 
meet the opposite sides at Py Q, B ; 
show that 

RR PC’ QA 

Let the given point be 


Examples. 

Menelaua’ Theorem. 

A straight line cuts the sides 
of a triangle ABC at the points 
Py Qy B ; show that 

^ CQ 
BB^PGQA'^ 

Let the given straight line be 
(Pu n)* 
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The equation of the join of A to 
the given point is 


A 



The coordinates of P, the inter- 
section of this line and PC, are 
therefore (0 : : z^). 

Hence BP : PC = z^: ; this rela- 

tion is true for all positions of P, if 
we use the usual convention of signs, 
viz. PC = ~CP. 

Thus PP:PC==; 2 'i:f/i, 

CQ: QA ^ x^iz^, 

AR\RB = i/j : a?!* 
Multiplying these together we get 
the required result. 


The equation of the intersection of 
BC and the given line is 

= 0 . 

A 



The coordinates of AP^ the join of 
this point and A^ are therefore 
(0 : < 7 , : r,). 

Hence BP : CP = ; this rela- 

tion is true for all positions of P, if 
we use the usual convention of signs, 
viz. PC = -CP. 

Thus BP : PC = : - y \ , 

CQ\ QA == -;>i, 

AR : RB = Pi : —gp 

Multiplying these together we get 
the required result. 


§ 6 . (i) To find the distance between the points (a\, ^ 2 )* 

Let (Xi, Yi), (Xg, be the Cartesian coordinates of the points 
referred to GA, CB as axes of x and p, and d the required distance. 
Then d^ = (Xi - 4 - (Yi -- -f 2 (Xj - X2) ( Y^ - Y,) cos C. 

Now Xi = bxi and Y^ = ay ^ ; hence 
= 52 (iTj - X2Y + iyi - 2/2)^ + 2 (oTi - X2) (Pi - P2) cos C 

= {xi - + a* ( 2^1 - 2 ^ 2)2 + (jTi - x.^) - y^) [a^ + b^- c^) 

= (^i - ^2) (=>^i + 3^1 - a-z - i/2) + (^1 - *2) + i/i - a;2 - i/2) 

-c*(a;i-a:2)(t/i-2/2). 

But a;i+«/i + 2ri = 1 , X2+y2 + ^2 = l; 

' 0* (3/j — i/2) (‘^1 — ^2} ~ (^1 ~ *^2) (^1 ^2) {^1 — %) (i/i 

Thus d* = - 2 a* (^ 1 — ^ 2 ) (ei - ^fj)- 

This expression can also he written (t^ = SJccos A (a;i— Xj)*- 
Symmetrical expressions for the distance between two points, 
whose trilinear coordinates are given, can be deduced. 
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Cop. i. If ^ ^ ^ = p is the equation of a straight 

I m n ' 

line, where p is the distance between the points {x, ^), ^j), 

then ? + iw 4 -w = 0 and + + = — 1 . 

Cor. ii. The equation of the straight line (p, g, r) in the non- 
liomogeneous form is 

_y-y\ ^ 

q-r 

and each of these fractions 

_ f 2 a 2 fy _ 1/,) ^ i> 

“lia2(r-i))(^-g)5 25 

where p is the actual distance between the points {x, y, e), (a:, , ; 

for we showed in § 4 that 

a^(p-q}(p-r) + b^i-r)(q-p) + c’‘(r-p)(r-q) = 4SK 
We have taken the positive sign of the radical ; there is no loss 
of generality, since (i) p, q, r can all have their signs changed, only 
the signs of their mutual ratios being determined by our sign 
convention, and (ii) we can regard p as positive or negative according 
to which direction we choose as the positive. 

Thus the equation of the straight lino (p, q, r) can be written 

x-Xy _ y-pi _ g-gj _ Ji ^ 

q—r r—p p—q 25 

where {Xy, py, is a fixed point on the line, and p the distance 
of any other point {x, y, g) on the line from it. 


(ii) To find the area of the triangle whose vertices are the points 

(^l» Vlt ^l)> (^2t 3/2> ^ 2 )' (*3) Hi’ 


Let the Cartesian coordinates of the vertices referred to CA, CB 
as axes be (Xj, Yy), (Zj, Fj), (X 3 , Yj); then the area of the triangle 



i'l 

1 

X, 

1^2 

1 


Ts 

1 

bXy 

m 

1 

bxz 

aVz 

1 

bx-i 


1 


sin C 

I sin C 



Xy yy 1 


*1 Hi H 

= 5 

a ^2 Hi 1 

= 5 

y% H 


CO 


! «3 Hz H 


since + + 
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In trilinear coordinates the result is 


28 


"l 

/^1 

yi j 

«2 

/^2 

72 

"3 

i^Tk 

73 1 


4G5 


(iii) To find the lefigth of the perpendicular from the point y^) 

to the line /a-fm/^ + ny = 0. 

Transform the equation ia-f m/I + ny = 0 into rectangular Carte- 
sian coordinates by § 2 (C) ; the equation becomes 
U = {I cos dj -f m cos do -f n cos ^3) X + (? sin 0 ^ H- m sin do -f n sin dg) 1" 

If (Xi, Tj) are the coordinates of the point (cXi, y^), the 
length of the perpendicular from it to the straight line is 
l\ -T- { (/ cos d^ 4- m cos dg -f n cos dg)^ -f sin (\ 4* m sin do 4- n sin d.,)^ { 

where is the result of substituting for X, T in U, 

Evidently 

Now {I cos 61 4- m cos dg 4- n cos dg)^ 4- (i sin dj 4- m sin d.^ 4- n sin 
= 4- 4- 4- 2 mn cos (d^ — d.J 4- 2 nl cos (dg — d J 4- 2 hn cos (d^ — 

= P 4- 4* — 2 mn cos A-^2nl cos B’- 2 lm cos C 

= {I, m, n}\ 

The length of the required perpendicular is then 

m, n]. 

Cor. In areal coordinates the length of the perpendicular from 
(^i) I/ij -1) 4- wy 4- == 0 is 28 {alj hm, cn]. 

Note. If p, q, r are the perpendiculars from the vertices of the triangle 
of reference to the straight line lx my nz = 0, we have 

p — 267/ [a/, h>n^ cnj, 
q — 2Sm/{al^ hm, cn]y 
r— 2Snl[al, hm^ ca}, 

which verifies our previous result, I : m :n^ p:q : r. 

If we substitute these values of /, m, n in the formula for the perpendicular 
from {x^ , yi , ; 2 ?i) to the line lx 4 my 4 nz = 0, we obtain px^ -f qtji 4 rz^ for its 
length. 

Now the equation of the straight line is px-^qy + f:z = 0, hence, applying 
the formula to this, we find that the length of the perpendicular from 
(^ 1 ) 2 / 1 » ^ 1 ) to it is 

2 S(pxy^ + qy^ 4 rz^) 4- {ap, hq, cr ] . 

Hence {«p, hq, cr) —28, 

or a^p^ 4- ft V 4 c* - 2 hcqr cos — 2 carp cos R - 2 ahpq cos C = 4 6^ 

which we proved independently in § 4. 

i2«7 a g 
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(iv) To find the angle letween the straight lines Za + m/iJ-f wy = 0 , 
V(X + m' f 3 + n'y = 0. 

Transform the equations by § 2 (C) ; then in Cartesian rectangular 
coordinates the straight lines are parallel to 

X (2 cos 4 - cos ^^2 + cos ^3) -f r (/ sin sin sin ^3) = 0 , 
X (I' cos + w'cos tl2 + n'cos ^3) + sin 0^ -h m' sin ^2 + sin ^3) = 0. 

U:*:ing the formula for the tangent of the angle between two 
oiiiiight lines, Chapter II, § 8, the numerator is 

(Z cos O^ + m cos (^2 -h cos O3) (I' sin + m' sin ^2 + sin ^3) 

— (I sin -f ni sin (Ig + ^ sin OJ (I' cos Oj + m' cos Oo 4- n' cos ^3) 

= (}?f?/—n/n)sin (nl' — //I) sin (^1 — ^3) 

4- (Zm'— Tm) sin (^2“*” ^1) 

= (mn'—m'fi) sin A 4- [nV —n'l) sin B 4- {Im^—Vm) sin G 



sin A 

sin B 

sin C 

= 

Z 

m 

n 

1 

Z' 

m' 

n' 


The denominator is 


(Z cos 0^ 4- m cos dg + ^ cos ^^3) [V cos 0 ^ 4- cos 0 ^ 4- n cos 0 .^) 

4- (Z sin 0 ^ 4- m sin 4- n sin ^3) (Z' sin 0 ^ + mf sin 0 ^ 4* sin ^3) 

= IV 4- mnV 4- nnf 4* {mnf 4- nVn) cos (0.^ — 62) 4 - [nV 4 * n'l) cos (O^ — 0.^) 

4 - (Ini' 4 " Vm) cos (02 ~ Oi) 

= IV 4 ” nim' + — (mn' 4- m'n) cos A — (nV -f n'l) cos B 

— (Im' 4 I'm) cos C. 

The tangent of the required angle is therefore 


sin A siiijS sin 0 1 
Z m n j 

I V m' n' I 


[ ZZ' — 2 [mn' 4- m'n) cos A ■ . 


In areal coordinates the angle between the lines px-^-qy^rz = 0 , 
p'x^q'y -\-r'z = 0 is the same as the angle between the lines whose 
trilinear equations are Gj?a 4 -Z^^/ 34 -cry = 0 , a^a-f Z>^ 7 ^ + c^'y = 0 , 
viz. the angle whose tangent is 


sin A sin B sin C 
ap hq cr 

ap hq' cr' 


-r { ^ CL^PP' — ^ (qr 4- q'r) be cos A \ 


1 1 1 

p q r 

p' q r' 


= tan" ^ 2S 


-7- [^a^pp ' — 2 (q/ 4- q'r) be cos A j . 
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(Conditions that two straight lines should he (i) parallel or (ii) perpeyi- 
dicular. 

(a) Triline ars. 

The straight lines Za + m/S-f ny = 0, Va-^m' /S = 0 are 
parallel if 

I sin A sin B sin C | 

\ I m M I = 0 ; 

V m' n' ’ 

this is equivalent to 

, a h r I 

j / m n I = (K 

V m' n' i 

The straight lines avo perpendicular if 

'111' COB A — 0. 

(b) Areals. 

The straight lines px-\-qg-\-rz = 0, px-\'q'y-\-/z = 0 are parallel if 

i 1 1 1 I 

I ^ q r ! = 0. 

■ p' q' r' ' 

The straight lines 2^.xo perpendicular if 

— 2 {qr^ -f qy) he cos A = 0, 

This result can also be written 

2 { (p - (/) (r'-p') + (p'- q) [r-p] } = 0, 

or 2(62 + 0 ^ — a^)(< 2 —r)(r/ — /) = 0, 

or 2 (< 2 ' — r) [q' — r') cot A — 0, 

Note. The reader can obtain the results of (iii) and (iv) by using 
either of the transformations in § 2, (A) or (B). 

§ e. (i) The straight line at infinity. Let a straight line 
lx my nz ^ 0 cut the sides of the triangle of reference, each 
externally, at the i:)oints 7), Ey E. We have shown in § 4 that 
BT)/CD — mjn ; CE/AE = n,l ; AE/BE= I 'm, Now as the straight 
line recedes in any direction each of the ratios BD/CD, CE'AE, 
AE/BE tends to become equal to unity. Tims, when any straight 
line recedes in any direction, its equation tends to the limiting 
form ^ = 0. This is then the equation of the ^straight line 

at infinity ’. The corresponding equation in trilinear coordinates is 
aa-h&/3-f-cy = 0. 

Q g 2 
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Now tho condition that the straight lines -f g'?/ + = 0, 

= 0 should be parallel, is 


1 1 1 

p q r 

p' o' r' 


= 0; 


this is the same as the condition that the three straight lines 
y + 0, px-\~qy-{-rz 0, p'x -}- q'y + r's = 0 should be concurrent. 

Thus, analytically, parallel straight lines meet at infinity. 


Note i. The equation px qy I'z {x 4 y 4 2 ^) = 0 represents for different 
values of A a system of straight lines parallel to px-\-qy-^rz = 0. 

Note ii. The equation of a straight line through {x^, y^, 2 :,) parallel to 
px 4 gy 4 ra: = 0 is ipx+ qy 4 rz) (x^ 4 yj 4 = (a: 4 y 4 z) {px^ 4 gyi + rz^}. 

Note iii. The ‘ x)oint at infinity ’ on the line px-\^qy-¥rz = 0 is 

{q-r, r-p, p-q}. 

Note iv. The line coordinates of the line at infinity are in areals (1:1:1) 
and in trilinears (a :h: c). 


(ii) The circular points at infinity, D, In Cartesian rect- 
angular coordinates Lx -j- My + N = 0 is the general equation of 
a straight line and + = 0 is the tangential equation of the 

circular points at infinity 12, i2'. When the general trilinear 
equation of a straight line, Za-f + = 0, is transformed to 

Cartesian rectangular coordinates we have seen that 
L z=z I cos dj -h m cos ^2 + ^ cos 0 , , 

M '= I sin dj -f- m sin dg 4- n sin d.j. 

The trilinear equation of the circular points at infinity is therefore 
(? cos dj + m cos d2 + n cos 0^)^ -f (I sin d^ -4- m sin do -f 7i sin d;^)^ = 0, 
i.e. P i-nr-i- /r — 2mncoH A — 27ilcoHB-“2lm cos C = 0, 
or {/, w?, = 0. 

The corresponding equation in areal coordinates is 
a^p^ 4. ^2 ^2 ^ ^,2 ^,2 _ 2 beqr cos — 2 carp cos 2? — 2 abpq cos 0=0, 
or {ai>, hq, cr}^ = 0. 

The separate equations of 12, 12' are 

[I cos dj 4- m cos dg 4- w cos d^) + i [I sin d^ 4- m sin dg 4- w sin dg) = 0, 
i.e. + + = 0, + = 0, 

or, in areal coordinates, 

apc'^' + bqe'^^ + cre'^’ = 0, ape~'^' + lqe~'^^ + crc~'^’‘ = 0. 
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Tlio trilinear coordinates of 12, 12' are then 
(e*"* : e '^‘ : e'"’), (e"'"* : c"'^ 


e*'”* : e '^‘ : e'"’), (e"'"* : c"'^ : e~'^), 

f —iJi iA ^ \ / Hi — I J t \ 

(e : c : - 1), (e : e : - Ij, 


with corresponding results in areal coordinates. 


§ 7. The general equation of the second degree in areal co- 
ordinates is 

u.v^ + -f 2fyz + 2gzx -f 2 lug = 0, 

where w, v, w replace a, h, c, since the latter have a special signifi- 
cance in this chapter. 

The condition that this e<|uation should represent a i^air of 
straight lines can be found in a similar manner to that used for 
Cartesian coordinates, viz. 

' li h g 

A = h V / ' = 0. 

If the equation represents straight lines, we have 

-h V}/ -f ivz^^ + 2fgz 4- 2 gzx -f 2 hxg 

= {lx mg nz) [Vx -f nig 4* nz), (i) 

The straight lines are perpendicular if 

= w (mw' 4- m'n) he cos ^l. 

Comparing coefficients in equation (i), wo get this condition in 
the form 

= ^2/6ccos/l. 

Hence the equation iix’^ 4- vg"^ 4- 4- 2 fgz 4- 2gzx 4- 2]u'g = 0 repre- 

sents a pair of perpendicular straight lines if A = 0 and 

d^n>-\-h‘^v-\-c^iv--2fbcQo^A — 2gcaQOQB--2habeoi^C = 0 . 

Note. In trilinear coordinates, the equation 

uOi^ + + 2 ffiy + 2gy0L ^ 2h OLji — 0 

represents a pair of perpendicular straight lines if A = 0 and 
u + r-f ?r-2/cos^ — 2^co32?~2/i cos C == 0. 


Illustrative Examples. 

Ex. 1. On the three sides of a triangle similar isosceles triangles are 
described : show that the triangle formed bg their vertices is copolar ivith 
the given triangle and tvhen the base angles of the isosceles triangles are 
each find the egmtion of the axis of perspective of the triangles. 

Let ABC^ the given triangle, be the triangle of reference and use trilinear 
coordinates. 
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it' PN is i^ci’pendicular to BC, since PB == PC, the coordinates of P are 
{ - PC sin d, PC sin C-hS, PC sin B + dj or { - sin d : sin 0 + d ; sin B + . 


A 



The equation /3 sin R4-5 — y sin C + d — 0 rei)resents a straight line 
through A and P, i.e. the straight line AP. Sy in metrically the equations of 
and CR are 

y sin C + d — 3^ sin -4 -+ d = 0, a sin ^ + d ~ /3 sin P -I- d — 0. 

Hence APy BQ, CR are concurrent at the point 

{cosec A + 6: cosec P 4 d : cosec C + d{ , 
and the triangles ABC, PQR arc copolar. 

Again, since tlic coordinates of Q are {sin(7+d: —sin d : sin A -l-dj , the 
equation of PQ is 

! ^ L... ^ . i 

I — sind sinC + d sin P i d j = 0, 

I sin 6N d —sin d sin Aid * 
and this meets the side AB, whose equation is y = 0, where 

[sinA + dsinC 4 - d + sindsinP-i-dj +iy{sinP + dsin C'-i- d -l sin d sin A -I d} = 0. 
This point evidently lies on the straight line 

CX/ {sin P -f d sin C -i d 4 sin d sin A 4 dj 4 ft/ {sin C -\ 0 sin A -I d 4- sin d sin P 4- dj 

A yf {sin ^ 4- d sin P 4- d 4 sin d sin C 4 dj - 0. 

The symmetry of this result shows that the points of intersection of RP, 
CA and QR, BC also lie on this line ; it is therefore the axis of homology of 
t ho triangles. 


Ex. 2. If the duKjoml iwinis of a quadrangle are taken ao the 
vertices of the triangle of reference, the coordinates of the vertices of 
the quadrangle are of the form (.Ti : ( — aq : : ,:f), [x ^ : — : ^i). 

(•»i : Vi ■ -^i)- 

Let PQRS be the quadrangle and A, P, C the diagonal points. 

Let P be the point (xq : y^ : zf) ; then since PR passes through A, the point 
R is (\xq : : r, ) where A is some constant. 



TRILINEAR AND AREAL COORDINATES 


471 


So the points Q, S are {x^ : nyi : : vz^]. 

Now Qlt passes through 0, so that Xti : = x ^ : /ii/i, i.e. X/x = 1 ; similarly 

)zi/ = 1 and i/X = 1. 



Hence either X = /x = i^ = l or X = /x=-r — ~1; the positive value is 
inadmissible, for in that case P, Qy /?, 5 would be identical, thus 

X = /x = t' = —1. 

The coordinates of the vertices are then (“^i • !/i • '^i)» 

(a^i : : 2^1), : -z^). 

Note, is the simplest tvay of denoting four pomts^ no three 

of which are collincar. 

Ex. 3. If the diagonals of a quadrilateral are taken as the sides 
of the triangle of reference, the equations of the sides of the quadrilateral 
are of the form px-^qii-\- rz = 0, --px + qg + rz = 0, —qyi- rz = 0, 
px-\-qg-rz =:0. 

Let PQI^S be the ([uadrilatcral and AB, PC, CA the diagonals. 

Let FQ be the line px + qy ^ rz — 0, then, since PQ and UQ intersect on -4P, 



whose equation is 2 ; = 0, the equation of QR is of the form px + qy + = 0. 

Similarly the equations of RS and PS are of the form \px qy rz ~ 0 
and px + pqy 4 rz — 0. 
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Now y\S’, QH and BC are concurrent, i. e. + rc = 0, + gy ^ r rc — 0 

and X = 0. Hence fip ~ 1. 

Similarly X/x — 1 and i/X = 1, so that X=:/x = ^ = l or X = /x=i' — -1. 
The positive value makes the equations of the four sides the same and 
is inadmissible; therefore \ — f.L — v — —1. The equations of the sides 
of the quadrilateral are therefore px^ qy-^rz = 0, -px qy ^ rz ~ 0, 
j)x -qy ^rz — 0, ^hc + qy-f'z - 0. 

Note, m s is the simplest tvay of denoting four straight lines no 
three of which ore concurrent. 


Examples XII c. 

1. Find the area of the triangle whose vertices are the feet of the perpen- 
diculars from the vertices of the triangle of reference on the opposite sides. 

2. Find the area of a triangle whose vertices arc given by 

) /i-0 I y = 0 ] 

m ,3 — n y — o] n y — /0( = 0 J JOi- mii ~ 

3. Show that the orthocentre, centroid, and circumccntre of a triangle are 
collinear, and find the areal e((uation of the line. 

4. Find the equation in trilinears of the line joining the points where tlie 
bisectors of the angles B meet the opposite sides. 

1 th 1 th 

5. Find the equation to a straight line which cuts ofi' - and - from 

the sides AB^ AC and the coordinates of the point where it meets B(\ 
(Areals.) 

G. Find the lengths of the perpendiculars from A, Z?, C on the straight 
line joining the in-centre and ciicumcentre of the triangle of reference, and 
deduce the length of the perpendicular on it from the centroid. 

7. Find the area of the triangle whose sides are h,^ -} cy = 0, cy -I ~ 0, 
aOt-i hd = 0. 

8. Show that the straight line (a’-y-i Z/CotB ~ (x -h y ~ s^) coi C bisects 
the side BC of the triangle of reference at right angh?s. 

9. Find the equations of the straight lines parallel to px-i qy-i rz ~ 0 and 
distant d from it. lienee show that the length of the perpendicular from 
(^1 , Vi , ^i) to px -f qy -+ re = 0 is p.r, -f qy^ -f . 

10. Find the equation of the point of intersectimi of the lin{*s {p^, rj), 
(Pj. q^. rp. 

11. Show that the line ((/q -t Iq^i mq^, li\3 nuf, ])asses through the 
intersection of the lines (/q, q^, rj), q^, Tj) for all values of //m. 

12. What are the conditions that the lines q^, i\\ {p^, qi^ should 
be (a) parallel, (b) perpendicular? 

13. Interpret the equations: 

(i) r= 0; (ii) y-r = 0; 

(ill) q tan B 4 rtan C = 0 ; (ivj jj i q i r — 0. 
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14. Provo that the equation ap±hq + cr=0 represents the in-centre and 
#!X-ccntres of the triangle of reference. 

15. Find the equation of the line joining the feet of the perpendiculars 
from j9, C to the opposite sides. Prove that this line intersects the line 
Ijisecting AB^ ACin the point whose trilinear coordinates are 

{sin C - B : sin C - -4 : sin - B ] . 

16. Find the equation of the stmight line joining the point of inter- 
section of X = ;^co8 2?, y — S' cos .4 to the vertex 0. 

17. Find the equation of the straight line through the centroid of ABC 
parallel to the straight line 4 gy 4 rxr = 0, and of the line through A 
parallel to 

18. Use the formulae to find the distance between the circumcentrc and 
orthocentre of the triangle of reference. 

19. Show that (X-\-(i + y = 0 is perpendicular to the join of the in-centres 

and circiinicentres. 

20. Prove that (a f 4 [h l d)/:(4 cy = 0, 

(a-^d)OC (i + Cy ^ 0 

are periiendicular for all values of d, 

21. Find the eiiuation of the line through (CXj, yi) perpendicular 
(i) to BC; (lij to /D(4w3-l ny = 0. 

‘2-2. ABC in a triangle; through any point /', DBE is drawn parallel to 
AB cutting CA in D and BC in E ; einiilarly FBG is drawn parallel to CA 
and HPK parallel to BC. DG and Ell are produced to intersect in Q : 
show that CBQ is a straight line. 

23. A jioint 0 is taken inside the triangle ABC', AO, BO, CO meeHhc 
opi.osite sides in A'. B', C'. If a line through A mceis A' B',^C A' in B^ C’ 
resi)0ctively, show that the intersection of the lines BB", CC’ lies on B'C. 

24. Find" the equations of two straight line.s through the iniil-point of BC, 
equally inelined to BC, in areal and trilinear eooidinatcs. 

25. 0 is the orthocentre of a triangle ABC ; BO, CO meet AC and AB at 
M and A'; A/A' meets BC at F. Prove that OF is perpendicular to the line 
joining A to the mid-point ol BC, 

2C. Find the equation of the three lines joining the feel of the perpen- 
diculars from the angular points ABC on the opposite sides and show that 
these lines meet the corresponding sides in three collinear points. 

27. Find the equation of the lines through the centroid ABC perpen- 
dicular to the lines joining the centroid to the vertices A, B, C, and show 
that they meet the corresponding sides of the triangle in three collinear 

points. 

28. Prove that the lines through B parallel to (icosC + ycos C- A 0 

and through C parallel to ^ cos A - it -e y cos it = 0 meet at the circumcenlre. 

29. Find the equation of the bisectors of the angles between the lines 

a cos A -t B cos £ — y cos C = 0, 
a cos A — (8 cos it -(- y cos C = 0. 
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30. The mid-points of the diagonals of the quadrilateral formed by a *= 0, 
= 0, y 0, I + ~ -f ^ = 0 lie on lat(bi:i + cy-a(X) = 0. 

31. Find the equations of the lines isogonal with AP, BP^ CP when Pis 
the point (aj, y^) and show they are coneurrent. When Pis the centroid, 
find the coordinates of the point of intersection. 

32. If 6 is the angle between the straight lines 

lx -I my -I- nz = 0, Vx + m'y -f n'z ~ 0, 
prove that {a/, bm, cn\ {al\ bm\ cn'] sin ^ ~ 2.V . 2 l{m' -n'), 

33. If ^ f)^ where p is the distance between the 

A V 

points (a;, y, zj, (x\ ij, z), prove that X^bc cos A -h / ji- ca cos B f i^^ab cos C = 1. 

34. Prove that the sine of the angle between the straight lines (j), g, r), 

I p Q : 

(p\g\r ) is - p' q r . 

i 1 1 1 ! 

35. The sides of a quadrilateral are lx±my±nz =*= 0 ; find the coordinates 
of the mid-points of its diagonals and prove that they are eollinear. Find 
the equation of the line, 

36. If (a;, y, ar), {x\ y\ c') are the points at infinity on two orthogonal 
straight lines, prove that 2x.r'cot A = 0. 

37. The distance betw^een the points (OKj, , y^), (Ofo, /^ 2 ' 72 ) written 

in the form abc2 ( - Dio)^^ cos A/4N^ 


§ 8. The general equation of the second degree. In the 
preceding sections vve have assigned to x, y, z precise meanings; 
in the following work the results, exce])l where they involve metrical 
quantities such as lengths and angles, hold equally well if we 
attach to :r, y, z no more precise nieaning than that = 0, y = 0, 
j = 0 rei)resent tliree straight lines which form the triangle of 
reference. The coordinates of a |)oiiit are then connected with its 
coordinates in a Cartesian system hy three linear equations of the 
forms X =: X -h Y-j- , y — X -f ^ X + Y + ^^3 ; 

but we need not attach any S2)ecial values to the constants nq, &c., 
as we do in areals. Tlie vertices of the triangle of reference are 
given as the points of intersection of the straight lines x = 0, 
y — 0, = 0 taken in pairs, i. e. (1:0: 0), (0:1: 0), (0:0:1); the 

actual values of the coordinates evidently cannot be found unless 
we know the identical relation which connects the three coordinates 
X. y, corresponding to the relations a:-i-y-|-^= 1 in areals and 
aa + 5/3-fcy==2>S in trilinears. 

An equation of the second degree in x, y, z transforms into an 
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equation of the second degree in Cartesian coordinates ; it therefore 
represents a conic. 

The general equation of the second degree is 

f(x, y, z) = ux^ + vy" + iv'z ^ -f 2fyz -f 2gzx 4- 2 hxy = 0. 

We shall use a notation similar to that employed for the general 
Cartesian equation of the second degree, thus 
A == uvw -f 2 fgli XHp' — wifi, 

IJ ^ vw — P, V = wu — g^, W uc — 

F ^ gh - lif, G =: fh - vg, H =:^fg — wIk 
X ux -f hy + gz, Y — hx f vy -hfz, 

Z " gx +fy -f ivz. 

(1) To find the equation of the tangent to f{.i', y, z) — 0 at the point 
U'l, -"i)- 

Let the equation of tlie tangent be 

I ni n ^ 

where p is tlie distance between {x, y, z) and y^, Zi)» 

Now substitute x=-lp + Xi, y = mp-{-yi, z = npi-z^ in the 
equation of the conic, and wo obtain an equation in p giving the 
distances of the i)oints of intersection of the tangent and the conic 
from (^r^, J ; evidently both these values of p are zero. The 
equation is (fi-fH, n\, p{tXY-{-mY ^-{-nZf ’\~f{x^, y^, z^ — 0, 

Now f(x^, y^, — 0 since (rr^, y^, z^) is on the conic, so that one 

value of p is zero. The second value of p being zero we have 
IXi -f m \\-\-nZ^ — - 0. 

Hence, if //, z) is any point on the tangent, wo liave 

IJ ->'■,) + ('/-. '/i) + = 0. 

since .r,Xj+/yi + r= /(J-| , ^•,) = 0, the e(j[uutioii of the 

tangent at i/y, is 

J X, +^ri+^Xi 0. (A) 

The method of Chap. VI, § 4 (v) can also bo used. 

(2) To find the tangmiial equation of f{x, y, r) = 0. 

By identifying the equation px qy rz — 0 with the equation (A) 
of the tangent, we can show in exactly the same w^ay as in Chapter X, 
§ 11, that the straight liiu* ( 2 :^, q^ r) touches the conic f{x, y, z) = 0 if 
q, r) = Ujfi + Vq- -f Wr- + 2Fqr 4- 2 Grp -^2Hj)q = 0. ( 13) 

This is therefore the tangential equation of the conic f{x, y, z) = 0. 
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Cor. If the conic is a parabola it touches the line at infinity ; 
thus the coordinates of the line at infinity satisfy the tangential 
equation. These are in areals (1:1:1) and in trilinears (a : 1) : c). 

Hence, in areal coordinates, f{x, y, e) =^0 is a parabola if 
71+ V+ W+ 2F+ 2G + 2H=0;, 
we shall refer to this as K=0. 

Also, in trilinear coordinates, f{c<, fi, y) = 0 is a parabola if 
a'^ U+ V+ (? W+2bcF+ 2caG + 2abH - 0. 

The point equation corresponding to a given tangential equation 
is found in the same way by calculating the minors of its dis- 
criminant. 

For tlie tangential equation (B) we shall use the notation 
r=Vp+Hq + Gr, Q = Hp+Vq + Fr, Ji = Gp + Fq+Wr. 


(3) To find the equation of the point of contact of a tangent (jq, q^, rj) 
to F{p, q, r) = 0. 

Let 2)Xy +qyi + ‘>'Zi = 0 be the equation of the point of contact, so 
that (xj : yi : ^j) are the point coordinates of the point of contact. 

The equation in point coordinates of the tangent {p^, q^, rj) is 
PiX + q^y + r^z = 0 . 

This is therefore identical with 


xXi+yl\ + zZi = 0 . 


Hence 


l>i ^ fi 

X, Y, Z, • 


(i) 


Now UX, + in\ + GZ, 

= ,Ti {HU+hH+gG) + yi(hU+vlI+fG) + Zi {gU+fll+wG) 

= A.rj. 

Similarly, HX^ + FFi -t - FZi = A^, , GXi FY^ -t- IFZ, = A,q . 
From equation (i) then we get 

Vx H 

Hence the equation of the point of contact of the tangent 
(Pi» «i. »‘i) is 

+ + = 0. (C) 


(4) The equations of the polar of the point {a:i, yj, .s,) with reject to 
/(^» y, !!) = 0, and of the pole of the line (pi, q^, r,) with respeet to 
3, r) = 0. 

We can show in the same way as in Chapter VI, § 4, and 
Chapter X, § 8, that 
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(a) The equation of the chord of contact of tangents from a point 

(^i> V\i ^i) conic f{Xy y, z) ^0 is xXi-\-yY^-\- zZ^ = 0. 

(b) The equation of the point of intersection of tangents at the 

points where the line rj cuts the conic F[p, r)^Q is 

+ 2^1 + ^*^1 = we deduce similarly that 

(c) The equation of the polar of (r^, z^) with respect to the 

conic /{Xj yj z) =: 0 is 

xX^ -f y >"i + = 0. (D) 

(d) The equation of the pole of the line (jp^, r/^, r^) with respect to 

the conic F(p^ g, r) = 0 is + QlQ\ + == 

Cor, The centre of the conic is the pole of the line at infinity ; 
hence, 

(i) If (jCq, z^ is the centre of the conic f{x, y^ z) = 0 in areal 
coordinates, its polar +yi^o+ zZq — 0 is the line at infinity 

+ ^ = 0. We have therefore Xq = Tq = ^o* 

The areal coordinates of the centre of the conic / (i*, y^ z):=0 are 
therefore given by the equations X = Y = Z. 

(ii) The line coordinates (areal) of the line at infinity are (1:1:1); 
the equation of the centre of the conic F(p, q, r) = 0 is therefore 

p(U+H-\-G) + q{H+ F+l^) + r((? + jP4- W) = 0. 

It follows therefore that the areal coordinates of the centre of the 
conic F{p, < 7 , r) == 0, and therefore of the conic f{x^ y^ z) = 0, are 
{U+H-}-G):{H+V+F): (G -f IF). 

Note. Corresponding results can be found in trilinear coordinates by 
using aCX -I- hfi-^-cy = 0 for the equation of the line at infinity, 

(6) llie equation of the pair of tangents which can be drawn from the 
point (iCi, z^ to the conic f{x^ y^ z) = 0. 

This equation can be found as in Chapter VI, p. 237, viz. 

/(^i. Vi, ^i) •/{«, y, n) = (^Xi+yri+^z,)2, 

and in a similar way we get the equation of the points of intersection 
of the line (p^, r^) and the conic F(p, S', »*) = 0 (?;. p. 404), 

2i, »•,) • F{p, q, r) = {pr, + qQ, + (E) 


(6) The Asymptotes. 

(a) The Asymptotes are the tangents to a conic from its centre ; 
if (Xi, Pi, ^i) is the centre, their equation is 

/{a^, y, yi, ^i) = {xx^-\-yi\^zZ^Y. 
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Since (a*i , «/, , is the centre, we have Xi = Tj = = A, also 

f{^\j .Vi> ^i) — ^1-^1 + J/iI 1 + ^1-^1 

Tlie equation of the asymptotes therefore becomes 
/(«> y, z) = \{xJry+zf 

if the coordinates are areal, so that +2/i + ^i= !• 

Now uXi + — A = 0, 

1tx■^ +ti^i +/«;, — A = 0, 

9X^+fy^->fW^^—X = 0, 

Xi+Vi + Zi — l = 0. 


Therefore 


or 


or 

or 


\ u h 9 
\ h V f 
\ 9 f w 
I 1 1 1 


1 = 0 , 


+ A = 0, 


\ u h () 1 

^l" ! ^ ; 

\ g f w 1 

! 1 1 1 0 
A(r/+ F+ ir+2J’+2(? + 27f)= A, 
Air= A. 


The equation of the asymptotes is therefore 

Kf{x, y, z) — A(.r+?/+^')^ (F) 

(b) Another form of this equation can be found as follows : if 
(Xi , yi , Zj) is a point on an asymi>tote, the equation of its polar is 

xXi + yYi + zZi = 0. 

The point at infinity on this polar is therefore 
(Y,-Z,):(Z,-X,}:(X,-Y,), 

and this lies on tho curve ; hence / { T, — Z, , Zj — , X, — Tj } = 0. 

The equation of the locus of (.r, , yi, Zj), i.e. of the asymptotes, is 
then /{Y-Z, Z-X, X~Y], or 
M (F- Zf + V (Z- X)2 + w (X- Yf + 2f(Z- X) (X - F) 

+ 2^(X-.F){F-Z) + 2A(F-Z)(X-X) = 0. 

Further, since X— F= — (F— Z+ Z— X), this equation may be 
written 

{tv + M- 2(7) ( F- Zf + 2 {w-f-g + h) (F- Z) {Z- X) 

+ {v+w-2f){Z-Xf = 0, 
from which form the separate equations of the asymptotes may be 
found. 
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(c) If the tangential equation of the conic, F{p, q, r) 0^ is 
given, then, since the asymptotes touch the curve and pass through 
the centre, their coordinates can be found by finding the common 
solutions of the equations of the centre and the curve, viz. 

U^r + 7^2 + Wr^ + 2Fqr+2 Grp + 21Ipq = 0, 
and ( G^) p + (//+ Fh- 2^) ? + ((? + T7) r == 0. 

If 7 P 27 (I 27 ^2 two sets of values found, the areal 

equations of the asymptotes are 

PiX + q^y + i\^ — 0 , + + = 0 . 

Cor. i. The straight lines /(a:, y, «;) 4 X (.r f- ?/ 4 = 0 are perpendi- 

cular if 

(u 4- X) a® + (t? + X) 4- (w 4- X) - 2 (/ 4- X) he cos A 

— 2 (y 4 - X) m cos J5 — 2 (A + X) ah cos 0=0, 
i. e. ua^ 4 * 4 - wc^ — 2/ fee cos ^ — 2 gca cos R - 2 hah cos 0=0, 

for the coefficient of X 

= a® 4- 4 c’ — 2 cos A — 2ca cos B — 2ah cos 0 

= 0 . 

The condition, therefore, that the conic /(a;, g,z)~0 (in areal coordinates) 
should be a rectangular hyperbola is 

D = wa® 4- vh^ 4“ — 2fhc cos ^ — 2 gca cos R — 2 hah cos 0=0. 

Note. In trilinear coordinates /(n, y) = 0 is a rectangular hyperbola if 
«4-t?4*f<> — 2/cos^--2y cosR — 2 cos O == 0. 

Cor. ii. We have shown (Chapter XI, § 2) that 

(a) Conics are similar provided that their asymptotes contain equal 
angles ; 

(b) Conics are similar and similarly situated provided that their 
asymptotes are parallel. 

These conditions can be obtained from the equations of the asymptotes ; 
in practice it is not necessary to find these equations, for by eliminating 
2? from the equations f{x,y,z) = 0, x+y^z = 0 we get the equation of a 
pair of straight lines through the vertex C parallel to the asymptotes. 

§ 9. The Circle. The equation of the circle, whose centre is 
(^0 7 yo 7 whose radius is />, is obviously 

Making this equation homogeneous by means of the relation 
xA'V-k-^ = 1, we have 

- Cv^o + ^^0) + (^^0 + ^^0) + ^2 (xy^ + x^y)} (^ + ?/ + ^) 

+ + O^x^y^ + y = 0, 

which is evidently of the form 

a^yz ^y^zx-\- c^xy 4- {lx -f my -f 'iw) [x-^y-\-z) = 0. 
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Note. In trilinear coordinates this equation is 

a^y-\-hya + cOC^+{l(X-\-mp-\-ny){a(X + b^+cy) = 0 . 

To prove, conversely, that the equation 

a^yz c'^xy -{-{Ix-V my ^ n3)(x-\- y z) = 0 

always represents a circle, and to intopret I, m, n. 

The equation is that of a conic. If the conic is a parabola it 
touches the line at infinity, hence the conic a^yz ■\-h'^zx-\- c'^xy ^ 0 
also touches the line at infinity, and is a parabola ; in this case 

f- W + — 2 V^c*^ — 2 — 2 ?/= 0, or a + 6 f c = 0, which is clearly 
impossible. 

The conic is therefore a central conic, i. e. it has a finite centre : 
let this centre be y^, z^}. 

Now, if fix,y,z)=:0 is the general equation of a conic and 
(^ 0 ) ^o) centre, we have 

/(^, _ 

^/{x-Xq + Xq, y-yo + yoy + 

y-yoy 

’^2{{x-x^)Xo-^(y-yo) Yo-^{z-Zo) Zq] -^/{Xq, z^) 

since Xq = Tq = and iP— a^o-h.^—yo + ^-'^o = 1-1 = 0. 

Apply this to the case 

f{x, y, z) = a^yz-\‘y^zx-]rc'^xy‘\‘{lX’]rmy-\-nz){x-\-y-\-z), 
and we have 

■b f (*^0 > Vd 7 ^o) ? 

/(^, = /K> yd7 ^o)- op^ 

where 0 is the point {Xq, y^, Zq) and P any point {x, y, z). 

Hence (i) if P lies on the conic, then /(.r, y, z) = 0, and we have 
OP2 =:/(a’o, ?/o, ^o)- 

Hence OP^ is constant, i.e. the conic is a circle; its radius is 
Vqi «o)- 

(ii) If P does not lie on the circle, and p is the radius, we have 



/{^f = —PT^, where PT is the tangent from P to 

the circle. 
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In particular, the square on the tangent from A to the circle is 
—/(I, 0, 0) or ; similarly for the tangents from B and C\ 

If, then, ti, t 2 , t^ are the lengths of the tangents from A, B, C 
to a circle, its equation is 

(t^^x + t/y + Vz) (x fy + z) — (a^yz + b'-^zx + c-^xy) = 0, 
and the left-hand side of the equation represents the square of 
the tangent from any point (x, y, z) to the circle. 

To find the condition that the general equation of the second degree^ 
f + vy"^ 4- ivz^ + 2 fyz + 2 gzx + 2 hxg = 0, should reptxscni 

a circle. 

The general equation can be written 
f{x, y, z) = (ux + vg-i-tv^){x^g-h^)-{v-\-tv-2/)gz-{to + u-2g)zx 

—‘(u-\'V — 2h)xg = 0 ; 

the necessary and sufficient conditions that this equation should 
represent a circle are therefore 

v-{‘tv—2f_w+H---2g__u-\-v — 2h 

These conditions can be written 

^0, 1, -1) 0, 1) _/(l, -1, 0) 

a- c^ 

In triliiiear coordinates the conditions that /(of, /4, y) == 0 should 
be a circle are /(O, c, — ^>) = 0, a) =f(by —a, 0). 

To find the tangential equation of the circle whose centre is (^g, yo> ^o) 
and tvhose radius is g. 

If (Pj q, r) is any tangent to the circle, the areal equation of this 
tangent is 2)X -i- qg r;: = 0 ; hence we have 

!>= ±{pxo-\-qgo'^rz^;), 

or /.2 = {pXo + qyo-\-r^oy^- 

Making this homogeneous by means of the identical relation 
{apy hq, cr] = 2Sy we get 

The general tangential equation of a circle is therefore 

d^p^ 4- Ir (f 4- C“ r^ — 2 hcqr cos A — 2 carp cos J5 — 2 abpq cos C 

= (li)-\-mq-{-nrf ; 

its centre is (Z : m : n)y and its radius 2 S/{1 4 - wi 4- n). 

Note. We have shown in § 6 that {ap, hq, cr] - = 0 is the equation of 
the circular points at infinity, 12 and The tangential equation of the 

H ll 


l'i07 



482 


TKILINEAR AND AREAL COORDINATES 


circle is, therefore, in the form ud *= where »/ = 0, r — 0 are the equa- 
tions of 12, and w; = 0 is the equation of the centre O ; the circle, as we 
have previously proved, touches 012, 0X2', the line at infinity X2X2' being the 
chord of contact. 

The circles of the triangle of reference. 

I. The circumcircle. Here ti = 0, = 0, = 0, so that the 

equation of the circumcircle is a^yz-\'h’^zx-\- c^xi/ = 0. (In trilinears 
this becomes afiy-\-hyOL-{-c(Xf'i=^0,) 

The tangential equation of the circumcircle is therefore 

which can be written aVp±h\^q±c\/r 0, 

Cor. The nine-point circle circumscribes the triangle A'B'C, where 
A\ B\ C are the mid-points of the sides. If q\ r are the perpendiculars 
from A\ B\ C' on any tangent to the nine-point circle, and ; the 
perpendicular from A, B, C to the same tangent, we have p +q = 2r'^ 
g-h r s= 2p\ r-fp = 2 q' with due regard to sign. Also a «= 2 a', 5 -= 2b\ 
ce=2c'. Now since the nine-point circle circumscribes the triangle 
A B C we have a'y/^p' + }y\/q + 0 ^// = 0, hence 

a\^q + r-i-b\/r+ p + c^/p-i-q = 0 

is the tangential equation of the nine-point circle. 

II. The inscribed and escribed circles, 

(a) For the inscribed circle = 5 — a, — s — <3 = 5 — c; its 

equation is 

{(s--af y-\-{s—cfz)(x-\-y^-z)--a^yz--h^zx—c^xy — 0. 

The tangential equation, since = tir/2Sj y^ hr/2S, z^ = cr/2Sy 
is (ajp O'Y = { 

This reduces to 

{s-a)qr‘\'{s-b)rp^(s’-c)pq = 0, 
or qr cot J A -f rp cot J B -^pq cot 10=0. 

Note. The reader should deduce the trilinear equation, 

(b) For the escribed circle touching BO externally we have 

= s, z=^ s--Cy t . = s--b ; its equation is 

{s^x-i-(s—cy^y-i-(s—bf^zl(X'hy-i-^) — a^y^—b^zx--c^xy = 0 . 

The areal coordinates of its centre are {— a>i/2S, brJ2Sy Ci\/2S]y 
so that its tangential equation is 

( - aj; -h + erf =• '[apy hq, cr \ ^ ; 

this reduces to 

q;rcot — rj9 tan \B^pq tan JC = 0. 
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111. The nine-point ciroie. 

Here = AC' . AN 
= J c . 6 cos A 
= Scot A, 

or = + — a‘^). 



The equation of the uine-poiiit circle 
is therefore 

S {xGoiA y cot B ^ cot G\ {x-\-y-\-^) — a^yz — b'^zx — c^xy = 0, 
or {x-{-y-\- 2 )^{b'^i-c^ — a^)x—i(d^y 2 -\-b'^zx-\‘C‘^xy) = 0. 

We have already shown that its tangential equation is 

a\/q + ri-b\^r‘\-p-\-c^/p + q = 0 . 

The reader can also deduce this from the general tangential 
equation. 


IV. The polar circle. The orthocentre P is the centre of the 
polar circle, and if p is the radius 
we have 

- = Ar. PL =: BP , P3J; = CP . PN 

Hence 

=: AP^-fi^ = AP" + AP.PL 
AP.AL = 27fcosA.6sinC 
= 6c cos A = 26' cot A. 

The equation of the circle is then 
26(xcot A+^cotP-h^cot C) — c'^^ry = 0, 

which reduces to 

cot A -f y^ cot B cot C =- 0, 

The tangential equation of this circle is 

p"^ tan A -f q^ tan B + tan (7=0. 

The radical axis of two circles. If the equations of two circles 
are found in the forms 

(lx -{‘my+ nz) (x-hy-hz)-- a^yz — h'^zx — c^xy = 0 , 
(l'x^m'y-\-n'z) (x^y-^z)’-d^yZ’-\)^zx-‘C^xy = 0, 
it is evident that points common to the two circles also lie on 

{(l—l')x + (m--7d)y[-{n—n)z'A’^ + y + ^) = 0 , 

11 h 2 
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i. e. on one of the lines 

(Z— — + = 0, x-\-y-\-z = 0. 

The first line is the radical axis, and the second is the line at 
infinity, which is the join of the circular points at infinity. We 
have previously shown that all circles pass through 12, II' ; we 
proceed to verify this. 

The circular points at infinity. Since the equation of any 
circle can be expressed in the form 

{lx -t my + -f y -f — {(i^y^ -j- h‘^zx -f c^xy) = 0, 
it meets the straight line ^ at infinity in two points given by the 
equations a^yz -f- V^zx + = 0, rr -h y + ^ = 0, which are evidently 

the same points for all circles ; these points (Chapter V, § 16) we 
called the ‘circular points at infinity 

We have from these equations 

W 4- 4- — 6'^) xy = 0, 

or x^ 4- (i^y^ -\-2ab cos Cxy = 0, 

i. e. {hx 4- ayc^) (hx 4- oye“*^') = 0. 

Thus either x:y :z ae ^ : — 6 : — ae^y 

•““I (J 11 •“ I c 

or ^ae :—o 10 — ac . 

But h — ae^ = h — a cos C— ia sin C = c (cos A — i sin A) = 
hence the coordinates of the circular points at infinity are 

{ae '' :-h: ce % (ac“*^ :-h: ce% 

Note. The tangential equation of 12, 12' can be easily found thus : if the 
line pX'k qy-\ tz ~ Q passes through a circular point at infinity, this point 
must be the point at infinity on the line, i. e. (q - r : : p-q). This point 

therefure lies on the circle a^ijz-\-l!^zx-^ c^xt/ == 0, so that 

a^p-r)(p-q)-\ h^iq-p) (ff-r) 4 c* (r-g-) fr-p) = 0. 

We have shown that this equation is the same as 

{ap, hq, cr}2 = 0. 

Illustrative Examples. 

Example i- The ninc-poini circle touches the inscribed circle. 

The equations of these circles are 

2 J (6* 4 — a*) a; . (a? 4 y 4^) = a^yz 4 h^zx 4 c^xy, 

2 (5 - a^x . (.r 4 y 4 c) = a^yz 4 l/^zx 4 c^xy. 

The equation of their radical axis is-therefore 

2 {(6^4 C“ — a^) - {b + c-ay j X — 0, 

S (a-b) (c-~a)x = 0, 
x/(b-c) -h y/(c—a)’hz/(a-b) 0. 


i.e. 

or 
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The coordinates of the radical axis are therefore 

{l/(6-c) : l/(c-a) : \/(a-h)}. 

The tangential equation of the inscribed circle is 

(5- a) 5?’+ (s-6) rp-^{!i-*c)pq =» 0, 

or (s-a)/p+ (s-6)/g+ (s-c)/r =3 0. 

Now 2(6 — c) (5- a) = 0, so that the radical axis of the nine-point and 
inscribed circles touches the inscribed circle ; it therefore touches the 
nine-point circle at the same point. 

Tt can be shown similarly that the nine-point circle touches each of the 
escribed circles. 


Example ii. The straight line lx-\-my-\-nz — 0 meets the sides 
of the triangle ABC in A'^ G' : prove that the circles on AA\ BB\ 
CC' as diameters have the common radical axis 

I {m ~-n)x cot A -f m (n — l)y cot B -|- n ( ? — m) z cot C = 0. 


The coordinates of A' are |o, — — , — I , and of A (1, 0, 0} ; the 

1 ' m-n ) ^ ^ 

centre of the circle on AA' as diameter is 

I h ^ \ 1 {>n-n : - n: m}. 

1 2{m-n) ’ 2 ^ ^ 

Let the equation of the circle bo 

a^yz-\-h^zx-\- c^xy ^ {\x yy + v z) [x y z)\ 

since it passes through ^ (1, Ot 0) we have A = 0. 

The centre is given by 

Pz-\-c^y — {yy f vz) = — (/ly + vz) - ^{x-\- y z) 

= a^y->rlf‘x — {\iy^-vz) — v{x-^y^-z)j 
i.e. \?z\ c^y = c^x\a^z-~\k(x\ y ^z) = a^y 1)^ x — v {x -V y z). 
Substitute in these the known values oi x\y \z^ and we get 
h’^m -c^n = c’ {m — n) + wj - 2 /x (m — n) — J? (m - n) - a^n -2 p (m — n). 
Hence 2 y (m - n) = tn (a* + c® - 6^) = 2 ac cos Bw, 

2 p(m — n) = —n (a® -f 6® — c®) = — 2 oh cos C n. 

The equation of the circle on as diameter is then 

o ,0 a / wi cot B n cot 0 \ . 

\jz V zx xy = 2»S^ ( y z) {x-¥y-\-z). 

Similarly, the equation of the circle on CC' as diameter is 

a^yz + h^zx + c^xy = 2 { =- - x] {x-\-y + z). 

\ 11 — I W — f ' 


The radical axis of these circles is therefore 
I coiA 


? cot -4 m cot B j.^/1 a 

~,x+ .y-«cotC( + r)c' = 0, 

n -I m-n ^ m-n n - V 

i. e. I {m - n) x cot A\,m (a - 1) y cot 5 (? - m) c: cot C = 0. 

The symmetry of the result shows that it is also the radical axis of the 

circles on BB' and CC' as diameters. 
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Examples XII d. 

1. Find thfi equation of the circle which passes through two angular 
points and the in-centre of the triangle of reference. 

2. Prove that S (m + n) 2 2 Z /37 cos A = 0 is a circle. 

Prove that the circunicircle, nine-point circle, and polar-circle of a 
triangle are coaxal ; show also that the circle circumscribing the triangle 
formed by the tangents to the cireiimcircle at the vertices of the triangle 
belongs to the same coaxal system. 

4. Show that the equations 

(Xfi — y{y COS C — OC cos A—fi cos B), /3y = 0C(0( COS yl - /3 COS B — y cos C) 

represent circles, and find their radical axis. 

5. Find the lengths of the tangents from the ex-centres of a triangle to 
the circunicircle. 

G. Find the equation of the common chord of two circles described on 
two sides of the fundamental triangle as diameters. 

7. Through the vertices A, R, C of a triangle straight lines are drawn 
parallel to the opposite sides and meeting the circunicircle in the points 
A\ B\ C' respectively. The straight line joining A' to the centroid of the 
triangle meets BC in A'', and B"^ C" are similarly determined. Show that 
AA'\ BB", CC" are concurrent. 

8. Show that the equation of the circle which passes through the 
ex-centres of the triangle of reference is 

a’^ijz -f h'^zx 4 c'^xf/ 4 (hex 4 coy 4 abz) ( x 4 y 4 ^r) s= 0. 

Find also its trilinear equation. 

9. Prove that the equation of the nine-point circle can be expressed in 
the f orm a^jih 34cy — oa)4 4- a (X ~ h 3) c^/iaOCA-hlS — cy) = 0. Wh at 
is the corresponding equation in areals ? 

10. Show that the equation of the circle which passes through A and 

touches BC at its middle point is 4 (a^yz-^ ?>^cr4 (?/4 z) (.r4-y 4 ^). 

Find the equation of the line joining the points other than A where this 
circle cuts AB^ AC. 

11. Prove that the equation of the circle on the line joining the mid- 
points of ABy AC as diameter is 

2 a:* {})^ 4 - a’) - 2 2 a^yz A he cos A (x 4 y Az) (yAz — x) = 0. 

12. If (ex', y') is ^ point on the circumcircle, t^erify that the corre- 

sponding Simson line is ^ Of cos A = 2CX sin A. 

13. Show by using the tangential equations of the escribed circles that 
their external centres of similitude lie on the line .r/a 4 7//?;4 c?/c = 0. 

14. A circle passes through B, C and cuts CA in the ratio I : m ; in what 
ratio does it divide BA ? 

15. Find the equation of the circle through B and C which cuts CA again 
at D so that ZB DC — Of. Hence find the locus of the radical centre of three 
circles which pass through R, C; C,A; A, B respectively, and wdiose seg- 
ments within the triangle contain equal angles. 
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IG. Find the tangential equations of the circles whose centres are the 
vertices of the triangle of reference arul which touch the sides opposite to 
their centres. Find the equation of their axis of similitude. 

17. Circles are described on BC, CA, AB cutting CA. AB, BC respec- 
tively in the ratio 1/A; show that their radical centre is the same for all 
values of A. 

1^. The inscribed circle of a triangle ABC touches the sides BC^ CA, AB 
at the points D, E, F; the escribed circle.s opposite to the angb^s J. B. and C 
touch these sides at , E^, /‘\ ; F^\ respectively. Prove 

that./1Z)i, BR\, are concurrent; also the sets of lines , B?J^, CF., ; 
and A , BE,^, CF ^ . 

19. Prove that if the circles <r//:' 1 r’^xy — 0 and 

M A (x + y + z)- (t^yz - h^zx - Cxy - 0 

cut orthogonally, then 

/j" sin 2 A 4 V ‘V 2 r = 8 N. 

[The tangent from the circuincentre to the second circle is of length H. | 

20. The sides BC^ CA, AB of the triangle of reference are divided at 
D, E, F ^0 that Br)^-2T)C, CE==2EA, AF=2FB. Show that the 
square of the tangent from A to the circle DEF is (c^-2 Mr). 

21. Show that the radius of the cir«‘le ‘ c'yB == (a0( cy) 

is Ba/I - 2 k cos A -I P. 

§ 10. Conics circumscribing the triangle of reference. If the 

con ic -f ? 7 /- -h uvj^ + 2 fyz + 2//,;'.r -h 2 // n/ = () passes th roii gh t he 

vertices (1, 0, 0), (0, 1, 0), (0, 0, 1) of the triangle of reference, 
then ii = Oj v = 0, w = 0. 

The general equation of a conic circumscribing the triangle of 
reference is therefore 

fj/z + + //.>?/ — b. { i ) 

We have in this case U ^ E = — /A \V ^ —Jr, F = f/liy 
Cr ~fJi, II ~fih SO that the tangential equation of the conic is 

-f -f A — 2 gJn 2 r — 2 h frp — 2 fypq = 0. ( i i ) 

We may write this 


(fp-m-hrf ~ \gliqry 


i.e. 

fp — 9Q — ±2 V gJtfp' 

i. e. 

fp-[V(jq± \^Jir)\ 

or 

\^fp± y gq± vJff' — 0. 


Note. The condition that the conic fyzA-(jzxAltxyr=0 should bo a 
parabola is that the line at infinity should touch it, i.e., in areal coordi- 
nates, that (1, 1, 1) should touch the conic (ii). 

Hence the conic is a jmrabola if + <f 4 Ji^ - 2 r^// - 2hf-2 fy = 0. 

The conic ffiy 4 ^ >0^ 4 - /? a/3 = 0 is a ])arabola if 

(t\FAhh/A cMi’^-2hcy}i~2c(iht 2(ihfy = 0. 
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To find the equation of the chord joining the points 
(Xo, y.,, zf.j} on the conic fys+gzx+hxy = 0. 

The equation of the straight line joining the points 
(x.,, y.,, z.) is x(y^z.,—y.^s^)+y{sx^%—^ 2 ^\)-i-^{^\yi—^\y\) — ^- 
But + hx^py = 0, 

and = 0. 

hence /; g : h = .r,.r^ (?/i ~ 2 — .%-]) = Udl-j. — = ~i ^2 {^'\Jh — ^>y\) 
provided, then, that no one of the coordinates of the given points is zero, 
the ecpiation of the chord can be written 

fr qy hz 

0 . 

•*^1^2 Viy'i 


Cor. The equation of the tangent at (Tj, ?/, , z^ is therefore 


/» ■ (jy h z 

xf py^ zf 


= 0. 


The equation of the tangent at (.Cj, py, r,) to the conic. 

Since m = 0, <’ = 0, to = 0 we have X, = %, + r/ , Yy — hXy+fzy. 
Zy = gxy +fyi, so that the equation of the tangent is 

^ (hi + //^i) + y {hXy +fzy) + zigxy +fgy) = 0. 


Now, since fy^i^i+g^^iXy + hXyPy = 0, we can write this 

/»,5 we. 

^'l ~"l 


or 


/'■ gy h^ 

>} • .> 1 t} 

Xy- Py- Zy- 


0 , 


wliicli agrees witli the last corollary ; evidently no one of the coordinates 
must he zero ivhen this form is used. 


The equation of the point of contact of the tangent rj to 

the conic Vfp ±Vgq±V hr = 0. 

The equation of the conic written in full is 

f '2p2 ,3^ _2ghqr ^2hfrp-‘2fgpq = 0. 

Thus Pj ^ f{fPi-‘g(l\ — h^'^j with symmetrical values for i?j. 
Tlie equation of the point of contact is 

fp {fpy -gqy - hry) + gq {gqy - hty -fpy) + hr {hry -fpy -gqy) = 0. 
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Now, since (^> 1 , q^, r,) is a tangent to the conic, we have 

hence {fp^ -gq^ - hr^f = i^glup , 

or fp^— gq^ — h)\ = ± 2 \/ghqi r, . 

The equation of the point of contact can then be written, pror/Vici? 
that no one of the coordinates j), , </,, r, is z:ero, 

^ "^fP\ + I \^h)\ = 0, 

Pi 'll '1 

whore \^fp\, V gq^, Vln\ have the signs which make 

V qq\-\r \^io\ — 0. 

The equation of the polar of {.i\, ?/,, and of the jwle of {q\, q-^, rj) 
until respect to the conk. 

These are oc{hgi + g.~i) + y{h.ri+f.^i) + .r{g.i-^+f!li] - 0 and 
fifPi -fJQi - ^>ri)p + fl {'Ml - hi\ -fPi) qd-h (/(r, -gq{) r = 0. 

Note. The method we have always used to show tliat the equation of 
the polar of a point, which is not on a conic, is of the same form as the 
equation of the tangent at a j^oint on the conic depends on the fact that 
the equation of the tangent is unaltered when the current coordinates and 
tliose of the point are interchanged. It is important to note then that 

t' d ?/ h '' 

the equation of the tangent at (.jq, i/^, in the foriii * 4 ’ 4- ^ 0, 

aq“ 

cannot be the equation of the polar of c-i). 

Cor. To find the centre of the eonk. 

The centre of the conic is the pole of the line at infinity (1, 1, 1) ; 
its equation is therefore 

.f{f-{l-1')P + 9{(l-h-f)qd-li{h-f-g)r = 0. 

The areal coordinates of the centre are then 


Example. To fijid the equation of a eo^iic ichose eentre is the point 
(‘^01 If 01 "u)» ivhieh circamscrihes the irianr/Je (f reference. 

If fyz gzx -vhxy = 0 is the equation of the conic, we have 

‘^0 =fif-9-h), //o = {f{9-f>'-f ), -0 = -f-9^- 

Hence + .^o “ *^0 = i9 - ^0* -f = Ut “ ~/) (9 “ +/) = “ 

Therefore / is proportional to .r-Q (f/o + the equation of the 

3C H Z 

conic is - (y, + 'o ~ 'fo) + (‘o + -*‘o-'/o)+ 4 l-?/o-~o) = 0. 

X y ^ 
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The asymptotes. Let the equations of the asymptotes be 
px+qy+ rz = 0, p'x + q'y-\-r'z = 0 ; then we have 

fyz+gzX'{-hxy-\-K[x-\-y+zf = (px \-qy+rz)(p'x+q'y+'/zy 
Comparing coefficients we have 

pp^ = =r rr' = A, 

/+ 2 A = qr'^qW, //+ 2A = + r'p, 7/ + 2 A = pq'-^p'q. 

Hence (i) if px + qy+rz:=0 is one asymptote, the other is 

oi^lP'Vylq^zir — 0. 

(ii) We have / = + 2A 



qrf=^>^{q-r)\ 

or, / is proportional to p{q—r)^» 

It follows then that if px-k^qy-^^rz = 0 is an asymptote of a conic 
circumscribing the triangle of reference, the equation of the conic is 
P{fl- yz + q (r -pf zx -)rr(p-qf xy = 0. 

Example i. A conic circumscrihes a Mangle ABC^ and the tangents 
at A, By C form the triangle A'B'C/, Show that Jhe triangles ABC, 
A'B'CV are coaxal, and find their centre and axis of homology. 

Let the conic be fyz-¥gzx-^hxy-=^(i\ its equation can be written 
fyz^-x(gz-Vhy) == 0. 

This represents a conic circumscribing the quadrilateral whose sides are 
y = 0, = 0 ; 07 = 0, (^5^ + 7^// = 0 ; but since y =0, z — Oy gz-vhy = 0 are 

concurrent, gz-\^hy = Q is the tangent to the conic at the point of inter- 
section of y = 0, 2^ = 0, i. e. A, 

The sides of the triangle A'B'C are therefore 

y/g + z/h = 0, z/h 4 x/f = 0, x/f-¥ yfg = 0. 

The straight line izfh 4 x/f) - (a?//4 y/g) = 0, i. e. z/h -y/g = 0 is therefore 
AA\ Similarly, BB\ CC' are op//— = 0, y/g-xjf Hence, AA\ 
BB\ CC intersect at the point {f:g:h). Again, B'C' and BC are the 
lines y/g z/h = 0 and o: = 0 ; these intersect on the line x/f y/g + z/h - 0. 
The intersections of CAy C'A' ; AB, A'B' also lie on this line, which is 
therefore the axis of homology. 

Example ii. The opposite sides of any hexagon inscribed in a conic 
meet in three collinear points. (PascaPs Theorem.) 

Let AQCPBR be the hexagon and take ABC for the triangle of reference. 
Let the coordinates of P, Q, R be (x^y y,, z^), (xjy y^. z^. (a?,, yg, z^. 

The equation of AQ is y/y^ = z/z^ and the equation of BF is x/x^ = z/z^^ ; 
these lines intersect at the point {xfz ^ : y%/z ,^ : 1). 
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Similarly, the other pair of opposite sides intersect at . the points 


A 



P 


These points are collinear if 



Vi/^i 

1 

^UVi 

1 

Vys : = 0. 

1 



lA. 

l/r, 

lA, . 

i/yi 

Vyj 

1/y, - 0. 

l/a-i 

l/Xi 

1A-, 


But the equation of the conic on which the vertices lie is of the form 
//^ + ff/y -^h/z — 0; hence 


/M y/Vi + = 0 , //a?a + g/ij^ + h/z^ = 0, f/x^^ 4 g/i^ 4 h/z^ = 0. 

Eliminating/, g^ h we obtain the required condition. 

Note. This evidently proves the converse proposition, viz. if the oppo- 
site sides of a hexagon meet on a straight line, the hexagon can be inscribed 


in a conic. 


Example iii. Find the condition that the normals at the angular 
^points of the triangle of reference to the conic i/a 4 - + w/y = 0 
should he concurrent. (Trilinear Coordinates.) 

The tangent at A is nQ + my = 0 ; suppose that the normal is X/ 34 -/xy = 0. 
These lines are perpendicular, so that 

Xn4- fim “(Xm4-fiw) cOB ^ = 0, 
i. e. X (>i-m cos 4- cos -4) s= 0. 

The equation of the normal at A is therefore 

(m-n cos -(4) /3 — (n — w cos ^)y = 0. 

Similarly, the normals at R, C are 

(n-icos J5)7-(Z-nco8 R) a = 0 
{l-m cos C)CX — {m — l cos C) ^ = 0. 

The normals are concurrent if these three equations are simultaneously 
satisfied by the same values of a, y. 

Hence 

{l-nt cos C){m-n cos A){n-l cos B) = (w - / cos C) (n - m cos A){1-h cos B) ; 
2 1 (n* - m’) (cos ^ + cos B cos C) — 0; 

2 1 (n“ - m’) sin B sin <7=0; 

26cZ(m’‘-n*)>=0. 
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This condition can be written as 

I m n I 

2“' nr~^ n*"' j = 0. 

c-' 


Examples XII e. 


1. If XOi-h = 0 touches ll^y+mya + nOCf^ == 0. then la + mf^ + ny^O 

will touch /i')a + jCX^ = 0. 

2. Find the locus of the centres of conics which pass through four given 
points. 

What is the equation if the points are Ay B, C and the centroid of 
the triangle? 

3. Prove that a conic which passes through the vertices and the ortho- 
centre of a triangle is a rectangular hyperbola. 

4. Show that I he locus of the centres of rectangular hyperbolas which 
circumscribe the triangle of reference is the nine-point circle 

o V(y -f z — h^/{z + x-ij)-¥ c*'l{x + y - 2?) = 0. 

5. Find the locus of the centre of a conic which circumscribes the 

triangle of reference and touches the straight line f\), 

6. Show that the centre of any conic passing through the angular points 
of the triangle of reference and the centre of its inscribed circle lies on the 
conic 2 bex^ — 2a {hi c) yz = 0, 

7. Show that the equation of the tangent at any point of the circum- 
scribing circle is of the form 


/ ^ ^ \ . 0 ^ 2x . . ( X y \ ^ 

( ^ ~ ^ ^ ( <,2 fci') ~ 


8. Prove that the tangents to //a:+ m///+ ;?/^ = 0 which are parallel to 

DC are l{y + z) + + 

9. A conic circumscribes a right-angled triangle ABCy touches the circum- 
circle at the right angle .1, and passes through the centroid of the triangle. 
Show that its equation is h^ly-k-c^jz-a^jx — 0, or hjfi-k- c/y-ajOL = 0. Find 
its equation when the coordinates arc transformed to rectangular Cartesian 
coordinates with ABy AC for axes, and hence find the eccentricity of the 
conic in terms of the angle B, 

10. Find the coordinates of the centre of a conic which circumscribes 
the triangle of reference, and has the line (p^y g'j, r,) for an asymptote. 

11. The condition that the stmight line (p, q, r) should be an asymptote 
of a rectangular hyperbola circumscribing ABC is 2p {q-ry cot A = 0. 


§ 11. Conics inscribed in the triangle of reference. If the 
conic -f + wr^ -f 2 fqy+ 2grp -f 2hpr = 0 touches the sides of 
the triangle of reference, (1, 0, 0), (0, 1, 0), (0, 0, 1), then w = 0, 
= 0, «(; = 0. Hence fqri-grp + h2)q = 0 is the general tangential 
equation of a conic touching the sides of the triangle of reference. 
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The equation of the conic in point coordinates is therefore 
which can be written (cf. § lOj 

oy ^ s^hz — 0 . 

Note i. The conic is a parabola if/+^ + A = 0, or, if we are using 
trilinear coordinates, //a+ <//& + /i/c = 0. 

Note ii. The equation of the conic can be written fqr-\ p{gv’^liq) = 0 ; 
but g = 0, r= 0, gy-^hq — 0 are three collinear points, so that (Chap. X, 
§ 10, 1) the conic touches the join of g = 0, r = 0 (i. e. BC) at the point 
7ig + gr=0. The areal coordinates of the points of contact of the conic 
with the sides of the triangle of reference are therefore 

(0:l/g:l//0, (l//:0:l//0, (V/: Vi/ : 0). 

To find the equation of the point of intersection of the tangents 
(i>i, 'ii. >'i)> [Pi, a>, » 2 ) to the conic f/p+glq + hlr = 0. 

The equation of the point of intersection of the lines r,), 

(P2, (h> »'2) is 

P{<iir2-q-P\) + i(>'iPi->'2Pi) + r(piq.^-jhi(ji) = 0 . 

But fqtri+gi\Pi + h 2 )iqi = 0, and fq.ir.j. + gr.^p.^-{-hi).^q.i = 0, hence 
f:g:h= p^p.j, {q^r.^-q^r ^) : q^q.^ {Pi<lt-Pi<li ) ! 

provided, then, that no one of the coordinates of the given tangents 
is zero, tlie equation of tlie point of intersection can be written 

fj'PiPi + gg/gig-i + hr/rir^ = 0. 

Cor. The equation of the point of contact of tlie tangent (pj , qi, j'j) 
is fp 'pi^+gq/q{^ + hr/r{^ 0. If, then, PiX + q^g+ViZ = 0 touches 
the conic \^fx+ Vgy+ Vre = 0, the coordinates of the )>oint of 
contact are {flPi^, glqi^, h/r{^\. 

To find the equation of the tangent at thciwint (x^, ijy, to the conic 
Vfx+ \^gg+ -/ rz = 0. 

This equation can be found in tlie same way as that of the point 
of contact of the tangent (iq, 2 i, r,) to the conic 
y/fp+ \''gq+ ^^hr = 0 
(see § 10) ; the equation is 

Xi yi 

where -/Z^, \^gyu Vhz^ have the signs that make 

VW\ + = 0 . 
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The equation of the pole of (i?,, 3 i, rj) and of the polar of (xj, y,, 
with respect to the conic. 


These are 

p {% + gri) + q {fry + hpi) + r (gp^ +fq^ = 0 
and f{fxi-gy^-hz^x+g{gyi-hzi-fx^)y+h(hzi-fxi-gy^)z = 0. 

Cor. The equation of the centre, i. e. the pole of the line at 
infinity (1, 1, 1), is 

(h-\-g)p + [f+h)q+(g+f)r = 0 . 

The areal coordinates of the centre are therefore 


are 


The trilinear coordinates of the centre of Vhy = 0 

0 


Is 


. f ft 
+ ' 

o a CO 


a) 


Example. 'To find the equation of a conic whose centre is the xjoint 

2/u» -^o) tvicich touches the sides of the triangle of reference. 

Let the conic be ^ 's/hz = 0, then we have = y -t h, f 

Zq =/-f- g. Hence 2/ =^0 + ^0 equation of the conic is therefore 

V'x (y, + - a;o) + -v/y (Xo + ^0 - yo) + -/* K + yu - «o) = 0. 

The asymptotes. Let px+qy-k-rz = 0 be an asymptote; it 
touches the conic at the point [f/p ^ : g/(f ; h/r^\ but this must 
be the point at infinity on the asymptote, viz. (^ — r : r— p :|3 — ^). 
Hence we have /= hp^(g^r)y g = h(fir—p)y h = — q). 

It follows that if (p^, r^) is an asymptote of a conic inscribed 

in the triangle of reference, the equation of the conic is 

Pi ^{p\-(li)i: = 0. 

Now, if r is an asymptote, we have 

f/P + g/g ^-h/r = 0 and //p^ + g/cf + h/r'^ — 0 ; 
hence (g/q + h/rf +/ {g/(f + h/r^) = 0, 

or h (/+ h) + 2ghqr + g (/+ g) r'^ = 0. 

If, then, the two asymptotes are (j)j, q^, fj), {p^, q.^, nj, we have 

_ 9 if +g) _ ^i*-* bi (h -HVi-tli ri] ^ 

»-i 1^2 * (7+ *) rf [XiPi -Pi 2i - xi ) ’ 

so that = (Zi/(»-iPi-i?i 2 i- 2 ,rj) : rJ(piqi-riPi-qiri). 

It follows that, if = 0 is one asymptote, the other 

is 2 ^^ ,= 0. 

qr-p[q-\-r) 

Note. The coordinates of the asymptotes can be found by solving the 
equations fqr-frgrp'^hqyq — 0, (g-\ h)p-\- (A-t/) q+if'^if) r — 0. 
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Example i. Thejoina of the opposite vertices of a hexagon clrcum’ 
scribed to a conic are concurrent. (Brianchon's Theorem.) 

Let a, e, c, d, h,f be the sides of the hexagon and take a, ft, c for the 
triangle of reference. 

Let the coordinates of d, e, f be g., r^), (j?;.,, r^). The 

equation of the point of intersection of a, e is q/q^ — r/i\, and of b, d is 
P/P\ = ^’/^i these points lie on the straight line {pjr ^ : q-i/vi : 1) Similarly, 
the joins of the other pairs of opposite vertices are the straight lines 
(pJ^i • 1 • (1 • qJP 2 • ^'JP‘^- These lines are concurrent if 


! 

i'l/'i 

W'a 

1 

j 

i 


1 

n/Si 

1 = 0, 

j 

1 

di/Pi 

’•s/Ps 


i. e. if 

i/'-i 

IV, 

V's 



i/i>i 

VPj 

ypi 

= 0. 


!/</. 




But the equation of the 

conic 

touch 

ing the lines a, c is of the form 


f/p 

4- g/q 4' h/r = 

= 0. 


hence f/p^ + g/q^ + h/ 1 \ = 0, f/p^ 4 g/q^ -I h/r^ 0 ; f/p^ 4 ///(?;, 4 h/r^ = 0 . 
Eliminating/, h we obtain the required condition. 

Note. This evidently proves the converse of the theorem. 

Example ii. To find the equation of the tangent to the conic 
Vfx-^ Vrz :=^0 which is parallel to BC, 

The tangential equation of the conic is fqr-¥ grp^lipq = 0. 

The coordinates of BC are (1 : 0 : Oj ; hence the coordinates of a straight 
line parallel to BC are (14'/*; : k \ k). This touches the conic if 
/^• - -^ gk (k 4 1) 4 hh (A; 4 1) = 0, 
i. e. k = 0, or - {g 4- h)/(f-^ g 4 h). 

The coordinates of the tangent required are therefore /; — (V 4- /j) : ~ 4- 

and its equation is fx = {g 4 h) [y + z). 

Example iii. The centre of a conic, inscribed in the triajigle of 
reference, lies on a fixed straight line parallel to BC ; find the eriuation 
of the envelope of its asymptotes in areal coordinates. 

Let the given fixed straight line be y + ^ = (\4- Ij j:, and let the equation 
of the conic be fqr+g>p -f hpq = 0. 

The coordinates of its centre are g-^h \ h^ f \f-V g, and since this lies 
on the given line we have 2/ « X (g'^h). 

(Pf asymptote, we have kp* (q^r), g — kq^ (r-p), 

h kr^(p-q) ; hence 2p*(q’-r) X {q^ (r-p) + r^(p-q) } 

^ X(q-r)iqr-pq-pr) ; 
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the factor g — r=0 represents the point at infinity on BC\ neglecting 
this, the tangential equation of the envelope becomes 

+ X = 0. 

The point-coordinate equation of the envelope is therefore 
+ z*^’-2yz-{^2zx-¥2xy = ^yz 

Examples XII f. 

1. The areal equation of the inscribed circle is 

>/ (s -ajx+ \/ {s — b) y \/{s — c) z = Of or S <v/a? cot \A = 0, 

2. The trilinear equation of the inscribed circle is 2 cos | ^ \/0( = 0. 
What are the equations of the escribed circles in a similar form ? 

3. The tangents to an inscribed conic parallel to the sides of the 
triangle of reference form a triangle A'B'C'. Show that AA\ BB\ CC 
intersect at the centre of the conic. 

4. If a conic touches the sides of the triangle of reference at A\ B\ C\ 
prove that AA\ BB\ CC' are concurrent. Find the equation of the axis 
of homology of the triangles ABC, A'B'C', 

5. If the conic ^fx-¥ \/gy^ = 0 is a parabola, find the coordinates 

of the point at infinity on its axis. 

6. A conic touches the sides of the triangle of reference and the straight 
line (pi, ^ 1 , Show that the locus of its centre is 2 (y-f ^~-x)lpi = 0. 

7. Find the condition that the conic ^fx-\ a/ gy-\ j^hz — 0 ^\\o\x\0i be 
a rectangular hy];)erbola. 

8. The locus of the centres of rectangular hyperbolas inscribed in a 
triangle is the polar circle sin 2 A bin 2 B -h sin 2 C ~ 0. 

9. Normals are drawn to a conic, inscribed in the triangle ABC^ at its 
points of contact with the sides. Prove that they meet in a point if 

j O^nin^^l [i^bin^B /sin^C 
OC cos A (i cos B y cos C — 0, 

' 1 1 1 

where OK, ft, y are the trilinear coordinates of the point of intersection of 
the lines joining the veitices of the triangle to the points of contact of 
the opposite sides. 

10. Prove that if the conics a Voc tan 6^ b ft tan <^4 c tan^//* — 0, 
a y/oc cot d-\ b y/ft cot (p + c ^/yco^ \|/‘ = 0 are parabolas, a circle can be 
described through their six points of contact with the sides of the triangle 
of reference. 

11. ABC is a triangle and Pany point on a fixed straight line. Prove 
that the envelope of the harmonic conjugate of FA with respect to FB, FG 
is a conic touching the sides of the triangle and the fixed straight line. 

12. A conic touches the sides of a triangle at A'^ B', C\ and passes 
through a fixed point. Show that the straight line joining the points of 
intersection of B C', BG\ C A', CA ; AB\ AB envelopes a conic which 
circumscribes the triangle ABC, 
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§ 12. Conios referred to a self-coDjugate triangle. The polar 
of A (1, 0, 0) with respect to the conic 

is ux + ht/-hff;s^ 0 ; hence, if this is the side BC {x = 0) we have 
ft = 0, g = 0, Similarly, if B and C are the poles of CA and AB, 
we must have /= 0, g = 0^ ft = 0. 

The general equation of a conic with respect to which the triangle 
of reference is self-con jugate is therefore 

ux^ + = 0 . 

Note i. One of the coefficients w, t>, w must be negative ; if two are 
negative we can change the signs througliout. The conic can therefore be 
written ■= This equation can also be written 

= {nz~*my) {nz-^my)^ 

or *=s {nz—lx) (nz-k- lx). 

These forms show that the conic touches nz-my = 0, nz->rh)y = 0, the 
side BC being the chord of contact, and also that it touches nz-lx = 0, 
n 2 f-|-to = 0, the side CA being the chord of contact. The tangents from 
A and B to the conic are real. The tangents from C to the conic are 
imaginary, for the equation can be written z'^ ^ (lx + imy)[lx’-hny)» 
Hence two vertices of a real self-conjugate triangle lie outside the conic 
and one Inside. 

Note ii. If the equation is used in the form = z^jr^ we can 

use a parametric representation for the coordinates of a point on the conic, 
viz. [I cos d : m sin 9 \n]. The analogy to the case of the ellipse 

x’^/a^ + = 1 

will be evident, and the various equations are in a similar form ; thus, for 
example, the tangent at the point d is a? cos B/l f y sin 9/m = z/n. 

The tangential equation of the conic ux^ -f vy^ -h wz^ = 0 is 
+ wuq^ + = 0 or jp^/u ■hq^/v + r?/w = 0. 

Tangent and point of contact. The equation of the tangent 
at the point (x^, j/j., is uxXi-\-vyyi + v:zZi = 0, and that of the 
point of contact of the tangent Qi, r^) io 

Hence, if jpx + qy+rz = 0 touches the conic, the point of contact 
is {p/u, q/Vf r/w}, 

Pole and polar. The equation of the polar of the point (xj, ^i) 
is uxxi + vyyi’^wzzi = 0, and that of the pole of (i?i, 2i, r^) is 

pPi/U’\’qqi/v + rr^/w = 0. 

Thus the pole of the line jPiir-f = 0 is {Pi/Uf qi/Vj r^/'w}* 

ISO? X i 
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Cor, The equation of the centre is jj/tt+g/v+r/ii; = 0, and its 
coordinates are (l/« :l/v: 1/w). 

Hence the equation of a conic with respect to which the triangle 
of reference is self-conjugate and whose centre is (xq, y^, is 
= 0. 


The asymptotes. The equation of the asymptotes is (§ 8 (6)) 

{uv 4- w -f wu) (ux^ + vy^ -f = uvw (a? -h y + 

(a) If = 0 is an asymptote, to find the equation of the 

conic. 


Let the conic be ux"^ -\-vy^-\- wz^ == 0 ; the point of contact of 
px + qy-hrz^O is \p/u, qfv,rlw], and this must be the point at 
infinity on px+ qy-\-rz = 0, viz. r : r— p — 


Hence 

and the equation of the conic is 


hp 

q-r 


Jcq 

V = - 

r—p 


w = 


Ter 

p-q^ 


= 0 

q-r'^ r-p'^ p-q 


(b) If p-^x+q^y r-^g = a is an asymptote, to find the equation cf the 
other asymptote. 


Let {pi, qi, r^), (hi ^ 2 ) the asymptotes; then, since they 
touch the conic and pass through the centre, we have 

p/w + q/v + r/w = 0, p^/u + (]^/v 4- r'^/tv = 0, 
where ux*^ 4- vy^ 4- wz^ == 0 is the equation of the conic. 


Hence 


l(l + ?: 

u^v w 


V(^+"y = 0 ; 

i‘(l + i) + ?«r + !f(.i + ?.) = o. 

V ^U VIV IV u^ 


Hence 


qiq2_v^ {u+w ) 
rjTj vfi{u+v) 


Now w+u = 


Pi _ (>‘i-JPi)(gi-i>i-yi) ^ 

gi-^i {Pi-qi)ki-ri) 


Pi-ii 

which is proportional to (rj— Pi)*( 3 i— Pi — r^). 

Hence v^{u-\-w) is proportional to Pi— J"}), so that 

qifb _ gi’^(gi-i>i-^i ) ^ 

^iT^i ri^{ri-Pi-ai)' 


or g 2 : »-2 = gi (gi-i>i-.ri) : »’i (^i-i’i-gi)- 

Similarly for p^'^q^] so that the equation of the other asymptote is 
Pi {Pi-ii-ri)x+qi(qi-Pi-ri)y+r^{r^-py-qi)z = 0 . 
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Illustrative Example. 

Two triangles are self-polar with respect to a conic; show that their 
six angular points lie on a conic and their six sides touch a conic. 

Let one of the triangles bo the triangle of reference ABC, and A'B'C' be 


the other triangle. 

The equation of the conic is of the 
form Ix'^ + nif + = 0. 

Let the vertices of the triangle 
A'B'C' be 

(•^3,^3, 2'3). 

Then, since A\ C lie on the polar 
of B\ we have 

1x^X2 + niy^y2 + nz^ Z 2 = 0 , 

1X2X2 + ^^ 2^3 + 

and, similarly, 

Ix^x^ + my^yi + nz^z^ = 0 . 

But these are the conditions that 
the points A\ B', C' should lie on 
the conic 

X y z * 

This conic passes through A,ByC\ 
hence the six vertices lie on a conic. 


The equation of the conic is of the 
form + nr^ = 0. 

Let the sides of the triangle 
A'B'C' be (Px, qi, r^), (p 2 » 

(Vzy n)- 

Then, since B'C', A'B' pass through 
the pole of C'A', we have 

iplPz + + ^*^’1 ^2 = 9, 

ipzPz + + ^^*2^3 = 9, 

and, similarly, 

ipzPi + ^^^qzqi + = 9. 

But these are the conditions that 
the sides A'B', B'C', C'A' should 
touch the conic 

IPlP iPz ^ ^ Ms ^ !5 i!V^3 „ Q 
p q r ' 

This conic touches the sides of the 
triangle ABC\ hence the six sides 
touch a conic. 


Systems of conics. 

(i) Conics passing through four points. Let the four points be 

(^1,^1, ^i). SO that the 

diagonal triangle of the quadrangle, whose vertices are the four points 
(p. 471), is the triangle of reference. 

Let ux^ + vy^ + wz^ + ^fijz + 'igzx + 2 hxy = 0 be the conic ; sub- 
stituting the coordinates of the four points in this equation we find 
/=0, g = 0, h = 0. 

The equation of the conic is therefore ux^ + vy^ + wz^ =0, with 
the condition that uxi^ + vyi^+tvzi^ 0. Evidently the triangle 
whose vertices are the diagonal points of a quadrangle is self- 
conjugate with respect to any conic which circumscribes the 
quadrangle. 

(ii) Conics touching four straight lines. Let the straight lines 

be PiX+q^y+r^z = 0, = 0, PiX-^giy+r^z = 0, 

PiX-\-qiy--riZ = 0, i.e. the lines 

(i>i. ii, ^i), {-P\> {Piy -2i» n). (jPl» iu 

I i 2 
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so that the diagonal triangle of the quadrilateral they form is the 
triangle of reference. 

With the same reasoning as in (i) we find that the tangential 
equation of the conic is vq^ + wr^ = 0, with the condition that 
up^ -V vq^ + wr^ = 0. Evidently the diagonal triangle of a quadri- 
lateral is self-conjugate with respect to any conic inscribed to the 
quadrilateral. 


Examples XII g. 

1. Show that 2 a^O(}/(q’~r) = 0 is a parabola. 

2. Find the equation of the diameter of Ix^ + nz^ «= 0 which passes 
through (x\ y\ z), 

3. Find the equation of the tangents at the ends of the chord = 0 

of the conic Ix'^ -f my^ + «= 0. 

4. A conic, with respect to which the triangle of reference is self- 
conjugate, has lx-\-my^nz^ 0 for an asymptote; find the coordinates of 
its centre. 

5. A conic, to which a given triangle is self-polar, passes through a fixed 
point ; show that its centre lies on a fixed conic circumscribing the given 
triangle. 

6. A rectangular hyperbola, with respect to which the triangle of refer- 
ence is self-conjugate, has gy-f 0 for an asymptote. Show that 
2jpaV(g-r) = 0. 

7. Find the separate equations of the asymptotes of the conic 

8. A conic has a fixed self-conjugate triangle and touches a fixed straight 
line ; find the locus of its centre. 

9. Find the envelope of the polar of a given point with respect to 
a parabola which has a given self-conjugate triangle. 

10. A system of conics circumscribes a quadrangle; how many conics of 
the system (a) pass through a given point, (b) touch a given line ? 

11. A system of conics is inscribed in a quadrilateral; how many conics 
of the system (a) touch a given line, (b) pass through a given point ? 

12. The polars of a fixed point, with respect to a conic which passes 
through four fixed points, are concurrent. 

13. Find the envelope of the polars of a fixed point with respect to 
conics which touch four fixed straight lines. 

14. A conic passes through four given points; find 

(a) The locus of the poles of a given straight line with respect to the 
conic. 

(b) The locus of the centre of* the conic. What special points lie on 
this locus? 

15. A conic touches four fixed straight lines ; find 

(a) The locus of the poles of a fixed straight line with respect to the conic. 

(b) The locus of the centre of the conic, 
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Show that (b) passes through the uiid-points of the diagonals of the 
quadrilateral formed by the given lines. 

16. A system of conics is inscribed in a quadrilateral ; find the locus of 
the points of contact of tangents in a given direction. 

17* A conic is inscribed in a quadrilateral ; prove that the product of the 
perpendiculars from one pair of opposite vertices to any tangent to the 
conic is in a constant ratio to the product of the perpendiculars from the 
other pair of opposite vertices. 

18. A given triangle is self-conjugate with respect to a parabola ; show 
that the parabola touches four fixed straight lines. 

19. Two conics circumscribe the quadrangle ABCD, and tangents are 
drawn to the conics from a point P, whose points of contact are Q, Q ; 
P, R\ If P lies on one of the sides of the quadrangle, show that Qli 
Q'E' intersect at one of two fixed points. 

20. A system of conics circumscribes a quadrangle whose vertices are 
(1: ±m: +n); find the condition that two given points should be conjugate 
with respect to any conic of the system. 

21. A system of conics is inscribed in a quadrilateral whose sides are 
(/ : ±mi ±n); find the condition that two given straight lines should bo 
conjugate with respect to any conic of the system. 

22. A system of conics touches three given straight lines and passes 
through a fixed point ; how many conics of the system will pass through 
a second fixed point V 

23. Show that the conic 2 (u-f/— ^ — = 0 meets the line at infinity 
at the same points as the conic represented by the general equation of the 
second degree. 


§ la The general equation. 

I. To find the equation of the director circle of the conic 
ux^ -f- vy^ -t' -f 2fyz' -f 2gzx + 2 hxy = 0, 
and the equation of the directrix ivhcn the conic is a parabola. 


If (P? is a tangent to the conic through the point (xi, y^, Zi)y 
and {Xj y, z) is any other point on the tangent, then 
Rx +qy+rz — 0, px^ + qy^ + rz^ = 0 ; 
hence p:q:r = {yzi-yiz) : {zx^-z^x ) ; [xij^-x^y). 

Now (p, q^ r) being a tangent to the conic, we have 
Vq^-^W't^’\-2Fqr-v2Grp-ir2Hpq = 0 ; 


hence 


^U[yzy-iJizf‘\-2:2.F[zx^-z^x)[xy^-x^y) 0 


is the locus of (x^ y, z), i. e. the equation of the tangents from 
(xif Vu -^i) to conic. Equation (i) can be written 


V ( ^ Wy;^-2Fy^z^) x--2 ^ [Uy,z^ + Fx;^-Gx^y^-Uz^x^) yz = 0. 
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The tangents are at right angles (using areal coordinates) if 

+ 2 ^ ( Uy^ — fr.r j y^ — iPj) he cos A = 0. (ii) 

If we omit the suffixes, this equation represents the locus of 
a point tlie tangents from which to the conic are orthogonal, i.e. the 
director circle. 

The equation (ii) can be expressed in the standard form for 
a circle, viz. {x+y+z){lx-\-my^nz)—{a^yZ’^l)^zx-\-c^xy)^0 as 
follows ; collecting coefficients wo obtain 

( Vc^ -{-Wb^i-2 Fbc cos A) x^ 

— 2 S (Fa^ -j- Gab cos C -f Hca cos B — Uhc cos A) yz 0. 

Take the expression 

(xi-y+^) {(Vc^-h Wb‘^ -h 2 Fbc cos A) X 

-f ( JVa^ + + 2 Gea cos B)y-{-(Ub-+ Va^ + 2 Jlab cos Cjz] 

from the left-hand side of this equation, and we have three terms 
containing yz^ zx, xy left ; the coefficient of yz is 

- (2JPa2 + 2 Gab cos C-f 2 Hca cos i?- 2 Uhc cos A) 

- ( + Ya^ + 2 Ilab cos C) - ( Wa^ -f ?7c2 + 2 Gca cos B) 

= F+ Tr+2F+2G-f 2//) = -ci^K. 

The equation of the director circle is therefore 
q. ^ q. V ( 7 ^ 2 ^ + 2FbccosA)x- K [ahjz + b^ zx + xy) = 0. 

Cor. If the conic is a parabola, we have K =0 ] the equation of 
the directrix of the parabola is 2()V-h WV' Y2Fhccos A)x = 0. 

The focus of a parabola can be found as the pole of the directrix. 

II. Conjugate diameters. 

(a) To find the equation of the diameter bkodiny chords parallel to 
px-\-qy-\-rz = 0. 

If (•^i> ^ 1 ? -^i) is the mid-point of a chord parallel to the line 
(Py T its equation is (§ 5, Cor. ii) 

x-x^ _ y/-^/, _ z-Zy _ 

<j — r r—p p — q 

For the points of intoi'sec tioii of this chord with the conic the values 
of k are given therefore by the equation 
r-p,p-q) 

-f 2 A: I ((/ — r) -h (>’ — p) Fj + (P “ q) 1 > ^i) ~ t). 
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Since {x^, Zj) is the mid-point, the values of k must be equal 
and opposite, hence 

(2-r)Xi-t-(r-p) Yi + { 2 )-q)Zi = 0. 

Hence the locus of (jCj, i.e. the eqiuition of the diameter 

bisecting chords parallel to px-\‘qy-\-rz = 0, is 

{q^r) X-f Y+ (p^q) Z = 0. 

Cor. The straight line LY-f = 0 is a diameter of the 

conic if ? + = 0. 


(b) To fmd the condition that the lines (i?|, r/j, (j;^, q.,^ should 
he parallel to conjugate diameters. 

The diameter bisecting chords parallel to (p^, i/p r^) is 
{q^ - r^) X -f (r^ ^p^) Y^(p^-q^)Z = 0. 


If we write /i, for {qi — r^), respectively, 

the equation is Z^X-f wq Y -^n^Z = 0, or 

[ul^^-lm^^^gn^)x-\-{hl^^vyn^+fn^)y-\~(gJ^ — 0. 

This is parallel to (p.^, q.^^ r.^ if 

I ul^-\-hm^-^gni AZj + mi+Z/q gliYfn}^-\-ivn^ | 


1 


1 


r 


- 0 , 


and writing I2, m^y for fe — respectively, 
this gives 

lo {uli -f hm^ 4- gn^) + m,, (W, -f vni^ +.//e,) -I- u., (gl^ -f wn ^) 0, 

i. e. ul^ I2 -f vnii tUo + lon^ ) 

•P0{nJ>>^-nJi)Yh{l^m2PLni^) ~ 0 . 


This is the condition that the diameter parallel to (p.^, q^y rj) 
should bisect chords parallel to (pu lyj, and symiuotricaily it 
is the condition that the diameter parallel to (pj, 7,, rj) should 
bisect chords parallel to (p.,y q>y ; hence it is the .condition that 
the diameters parallel to {p,, 7^, >1), (p^., 7., r.J should bo conjugate. 

Cor. The diameters l^ X -f- »q I + UiZ ^ 0, /.^X -f- Y+ n.^Zs ~ 0, 
where Zi + mi + Wj = 0, l^Y ni.z-k-n^ = 0 are conjugate if 

= 0 . 

Now lx I2 = (wq -h nx) (m^ + n ^) ; 

and similarly l^ Yn^li — nix n. — hhj 

Ixm^Yhmx = nxn^—lil^i — nixm ^ ; 

21x^2 ~ (^1^2 d" ^2^1) 


whence also 
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Hence the condition for conjugate diameters can be written in 
either of the forms 

or — 2/) + 


(c) To find the equation of the diameter conjugate to IX -f mY-{- nZ = 0 
{where Z-f M = 0). 

Let the equation of this diameter be Z'A-f n'Z = 0 ; then 

we have 0 and 

(?* +/“ g — h)lV-^[v^-g-- h -/) mm' + [w -f h g) nn = 0. 

Eliminating Z', m\ n' we get 

! X Y 

; 1 1 1 I = 0, 

' {u^-f—g — h)l {v-\rg — h—f)m {w-{-h—f—g)n | 
i.e. 2X \{iv-{-h-]rf—g)n-‘{v-^g‘-h—f)m] = 0, 

or, since m-\-n = — Z, this becomes 

^X {{gl-^fm-\-tvn)-{hl + vm-irfn)\ = 0 , 
which can also be written 


X Y Z 

1 1 1 

ul -h hm 4- gn hi 4* rm -j-fn gl 4-//>i 4- wn 


= 0 . 


III. The axes. The axes of the conic are conjugate diameters 
at right angles. 

Let the axes be the diameters 

ZiX4-^>h Y’\-n^Z = 0, l,X-\-m.yY-]-nfZ ~ 0, 
and suppose that they are parallel to the straight lines 

= 0 , lhx^-q,^y-\-r.^z = 0 . 

Then, since the diameter bisecting chords parallel to q^, is 
- >' 2 ) ^ + {^'2 {p 2 ~ ^ 2 ) ^ ^ve have 

h _ ^2 _ '*^^2 __ ^^2 

Tz - >'2 ^2 -Tz ~ Pi - ‘ f/i - n h -Pi ” Ih - (Zi 

Since the lines (^q, g^, r^), {q\^ q^. r^) are perpendicular, we have 

-(!Zi->i)fe->‘2)cot^ = 0, 

i. e. cot A 4- cot B 4- cot 0 = 0. (i) 

Again, since the diameters are conjugate, we have 
{u -hf—g- h) Zi Z 2 4- (i’ 4- g - -/) »?i 4- {w 4- h -f-g) yi^ = 0, (ii) 
and further 

= 0. (iiij 
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Eliminating , W 2 , from (i), (ii), and (iii) we obtain 

cot A mi cot B rii cot 0 

+ {iv-^li-f-g)ni = 0 , 

1 1 1 

and evidently satisfy the same equation. 

But, if (Xj y, is any point on the axis liX-h^iY-^niZ — 0, 
then, since li + m^ + fii = 0, we have 

III mil Hi = r-Z:Z~X:X-r. 

The equation of the axes is therefore 

(z~x)(x-r) (x-r)(r-z) (r-z)(z--x) 

u+f-g-h v + g-h-f w + h-f-g =0. 

cot A cot B cot G 

This equation can also be written 

(r~z)2 (z-xf (x-ry^ 

I v + io^2f w-{-u — 2g u + v—2h = 0 . 
sin^ A sin'^ B sin‘^ C 

To find the equation of the axis of a parabola. 

When the conic is a parabola, we know that the equation of the 
axes of symmetry reduces to that of the axis and the line at infinity. 

Let A, fji, V denote U'\-f’—g^h, + — /, /— ^ respec- 

tively. Now the equation of the conic can be written 

- (.^ + 2 '+^') = 0 ; 
this can be verified by immediate simplification. 

Hence the common chords of the conics f[x^ 2/j ^ 

py^ + r^'^ = 0 are ^(/— ^ — = 0 and a’-f 2 / + -^ = ^5 i.e. they 
meet the line at infinity at the same points. 

Thus if the conic f{x, y, is a parabola, so is the conic 
py'^ + V = 0 ; in this case therefore pi; + r A -f- Ap = 0. 

The equation of the axes is 

(z-x)(x~r) (x-r)(r-z) (y~z)(z~x) 

I A p = 0, 

I cot A cot B cot C 

i.e. ::i:(r-Z){p(Z-X)-i;(X-r)}cotA = O; 

when the conic is a parabola Ap + pi;+i;A = 0, and this becomes 
^{Y-Z) (pZ4-rr-(p+r)^} cot A = 0, 
i.e. :^l/X(Y-Z){XfjiZ+vXY + fjivX]coiA = 0, 

i.e. {pi;X+i;Ar+ApZ} .^l/A(r-Z)coiA = 0 . 
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Now fJLvX+vKY-^kfxZ 

= I,x{fivu+vXh-\-\yig) 

= {fip g+h) + v\h+ Xfxg} 

= {\fiv~-fjLvf--v\g--Xg.h} 

= X/xft) Sa?. 

Hence the line fxvX-i- vXY+ )^fxZ = 0 is x-\-y + z^0, i.e. the 
line at infinity. 

The equation of the axis of the parabola is therefore 

(r-Z) cot Alk+{Z- X) cot B/fi+{X- Y) cot C/v = 0. 


IV. The foci. If (x^^ y^j z^) are the foci of the conic, 

since the lines joining them to the circular points at infinity are 
tangents to the conic, we must have for some values of X and /jl 

A {ap, bq, cr}^+pipxi + qpi + r0i){pxt+qtj2+rz2) 

= Up^+ Vq^+ Wr'^+2Fqr+2Grp+2Hpq. (i) 


We can determine the value of A since 

Up‘‘+ FaH Wr^ + 2Fqr+2Grp + 2Upq-k{ap, bq,cry^ 
breaks up into two linear factors. This gives (see V, below) 

45^JS: A2- A0A + A** = 0 ; (ii) 

the two values of A give two pairs of factors, and two corresponding 
pairs of foci 

Or, in this identity put p, q, r each unity, then 

.^= U+ r+ W+2F+2a+2H= K, 
provided that (Xj, Pi, Zj), {x^, y 2 , ^ 2 ) finite points. 

Comparing coefficients we have also 
U = pXiX2 + ^a^, 

2G = p{XiZ2 + X2ei)—2Kca C03 li, 

2U = 2Aa6co3C7; 

hence 

2f7+2Cr+2// = pxi(x 2 +y 2 + + px: 2 (Xx-\-t/x + z^) 


Thus 


Xi-^X2 


2(U+G+2I) 

K 


, U-Xa^ 

»d XiX2= . 

Therefore x^, x^ are roots of the equation 

Kx^-2(U-{-G-\-H)x-\-U= Ao*. 

Similarly, the other coordinates of the foci are roots of the equation 
Ky^-2{y-i-H+F)y+V=\h\ 
Kz'^-2{W-\-F->tG)z+W 



TRILINEAR AND AREAL COORDINATES 


507 


These equations can be written 

K^ix-x^f = (?/+(? + Hf- UK+ \Kd\ &c., 
where Xq, y^, are the coordinates of the centre. 

Since x-XQ->ry-yQ-^z-z^ = 0, (iii) 

we have {{V^Gr^-lif-VK^'KKd] = 0. 

This gives a quadratic for A, which must be the same as equation (ii) 
found above ; taking either value of A, we have 

K{x-Xq) = + V{{JI-\-G + Uf-UK+\Kd^}, &c. ; 
the signs of the surds must be chosen so as to satisfy equation (iii) ; 
thus to each value of A there cox’responds a pair of foci. 

Note i. When the conic is a parabola jfiT — 0, and the equations become 
linear. 


Note ii. The equations for finding the foci can also be obtained from 
the fact that the tangents from a focus to the conic pass through the 
circular points at infinity, and therefore that their equation satisfies the 
conditions for a circle. Thus, if 

/ {x, y, z) . f{x\ y\ z) - {xX' 4- 2 /F 4 zZ'f = 0 
satisfies the conditions for a circle, we have 

(f?4 w-2f) J{x\ y\ z)-(r-Z)^ = Xa* 
and two symmetrical equations. 

Incidentally, if we eliminate /(a?', y\ z) and X from these equations, we find 

(r--z)^ (z-^xf (x-Yf 

' v-^w — 2f w+u—2y u + v-~2'h | = 0 ; 

I c* 

hence the foci lie on the axes of the conic. 


Note iii. If the conic is inscribed in the triangle of reference, we have 
U = 0, F=0, W^O. 

Hence /x a ?2 + X = 0, ft yj ^2 + ^ /x + X — 0 ; 


_ Vijh _ 


(In trilinear coordinates this gives — > 172 *) 

If the conic is a parabola, i. e. K — 0, then in equation (i) we could 
not conclude that /x = /ir= 0, but yi'^ z^)[x 2 -^ y.^-^ z^) = 0; evidently 

a“ c" ' 


a?i x^ 

II is not zero, hence one focus is at infinity ; we still have = 


where x^ 4 yi-^^i = 0. 

Hence a^/x 2 + b^/y 2 4 c ^/^2 = finite focus lies on the circum 

scribing circle. 

Again, if a/Jx^ v^^y4 ^hz^ 0 is the equation of a parabola inscribed 
in the triangle of reference, the point of contact of the line at infinity 
0 ? 4-^4- 2 ^ = 0 is ifigih)] this point is its infinite focus, hence the finite 
. /a* 
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lUustratiye Example. 

To find the equation of the tangent at the vertex of the parabola 
inscribed in the triangle of reference^ with its focus at the point (a/, y\ /). 

If fqr-^grp + hpq = 0 is the equation of the conic, we have 
x ' : g ' : z' = a^/f: h^/g : c^/h. 

Hence the equation can be written a^qrlx' + h^rpff -^-c^pqlz 0, The 
point equation of the conic is therefore 

a^fxfx* + b'fyjy + c^zjz ■= 0 . 

The directrix is the polar of the point (x\ y\ z') with respect to this conic ; 
a® 

its equation is 2 *“/ + c* — a*) a? «= 0, or 2 ax cos A/x' = 0. 

X 

The tangent at the vertex is parallel to the directrix, so that its co- 
ordinates are {acosA/x+k, b coaB/y' + ccos C/z ' and these satisfy 
the tangential equation of the conic. 

IT ^ a® f 6 cos J9 , ) f c cos C , ) ^ 

Hence 2- 1 — r— — r- 0, 

[ y' i [ z ) 

i. e. 2 a® {h cos B + ky') (c cos C + kz') = 0. 

But a^yz’\-b^zx'-^c^x'y' ■= 0, so that this equation becomes 
A; 2 a® (cy' cos C^-hz' cos B) + a&c 2 a cos R cos C «= 0, 
i.e. since a?' + y' + 2 f' «= 1, 

A; + 2a cos R cos C ss= 0 ; 

A: + 2 R 2 sin -4 cos R cos C = 0 ; 

^ + 2R8in A sinRsin C = 0. 

The equation of the tangent at the vertex is therefore 

2 (a cos A/x'—2E sin A sin R sin C) a? = 0, 

or a cos A + ~ b cosR + c cos C = 2Rsin A sin R sin Clx^yi^z), 

X y z 

Note. This is the equation of the Simson line of the point {x\ y\ z) 
with respect to the triangle of reference. 

V. The lengths of the axes, and the eccentricity of the conic. 

Method 1. Since the axes are conjugate and perpendicular, the 
tangents at the extremities of an axis are each perpendicular to it ; 
hence a circle, whose centre is at the centre of the conic and whose 
radius is a semi-axis, has double contact with the conic, the pole 
of the chord of contact being a point at infinity. 

The tangential equation of the conic is 

2 = Uf + Yq^ + + 21\r ^2Grpi- 2IIpq ; 
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let (aio, «g) be its centre and r the length of a semi-axis. Then 
ttie equation of the circle whose centre is (Xq, e^, and whose 
radius is r, is 

4S2(iM:o+3yo+»'-«’o)® = »■*{<??> cr}®, 

or, writing r = 28 p, the equation is 

(jpajQ + qVa + { ap, bq, cr}K 

Hence we have, identically, 

AS + {px^ qy^ + - p^ { ap, bq, = p.[px+qy-\r rz)\ 
where A, p. are constants, and {x, y, z) is a point at infinity, so that 
x-{-y-i-z = 0 . 

Now put p, q, r each unity in this identity, thus AiT+l = 0, or 
A = -l/ir. 

We now have 

2 + Kp^ {ap, bq, cr}^ = K{pXo + qyo + rzo)^-pK{px+qy+rzf, 
and since the right-hand side has two linear factors, the left-hand 
side also factorizes. Hence 


I U+Ka^p^ H-Kabf^zoiC 

I H -Kdbp^ COB C V+Ktflp^ 

I G—Kcap^oosB F—Kbcf^coBA 


G— Kcap^ COB B 
F—Kbcp^ COB A 
W+Kc^P^ 


= 0 . 


The coefficient of p^ is evidently zero ; the coefficient of p* 


= IFHc 


U — acosC — acpsR 
H b —bcoaA 
G — c cos A c 


= llPbc 


U+H+G 0 
H b 

G —ccobA 


= 4S®Z®2 (U+ H+ G) = 4S®X«. 


0 

— Z)cos.4 
c 


The coefficient of p® 


= SJTc 


U H — acosR 
H F -6cos^ 

G F c 

= AT. 2c {c Aw— a cos jB A</— 6 cos A A/} 


= AK6, where 0 = 2a*M— 2 2/6c cos .4. 

The term independent of p is A®. 

Hence 4 S^K^p* -I- AiTdp* -h A® = 0, 

or ir9r«-|-ifAdr*-f4S®A® = 0, 
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Cor. i. 


hence 


If ra are the semi-axes of the conic, 


(2-e7 (92 

1-^2 “ 


where e is the eccentricity. 


If e = 0 the conic is a circle, and in this case ; this condition 

can be easily verified by the conditions previously found. When the conic 
is a circle we have — hence the radius of the circle represented by 

the general equation is given by r* = 2 S^/K^, 

Cor. ii. If the conic is an ellipse, its area is 2 ttS'A/A'^. 

Cor. iii. The conic is an ellipse or an hyperbola according as the 
values of and are both positive, or one positive and one negative ; 
i. e. according as K is positive or negative. 


Method 2. The equation of the conic is 

/(^. 2/) + 2/z/2 + + 2hxy = 0-, 

let its centre (supposed finite) be (xq) //o* write x = Xq+^, 

y = yo + V, s = 2,) + C 
Then we have 

/{x, y, z) =f{Xo + ^, y^+i}, ^^o + O 

~ Vof I 1 od" C^ol 0 
= /(^0. Voy ^o)+f(^ V, 0, 

for since (xq, y^, z^ is the centre, Xq = = Zq and >) + C = 0- 

Now suppose the coordinates changed to Cartesians referred to 
the principal axes of the conic. 

If f{x, y, z) = \ where A is an undetermined 

constant, then 

f{Xo, yo, Zo) = A {0/ri2+0/r/-l} = -A. 

But /(^, »), C) = f{x, y, z)-f{Xo, ijo, 

= AjXW+yVr^^}; 

»?, 0 = -^W-rw 

where d.f{Xo, y^, Zq) = 1. 

Now the distance of any point (if, y, z) from the centre of the 
conic is 

^/ { -a^iy-Vo) {z-Zq)-}/^ (^-^o) («- a^o)- [x-x^) (y-y«)} 

Thus, if (f , 7], Q and (X, F) are the same point, we have 
and 

V, FVn/} +XH 
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The right-hand side is a perfect square when /x = or r./, hence 
also the left-hand side. Thus the squares of the semi-axes are the 
values of /x for which 

(f , n, 0 

is a perfect square. 

Now if (|)(^, rj, Q, where ^ + ^4-C = 0> is a perfect square, so is 
the expression in r/ obtained by substituting for ( in 

Vy 0- 

This is exactly the process we might use to find the condition 
that x+ij-\-^ = 0 should touch the conic (/){.r, ?/, = 0, so that the 

condition is the same in both cases. Hence ?/, Q is a perfect 
square if </> {Xy y, z) = 0 is a parabola. 

This gives us 

+ 22 {(/xt^-.ii‘^)(/xrf/^--ic2)-/xr?t/(/xr//- = 0 

i.e. 2 {Ufi^(P-haVfid--\a^} 

+ 22 {FfjP(P+ifjid{a^u--hVi--^c^y)+ \h^c^] = 0, 

i.e. 

where 6 = 2a^ (w+/— 7^) = 2a^w — 22/6ccos A. 

The squares of the semi-axes are therefore given by 

I/O, ^o) + 4S2{/(xo, ?/o, 2ro)}2 = 0. 

Since /{x^y ^q, = A/if, this result agrees with that of the first 

method. 

VI. Radius of Curvature. Let {x'y y\ /) be a point on the conic 
(f) = ux^ vy^ -i- wz^ + 2 /yz-i-2yzx+2hxy = 0, 
then, if we write ^ = x—x'y ij = y^y'y ( = ;z—z'y we have 
</> = w^2^^7]2^<' + 2/7)C+2^C^+2/^^i? + 2{^X' + 7,r^ 
since </>' = 0. 

The circle of curvature at (x\ y'y z^ touches the tangent 
fl;X'+^r+^z' = o or ^x'+7]r'+cx' = o 
at that point. But if P is any point on a circle touching a straight 
line at 0, and PN is the perpendicular to this straight line, then 
OP'^ = 2pPNy where p is the radius of the circle. [Cf. x^ + y"^ :=^ 2rx 
in Cartesians.] 
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The equation of the circle of curvature is then 

o® {y-y') {e - e') +h^{e- s') {ic— x') + (? (x—x') (y - 

+ 4.Sp(xX'+yT-\-zZy{aX\ hT, cZ'} = 0, 

or a'ir,^+l^C^+c^ir, + iSp{iX'+vY'+^Z')/{ar,bY',cZ'\ =0. 

We may write this equation 

C=\ (aa7,C+ + c*^i?) + (^X'+ T, r + (Z') = 0, 

where iSpX = [aX', bT, cZ'\. 

Now 

</)-2C=m^‘* + vt) 2+«;C2^ 2/»)C + + 2 /i ^ r/ - 2 a (a* tjC + 6® + c* 

and the right-hand side factorizes since ^-t-T)-j-f = 0;thusi^— 20=0 
represents a pair of straight lines, and these must be the tangent 
at the point of contact and the common chord ; hence we have 
identically 

M^*-t-VT)2 + «)C^-b2/T)C-|-25fC^+2/«^»)— 2A(a*7?C-t- 

= (^r-fnr-t-cxoa^+mtj-bno. 

In this identity put ^ = T'— Z', r] = Z'—X', ( = X'— Y' ; this 
is allowable since the values chosen satisfy ^+>?4- C = 0> hence 
Su(Y'-Zy+2I(/-an)(Z'-X')(X'- Y') = 0, 
which equation gives the value of A. 

Now we have X = ux+hy+pz, 

Y = hx+vy+fz, 

Z = gx+fy+wz, 
and, if {x, y, z) is on the conic, 

xX + yY+zZ — 0 ; 

hence 2M(r-Z)* + 22/(X-X) (X- T) 

= 2 (mT^- 2AXr-f vX*) -I- 22 (/tZA-f (7Xr-/X*-MrZ) 

= 2 {X(vX-Ar)-f r(«r-;»X)} -f-22 {X{gY-fX)-Z{uY-hX)} 
= 2 {X{Wx-Qz)-\-Y(Wy-Fz)} -¥2:^ {X{Fx-Gy)-Z[Wy-Fz)}, 
and, using the fourth equation above, this becomes 

= -Zz{GX-¥FY-¥ WZ)-22y(GX-¥FY-¥ WZ) 

= — A2<:''‘— 2<A2y« 

= -di{x+y-¥zf = — A. 

Hence 2 A = - A/2a*(Z'-X')(X'- TO = -A/{oX', bY\ cZ'}*; 
{ax', bY', cZ'} {ax', bY', cZ'y 
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VII. Invariants. The relations connecting areal coordinates with 
rectangular Cartesian coordinates are 

Ct ^ o 

^ — Xcos^i— Y sin^i), y = 02““ ^ sin 02)> 

^ ~ 25 ^ ^ 3 “ ^ 

where 6y—0^ = T[—A, 6^—01 = it— C, 6^—01 = 11 + B. 

Now suppose that ux‘^+vy^ + wz^+ 2 f!iz+ 2 ggx+ 2 hxy transforms 
into u'X^+v'Y^+w'+ 2 fY+ 2 g'X+ 2 h'XY; then {Chapter XI, 
p. 433 ) 

a2j2c2 Pi sin 01 3 

A'=Ax Pa cos 02 sin 02 

JP3 cos 03 sin 03 

^2 Jj2qA 

= A X X (pi sin A +P2 sin ^ +Pi sin Cf 

^2 ^2 

^2 7^2 ^2 

” ^ ^ 266 ^ ^ 

i.e. A' = A/ 4 S 3 . 

Again, the squares of the semi-axes of the conic 

ux^+vy^+wz^+2fyz-\-2gzx+2hxy = 0 

are given by 

iC 3 r*-f-/fA 0 r 3 -f 4 S 3 A 3 = 0, (i) 

and the squares of the semi-axes of the conic 

u'x 2 -i-w'r 3-i-w'+2/'r-h2/x-t-2/i'xy = 0 
are given by 

W'^i^ + {u' + v') A' -h A '3 = 0 , (ii) 

so that equations (i) and (ii) must be identical, hence 
W '3 (u'+i/)^'W' __ A '3 _A '3 

~ ■■ XA 0 453^3 A 3 ’ 


W'3 _ A'3 
~K^~ A^’ 


W A' 
X=A’ 


"'^'-^"=4^3- 

0 “A “453’ 
u'4-v' — ^ 

** “t" ▼ M cs2* 


12fi7 


tr 
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Note. These two invariants can also be proved by substituting for 
and and finding the values of u\ v\ and /'; the simplification is 
somewhat tedious. 


Illustrative Examples. 

Example i. To find the latus rectum of the conic 

ux^-\-v}f-^wz^’\-2fyz-\‘2gzx-^2hxy = 0 
tvhen it is a parabola. 

If we transfonii to rectangular Caitesian coordinates referred to the axis 
of the parabola and the tangent at the vertex, the equation transforms into 
X(y''--4mA') - 0. 

Then a' = and u'h r == X ; 

hence 16 = - A, and X = d/4 5^. 

Thus -4A^Vd». 

Example ii. If the apiation 

ux^ + vy^ -f IV q. 2 fyz + 2gzx -f 2 hxy = 0 
represents a circlcj to find its radius. 

We may supj)Ose the equation transformed to k {x^ X f — p^) — 0 ; the 
invariants u'-i v\ and A' are 2 X, X^ and ~X®p^, and these give 

the expression for the radius previously found. 

The following method gives other more simple expressions. The equation 
4 ty + wz^ + 2 fyz + 2 gzx 4 2 hxy — 0 

can be written 

(2/- V — ir) yz 1 {2g — iv — u) zx 4 (2 h-u- v) xy 1 ( ux 4 ry 4 wz) (.f H y 4 = 0. 

Now since 1, when this equation is transformed into Carte- 

sians, {uxXvy-\ u'z) (a; 4 yXz) transforms into a linear expression. 

Again, since xxyxz == 0 is the line at infinity, if 

4 ry* 4 wz"^ 4 2 fyz 4 2 gzx 4 2 hxy = 0 (i) 

is a circle, then 

(2 f ~ V - w) yz X {2 g — tv — u) zx 4 {2h — ii — v)xy -= 0 (ii) 

is also a circle, and it is clearly the circumcircle. 

We have seen that when these equations are transformed into Cartesians 
the terms of the second degree are the same. 

Hence if equation (i) transforms into X {(;r-a)®4(y — /3)®— y®} — 0, 
equation (ii) transforms into X {(a!:-CX')^4' (y — *=0. 

The discriminants of these equations are —X^p® and — X*R®; 

-XV" = and -X^R" = (2/-t?-i^) (2y -;^-w) (2 fe~M-r)/16fif2. 

Hence P* = 4 Mi-/{2 f-v-tv){2 g-w--u) (2 h-^u-v). 

The reader can prove similarly that 

^ 4R2a cos A cos B cos C/(gxh-^ a-f) {hxf-v-g) {/Xg-w-h), 
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We conclude this chapter with some general illustrative examples. 
Example.!. If two triangles are reciprocal they are also in Imnology, 

Let ABC and A'B'C' be the two triangles ; take ABC for the triangle 
of reference, and let the equation of the conic with respect to which they 
are reciprocal be 

ux^ 4 + IV 4 2 fyz 4- 2 gzx 4- 2 hxy «= 0. 

Since B'C' is the polar of A^ its equation is ux 4- 4- 0 ; the point 

of intersection of 2?C, B'C' therefore lies on the line xlf-\-ylg-\-zl}i = 0. 
The symmetry of this result shows that the jjoints of intersection of CA, 
C A' and ABy A!B' also lie on this line ; hence the triangles are coaxal and 
a;//4- yjg + zjh = 0 is the axis of homology. 

Again, since A' is the pole of BC its equation is t/p 4 i/g-h 6rr == 0, i. e. 
A' is the point {Uy Hy G-). 

Hence A A' is the line Gy = Uz ; similarly the equations of the lines 
BB'y CC' are Hz = Fxy Fx - Gy, 

Thus AA'y BB'y CC' intersect at the point {^/Fy I /Gy 1/if} ; the triangles 
are then copolar, and this point is the centre of homology. 

Example ii. To find the equation of the conic, one of tvhose foci 
is at the point y^ z^y to which the triangle of reference is self- 
conjugate* Deduce the locus of tlw foci of conics tvhich j^uss through 
four given points. 

The tangential equation of a conic whose foci are {x^y z.^)y 1/2 > * 2 ) 

4- 4- c’® — 2 he cos Aqr — 2 ca cos Brp — 2 ab cos Cpq 

+ k (pa?i 4- qij^ 4- rz/) 4- qy^ + fz,/) = 0. 

If the triangle of reference is self conjugate with respect to the conic, the 
coefficients of qr, /p, pq are zero, so that 

h (2/1^2 4- y%z/) = 2 he cos Ay k {z^x^ + ^a^i) = ca cos By 
k (^^1^2 + ^ 22 / 1 ) = 2 a6 COB C. 

Hence y^ ca cos B + z^ah cos C — he cos A = ky^ z^ x ,^ , 

and z^ ah cos C + x^ be cos A^-y^ca cos B = kz^ x^ y^ , 

xf)e cos A 4 y^ea coa B—z^ab cos C = kxiyiz .^, ; 
hence, substituting these values of kx^y ky^y kz^ in the equation, we have 
{®*2 ^i'^i + (^ 1 ^® coaB + z^ah cos C — Xyhc cos = 0, 

which is the required equation. 

The point- equation of the conic is therefore 

{a^yiz^ 4- (t/ica coaB-\'Z^ah cos C— xfie cos A) x^] = 0. 

If this conic passes through the four points (/, ±y, + /i), we have, dropping 
the suffixes in the coordinates of the focus, 

2/^/a; [a'^yz 4 {yea cos B 4- zah cos C— xbe cos A) x\ — 0, 
which is the equation of the locus of the foci of conics which pass through 
the points (/, ±gy ±h). 


K k 2 
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Example iii. Two concentric conics are drawn, one circumscribing 
the triangle of reference, and to the other the triangle bisecting the sides 
is self conjugate : prove that the two conics are similar and similarly 
situated, and their areas are in the ratio 
Sxy^: 

where {x:y:^) is their common centre. 

Let ABC be the triangle and P, Q, R the mid-points of the sides. Project 
the figure orthogonally so that the circumscribing conic becomes a circle. 
Let A B C and FQ'R' be the projections of the triangles ABC and PQR. 
The mid-point of a line projects into the mid-point of the projection of the 
line, so that P', Q\ R' are the mid-points of A'B'C'. 

Now the areal coordinates of a point are unaltered by orthogonal projec- 
tion, and the centre of a conic projects orthogonally into the centre of the 
conic. Thus (x:y:z) is the circumcentre of the triangle A'B'C', it is 
therefore the orthocentre of the triangle P Q'R'. Hence the second conic 
projects into a conic to which the triangle P Q R' is self-conjugate and 
whose centre is the orthocentre of the triangle F Q R', i. e. it projects into 
the polar circle of the triangle FQ'R\ 

Since the two conics can be projected orthogonally into two concentric 
circles they must be similar and similarly situated, being evidently similar 
sections of coaxal cylinders. 

Again, the ratio of two areas is unaltered by orthogonal projection, so 
that the ratio of the areas, of the conics 

= ratio of the areas of the circles 
= TT R '^ : —TT cos A' cos B' cos C' 

= - 1 : cos A' cos B' cos C\ 

X y z -x-\y-\z 

%m'fA' ” sm 2# sin 2 C" 4 sin A' cos B' cos C ' 

2x : —x-hy-hz = cos A ' : cos B' cos C 
and two symmetrical results, therefore 

8xyz : ( — x-hy + z) (x — y-hz)(x’i y—z) — 1 : cos A' cos B cos C , 

Example iv. Find the area of the conic Vlx+ V my + Vnz 

We can ai^ply the method used in the last example to this problem. Let 
(x, y, z) be the centre of the conic, then 2l = y-^Z'-x, 2m^z + x—y, 
2n — x-Vy -z. 

Project the figure orthogonally so that the conic becomes a circle and let 
A B C be the new triangle of reference. Then we have 

Area of conic : area of circle inscribed in A'B C 
= area of ABC : area of A'B'C\ 

Hence the area of the conic = • S-r S' 

*= where s' is the seniiperimeter of A'B'C 

^ ir S^s' (s' - a') (s' - b') (s' - c) -r s'*^. 


But 

hence 
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Now the areal coordinates of the centre are unaltered by orthogonal 
projection, thus 

^ y _ __ y'\z — x __ x^y-z 

o! b' c a' + i' + c' h'-\^c~a c' a -1/ ~~ a' -\- b' - c 


Hence 


Z + m + n / m 

s' s' — a'~'s' — b' 



the area of the conic is therefore it S 



Imn 

(I + m + 7iY 


Examples XII h. 

» 1. A system of parabolas is drawn to touch the sides of a triangle. 
Prove that the locus of the point, in which the lines joining the vertices to 
the points of contact of the opposite sides meet, is a conic passing through 
the vertices and having its centre at the centroid of the triangle. 

2. If LMN is the pedal triangle of ABC, it is self- conjugate with respect 
to any rectangular hyperbola through ABC. 

• 3. The locus of points from which tangents to = 0 are 

perpendicular is 2(m4 n)a^ + 2 2^/3'y cos A = 0, which is a circle whose 
radical axis with the circumcircle is 2(m-f n) bcOC = 0, 

4. Find the tangential equations of the circumcentre, in-centre and ex- 
centres, orthocentre, centroid and symmedian point of the triangle of 
reference. 

• 5. Investigate the character of the conics 

(i) = A ; 

(ii) sin (B - C) + b^q^ sin C- A + sin A - 7^ = 0 ; 

(iii) — —^hcqrco^Ay 
and find their areal equations. 

6. Show that it is possible for a conic to be described round a triangle 
ABC such that the tangent at each angle is parallel to the opposite side. 

7. Find the coordinates of the point isogonal with the orthocentre of ABC. 

8. Find the equation of the rectangular hyperbola through the four 
points (/, +r/, ±h). 

» 9. The mid-points of the diagonals of the quadrilateral formed by the 
four lines \x±my±nz — 0 lie on the line 4 li^z = 0. 

10. Show that if the lines 

+ = 0 , n^z ^ l^x-{ w^y n^z — 0 

foi*m a triangle self-polar with regard to any conic with regard to which 
the triangle of reference is self-polar, then 

1 1 i 

h i 

i ^ 1 1 1 = 0. 

'ill 

/j m, «s 
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11. Find the condition that the in-centre of the triangle of reference 
should be the focus of the parabola Ix^ + nu /^ = 0. 

• 12. A conic is inscribed in the triangle of reference and has one focus at 
the orthocentre. Prove that its centre is the point 

{cos B-C: cos C-A : cos A-B}, 

and that the sum of the squares of its axes is i?®(l + 8 cos A cos B cos C). 

13. Find the equation of the parabola which passes through A, R, two of 
the angular points of the triangle of reference ABC^ and also through the 
middle points of AC and BC. 

14. If the line /a + mfl + ny = 0 meets the sides BC, CA, AB of the 
triangle of reference in D, E, F respectively, prove that a conic may be 
drawn to touch DA at A, EB at B, FC at C, and find its equation. 

• 15. The radical axis of two circles given by the general equations 
2 -f 2 /^/ 2 ?) = 0 and 2 {a' x}-\- 2 fyz) = 0 
in areal coordinates is 

ax + hy + cz a'x -f fey + cz 

a^h\ c—f —g — h ~ a' -f fe' + c' ~f —g— h' 

16. A rectangular hyperbola passes through the corners of a triangle and 
through its in-centre. Prove that the tangents to it at the in-centre and at 
the orthocentre meet in the point whose distances from the sides of the 
triangle are r(c 08 R4- cos C), r(cos C+ cos A), r (cos A + cos B), r being the 
radius of the inscribed circle. 

17. If the connector of , /3i, y^) (Ofg, /? 2 ) y^) is divided harmonically by 
fPY + gyOC’hh(X& = 0, then 

yi + /9a vi) + g (ri ^ (^i ^ 2 + M = 0. 

All conics circumscribed to a given triangle which divide a given segment 
harmonically pass through a fixed point. 

. 18. Show that the equation of a pair of conjugnte dinnieters of the conic 
yz'\-zx->rxy = 0, may be written in the form 

(q - r) (f/ -zy-\-(r-p)(z-xy~\-{p- q) (x - y^ = 0. 

^ 19. Prove that the coordinates of the foci of the ellipse 

Va Vf 

are respectively proportional to and ^ , 

20. The tangents drawn from the angular points of the triangle of 
reference to the conic + irz^ + 2fyz + 2 gzx + 2 hxy = 0 meet the 

opposite sides in six points which lie on the conic 

VWx^-¥ WUiy-h UVz^-2 UFyz-2 VGzx-2 WHxy = 0. 

* 21. Show that 2 (a:® + 1 /^) — = 0 is a parabola. Find its focus, directrix, 

and the equation of its axis. What is its latus rectum ? 


* 22. Find the focus of 
directrix. 


5 


a^OC^ 

q-r 


= 0 and deduce the equation of the 
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23. The equation of that diameter of the circle 20 (* sin 2 ^ = 0 which is 
perpendiculai- to the line + tn^ + ny = 0 is 2a0i cos A (cm -hn) = 0. 

24. Show that if A is a focus of the conic + f ny^ = 0 then 
m = n and 6 * + c* = a’. 

% 25, The squares of the semi-axes of the conic \/x+ \/y + \/z — 0 are 
given by the quadratic 54 - 3 r (a* + 5 * -f c*) + 2 S® = 0 . 

26. A j arabola is inscribed in a triangle, and the trilinear coordinates of 
its focus are a', 3 ', y'. Prove that its axis is the line 

• 27. Prove that a y/oc sin (B - C) + h\/f^ sin c\/y sin {A- B) — 0 

is a parabola touching the sides of the triangle of reference, whose 
directrix is the straight line joining the centre of gravity and the ortho- 
centre of the triangle. 

• 28. Show that the director circle of the conic y/ioc -h f y/7iy — 0 
can be thrown into the form 

(a sin vl + ^sin R + y sin C) (lOC cot ^ + m 3 cotR-f ny cot C) 

= ( -J-j + J- + ) (3y sin A-f ya sin R + a38in C). 

'sin^ sinR sin ^ ^ 

A circle circumscribes a triangle circumscribed to a conic S, and has its 

centre on S ; prove that it touches the director circle of S, 

• 29. If 2h q, r are the perpendiculars on a line from the vertices of the 
triangle ABC, show that the conics represented by the equations 

tan ^ qr-{ tan ? ^ 7 ? + tan ~ pq = 0 , y/ap + y/^hq-}- \/rr ~ 0 

are confocal. 

30. Prove that the foci of the conic 

a{(y. C 08 ^)i-f 5(3co8RjMc(ycos Cj? = 0 
are the circumcentre and orthocentre of the triangle of reference, and that 
the square of its eccentricity is 1 —8 cos A cos R cos C, 

81. Prove that the joins of the mid-points of'thc sides of the triangle 
of reference to the mid-points of the corresponding perpendiculars of the 
triangle are concurrent at the point which is isogonal with 

the centroid. 

Show that the vertices of a triangle, its circumcentre, orthoceiitre, and 
symmedian point all lie on a conic whose equation is 
2rt'*^/-^(c08 2 R - cos 2 C) = 0. 

32. When a conic degenerates into a pair of points its director circle 
is the circle on the line joining the points as diameter. Hence find the 
equation of the circle for which the points (.r^, y,, cr,), f.rj, //,, are the 
extremities of a diameter. 

33. Show that the tangential equation of a conic inscribed in the triangle 
of reference and having a focus at (x, y, z) is lqrxf\^ = 0 , where /’i, Tj, 
are the distances of the focus from the vertices of the triangle of reference. 
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34. Find the locus of the foci of a conic inscribed in the tiiangle of 

reference and touching the line (/>, r). 

35. The orthocentre of a triangle circumscribed to a parabola lies on 
the directrix. 

36. The triangle of reference circumscribes a parabola whose axis is 
the line r) ; prove that 2paY (q — r) = 0. (The point at infinity on the 
axis is the infinite focus.) 

• 37. A parabola has a fixed self-conjugate triangle ; show that the locus 
of its focus is the nine-point circle of the triangle and that its directrix 
passes through the circum centre of the triangle. 

38. The director circles of a system of conics which touch four fixed 
straight lines form a coaxal system. 

V 39. Prove that the equation of the asymptotes of a conic may be found 
by substituting {yzQ-y^z)^ (^yo-^o2/) p, g, r in its tangential 

equation, y^, being the centre of the conic. 

• 40. Find the coordinates of the focus of the conic yz + zx-{^4:xy = 0. 

• 41. Show that the equation of the axes of the conic ^/x-^ + a/z — 0 

is 2(b^-c^)(y-zy=:0. 

42. A straight line passes through a fixed point. Prove that the line 
joining its poles with respect to two given conics always touches a fixed 
conic inscribed in the common self-conjugate triangle of the two conics. 

• 43. Prove that through three points A, B, C two parabolas can be 
drawn so as to touch the circle ABC at A and that the axes of these 
parabolas are at right angles. 

44. A rectangular hyperbola circumscribes a triangle ABC, Show that 
the loci of the poles of the three sides of the triangle with respect to 
the hyperbola are straight lines. 

• 45. If the internal bisectors of the angles A, B, C of sl triangle meet the 
circumscribing circle in A'B'C', thetrilinear equation of the conic inscribed 
in the two triangles ABCj A'B'C' is 

A/a{b-\-c)OC+ + a) a/c (a b)y 0, 

46. The pencil subtended at any point of the conic 

by the quadrangle consisting of the vertices of the triangle of reference 
and (OCq, fiQj yo) is harmonic. 

• 47. Four conics circumscribe ABC and have the in-centre for a common 
focus. Show that the centres of all conics which touch the four corre- 

A 

sponding directrices lie on 2CX cot ^ — 0. 

Jcl , 

48. If 8 — lOi + mB-hny, then — is one of the anharmonic ratios of the 

mn 

pencil formed by joining any point on (XS + kjSy = 0 to the points (Of, /3), 
(Of, y), (6, 3), (d, y), where (Of, /3) means the intersection of Of = 0, /3 = 0. 

49. If the triangle of reference is equilateral, prove that the line 
^ + y+3of = 0 is a directrix of the conic |3* + y®~30f* = 0. 
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50. If a* = 2 hCj prove that two of the sides of the triangle of reference 
are parallel to a pair of conjugate diameters of the conic whose trilinear 
equation is «= j3y. 

* 51. With a given straight line as asymptote three conics are described 
such that a given triangle is inscribed in 1, self-conjugate with respect to 
2, and circumscribed to 3. The centre of 3 bisects the distance between the 
centres of 1 and 2. 

52. If I, are asymptotes of a conic circumscribing ABC, Z, are 
asymptotes of a conic with respect to which ABC is self-conjugate, Z3 are 
asymptotes of a conic touching the sides of ABC, then Zg, Z, are asymptotes 
of a conic circumscribing ABC. 

53. Show that the equation of the locus of the foci of rectangular hyper 
bolas for which the triangle of reference is self-conjugate is 

2{a*(~a cos A-|-/3cOsJ5-f y cos C) + 0(py}-^ = 0. 

^ 54. Show that if the two conics V^+ ^nz — 

ux(y-^z — x)'\'i>y{x-\-z—y) -Y wz {x y - z) = (} 
are similar and similarly situated, they also touch one another. 

55. A conic cuts the sides of the triangle ABC at />, D' ; E, E' ; F, F' 
respectively, and AD, AD' intersect the conic in dd', BE, BE' in ee', 
CF, CF' in ff'. Show that the intersection of dd' with the polar of A, ee' 
with the polar of B,ff' with the polar of C are collinear. 

• 56. A'B'C' are mid-points of the sides, A"B''C'' is a triangle formed by 
tangents at ABC to the circumcircle. Show that the six points of inter- 
section of corresponding sides of A'B'C' and A''B''C'' lie on a conic. 

57. A triangle is inscribed in a parabola with its orthocentre at the 
focus. Prove that its circumscribing circle touches the tangent at the 
vertex. 

• 58. The sides BC, CA, AB of a triangle are cut by the internal bisectors 
of the angles in D, E, F dijid by the external bisectors in A', B', C\ Show 
that A'B'C', A'EF, B'FD, C'DE are all straight lines, and prove that 
the locus of the centres of conics circumscribing the quadrilateral A'B'ED 
is c(a® — /3*)-f y (a(X-5/3) = 0, OC,p,y being trilinear coordinates referred 
to the triangle ABC. 

59. Tangents at the centres of the inscribed and escribed circles of 
a triangle to the rectangular hyperbola passing through these centres 
meet in pairs on the sides of the triangle. 

60. Through any point P straight lines PA, PB, PC are drawn to the 
vertices of a fixed triangle ABC cutting the sides BC, CA,AB in A',B', C'. 

Show that, if the perpendiculars through A', B', C' to BC, CA, AB meet 
in a point, the locus of P is the curve 
a* sin* A (/3 cos R — y cos C) -f sin B (y cos C— (X cos A) 

-f y*8in* C?(acos A~/3coflR) = 0, 

ABC being the triangle of reference and the coordinates being trilinefir. 

61. The normals at the points A, B of a parabola intersect at the point C 
on the curve. Show that tan* C = 4 cot A cot B. 
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62. A triangle ABC is cut by a transversal in DEF. On BC a point 

is taken such that D and are harmonic conjugates with respect to B 
and C, The other tangents from D and Z)^ to an inscribed conic meet 
in P and AP meets BC in P\ If points Q' and R' are similarly obtained, 
show that P\ Q \ and R' are collinear. 

63. A conic paases through the angular points of the triangle of reference 
and their centre of mean position. One of its axes is parallel to = 0 ; 
show that its equation is a/x = ccosP/y + ^cos Cjz, 

64. Show by orthogonal projection that the area of the conic 

i/a;’ + ry® + =0 is \itwI{uv + rw + wxi )\ • 

65. The six lines = M^+7a?=0, 7a:-fw;y — 0, wry + n'^ = 0, 

Z'it’ + w'y = 0 touch a conic. 

66 . Prove that 2 ?* — 4rry*= 0 represents a parabola in areal coordinates 
and that the equation of the axis is 

• 67. If the equation /^y + w 7 a + nai3 = 0 represents ax arabola, show that 
the equation of its directrix is 

(w?* 4 w* ~ 2 mn cos A) bc(X-h (n^ — cos B) cafi 

4 (P 4 - 2 Jm cos C) aby = 0. 

68 . If the conic vx^ + ry^Airz^ ^ 0 touches at a finite point the conic 
similar and similarly situated to it which passes through the angular points 
of the triangle of reference, show that u-¥ v + w ^ Oy and that the conics 
are hyperbolas. 

69. Through the angular point A of the triangle of reference a straight 
line AD in drawn, cutting the conic 

S^ux^-^vy^-}-tvz^-¥2fyz-\-2gzx + 2hxy == 0 
in the points P and P', and also cutting the line L'^Jx + tny-^nz = 0 in 
the point Q. If a point Q' is taken on AD such that the range (PP\ QQ ) 
is harmonic, show that, as the line AD moves, the locus of Q is the conic 
IS *= L {ax 4 hy 4 gz), 

70. Show that x, y, z being proportional to the areal coordinates of 
a point, the equation of the circle osculating the conic x'^ + \yz = 0 at the 
vertex B of the triangle of reference ABC is 

c^x* 4 a* 2 :* 4 (c’ 4 a’ - &*) 4 A c® cr (x 4 y 4 ^r) = 0. 

Show that if \ varies the radical axis of the osculating circles at P, C 
passes through a fixed point. 

71. Prove that the equation of the conic inscribed in the triangle of 
reference, and having one of its foci at the circumcentre, is 

sin A a/ol cos a 4 sin P cos P 4 sin C^/^^n C’=^ 0 . 

72. Find the condition that >(X + yP-¥iy *= 0 should be cut harmonically 

by the conics M0(*4f?iS*4if^7* = 0 , w'a*4 v'^®4 — 0 . 

If the triangle of reference is equilatei-al, prove that the conditions that 
the envelope of the line should be a circle are 
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, 73. A parabola has double contact, with 7 = 0 and 

touches the fourth common tangent of and 

\/^2^ + + a/ WQ-y = 0. 

Show that the locus of the pole of its chord of contact with the first 
conic is 


LMN {lL^mM-\-nN) cyY 

== {Ihc + mca + nnh) {(XMN -f fi XL + y 
where — and similarly for and N, 

. 74. An ellipse circumscribes a triangle ABC and has its centre at the 
centre of gravity of the triangle. Prove that the radii of curvature at 
A, R, C are proportional to the cubes of the sides BC^ CA, AB and that 
the product of the three radii of curvature is equal to the cube of the radius 
of the circle circumscribing the triangle ABC, 

75. The conic ux^ + t)i/ + irz^-\-2fyz + 2gzx~h2hrtj — 0 meets the sides of 
the triangle of reference in three pairs of points such that the lines joining 
them to the opposite vertices intersect by threes in two points : prove that 
nmv - 2fgh — up — vcf- - = 0. 

76. The locus of the centres of rectangular hyperbolas with respect to 
which a given triangle is self-con jug{ite is the circumscribing circle of the 
triangle. 

77. PQRS is a quadi-angle and A, B, C its diagonal points. X is any 
other point. Show that the six conics (XBCPS), (XBCQB)^ (XCAQS), 
(XCABP), (XABBS\ (XABPQ) have a second common point. (PS, QS, BS 
meet QB, BP, PQ in A, R, C respectively.) 

• 78. The area of the circle C = 0, where 

C = a^yz-\-Wzx + c^xy+{lX'¥my+nz) {x-\-y + z)^ 

is where B is the radius of the circumscribed circle and A 

is the discriminant of C. 

79. Obtain the expression 

he (m* + n® - 2 mn cos A)* 

2 a sin A Imn 


for the radius of curvature of the conic - + — + = 0 at the vertex A of 

OL li y 

the triangle of reference. 

80. The triangle of reference being equilateral, prove that the envelope 

of the director circles of the conic whose equation is lcx~^ = for 

ditferent values of is the curve 

(y* + 2 '^ - 2 - 3 xy - 3 xzY = 4 (y® + 4- yz) (x + y 4 zy, 

81. Show that the radius of curvature of the conic 


^.la + \/m3+ ^/ny = 0 

at the point where it touches the side a = 0 of the triangle of reference is 
16 Imn SIP -r {me + n5)® . 
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• 82. Interpret the equation in triangular coordinates, and 

find the equation of the chord joining two given points on this conic in its 
simplest form. 

The chord FQ of the conic ^ touches the conic a'~^ ~ 

Show that F and Q are conjugate with respect to the conic 

83. A system of conics is drawn touching the sides of the triangle of 
reference and a straight line through the centroid. Show that the envelope 
of the centre locus, for different positions of this straight line, is the conic 
whose equation in areal coordinates is 

+ 2; - ar + ^/z-\-x~y -f\/ar + f/- 2 r = 0. 

'84. Find the equation in trilinear coordinates of the hyperbola which 
touches BG and has AB, as asymptotes. 

85. 5, S' are the real foci of an ellipse inscribed in a triangle and through 
Sj S' is drawn another inscribed conic. Show that the pole of SS' with 
respect to it is the centre of either the inscribed or one of the escribed 
circles. 

86. Show that the equation of a conic circumscribing the triangle of 

reference is — + + — = 0, where a, h, c are the sides of the triangle 

pOL qti ry " ^ 

and r are the focal chords imrallel to these sides. 

87. A pair of tangents containing a constant angle are drawn to the conic 

+ 4 ~ 0 ; show that the locus of their intersection is given by 

(CX sin A 4- i3 sin R + y sin Cy S == 1c\{ii v iv) S -- 

— 2piv('iyco9A — 2wuy(X cos R — 2wra/9cos Cy, 

where is a constant and R = i/Ot® + -f wy’^, 

88. Prove that any tangent to the conic 

(/> + Ip 0(2 + (a + =(0 4 - ?>)-’>* 

is cut in a harmonic range by the conics + = y’*, a(X^-Vh^^ = 

89. Find the tangential equation of a conic to which the triangle of 
reference is self conjugate, and which has a focus at {x^, yj, z^). 

Show that if one focus is on BC, the other is on the line joining the feet 
of the perpendiculars from R, C to the opposite sides of the triangle of 
reference. 

• 90. A parabola circumscribes a triangle and has its focus at the ortho- 

centre ; prove that 2 cos ^ ^ \/co9A — 0. 

91. The major axis of an inscribed conic passes through the point in 
which the external bisector of the angle A meets BC, Find the locus of its 
focus in trilinear coordinates. 

• 92. The equation wa?* + wz^ = 0 represents a parabola whose axis 
passes through the point (1, 1, 1). Show that its vertex is the point 
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93. Find the equation of the centre of the conic 

up^ + 2 fqr + 2 g^p + 2 h2)q = 0, 

and the conditions that it may represent a circle. 

94. A conic touches four fixed straight lines ; show that the locus of its 
foci is a cubic. 

95. The triangle formed by the polars of the middle points of the sides of 
a triangle with respect to any inscribed conic is of constant area. 

96. The four foci of the conic = 0, where j), q, r are the 

tangential coordinates of the line p(X-\ ry — 0, have as their equation 

22 [L sin2 A 4 Jl/sin^ B 4- Nsin^ C] - 22' {MJV+ NL 4- LM] -f- r^LMN - 0, 
where 

2=Lp'^ + Mq^'^Nf^, and q‘^ + f^-2qrcoaA-fpcosB-2pqeosC, 

97. Prove that the equation to the circle of curvature at the point A of 
the conic l^y-\-myO(.-\ nOLfi = 0 circumscribed to the triangle ABC is 

(b^ + y^ + 2fiyco^A) almn = (m^ ■{■ -2 mn coa A) (my + nfi) (aa 4-5,3 + cy). 

98. An ellipse is described having the triangle of reference for a self- 
conjugate triangle and with its centre at the point whose areal coordinates 
are (a;, y, z). Prove that the area of the ellipse = 2nS^xyz, 

99. ABC being the triangle of reference, three conics are described with 
B and C, C and A^ and A and B respectively as foci and with semi-minor 
axes 5 i, 52>53. Show that the three will have a common tangent if 

4- ft^2 ^^^-2 ^ ^2 ^^^2 ^^2 ^^-2 _ 2 hch^ COS A 

- 2 cab 2 ^cosB- 2 ahb^^ coaC = 46'^ 
and that the equation of the tangent will then be 

100. Prove that the conic, which touches the sides of the two triangles 
formed by the pairs of tangents to any given conic from two vertices of the 
triangle of reference and the corresponding chords of contact, passes 
through the third vertex if uvw — 2fgh — uf'^ — vg'^ — tvh^ = 0. 

101. Prove that the polar reciprocal of each of the conics 

Ix^ 4 mi/ 4- nz’^ = 0, Lx^ + My^ 4 Nz^ «= 0 
with respect to the other, intersect in the four points 

102. Show that the points t/i, ^i)y “^i) 

the angular points of a triangle inscribed in the conic ux’^ iyy^ wz^ — 0, 

and self-polar for the conic y/hx-k- \/pz = 0 provided that 

\x^ + 4- *' 2^1 = 0, and 4 vy^ 4 wz^ = 0. 

Hence show that if one triangle is circumscribed to a conic S and is self- 
polar for a conic 5', an infinite number of such triangles can be drawn. 

103. The tangents drawn at the vertices of a triangle to a circumscribing 
conic are parallel to the opposite sides ; show that the osculating circles at 
the vertices intersect in a point lying on the circumcircle. 
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104. The two points , yi , a^i), ('^23 1/%, ^ 2 ) within the triangle of 
reference. Find the coordinates of the poles of the line joining them with 
respect to the four conics which pass through them and are inscribed in 
the triangle: show also that an infinite number of conics, with respect 
to which the triangle is self-conjugate, pass through all four poles. 

105. Prove that all straight lines through a given point intersect the 
polars with respect to a conic of their poles with respect to a conic in 
points which lie on a fixed conic, and this conic circumscribes the common 
self-conjugate triangle of the conics S^. 



ANSWERS 


la. 

1. 3x + 4y = 12. 2. ,6, 1), (-2, -3., ,2, -- 1 . 

3. (J((, la^/S), i«, A(tv^3 , (n/'\/2, —a/\^2j, ( — ia, 

4. (5, tan-' 3 , ;,6y2, Jir;., i^4, irr), 1^4, jjir!, i,4, J »), (4, V >f;- 

6. ^2,2>, ^-2, 2), (-2, -2J, (2, -2). 

6. ,3,2;, 1-3,2:, i_-3, -2), (3, -2). 

7. (2.0;, ;0, 1), (-2,0), (0, -1). 

l b. 

1. 1). 2. Eauh side Is <(. 3. u. 4. 3x'4 3;<'' 15(). 

5. x'= + tf'-8x-«i/ 0. 6. -,'■'8 ; (-03f, 2Jij,,. 

7. (1,2). liiiinitely distant. 9. 4:3; (^—23,10;. 

10. 2-/2, 3x/2, v'ao, 00^ 11. (1,5). 12. .J t’) {• 

13. -/58, -/lO. 15. ^ a^b,. 

16. ((1,0), (((-/a, 30°), ;.2(t, 60°), (ay^d, 00°), (a, 120°). 

17. Take AB, AC for axes of refereuco. 


Ic. 


1- m, l; C2J, -3, (0, 1). 2. (-1, -3), (0, -2), (1, -1;, (2, 0 . 

3. 61, »i. 

4. (2a, 0), {a, a^/3), a, ay'd;, (— 2tt, 0), ( — a, — ay/s,, (a, — ay^,. 

5. (0, 0), (c, 0,, I.C, -c), (0, -c,. ; (0, 0), (0, b), {-b, b), (-(,, 0) ; (c, 0;, ;.0, hj, 


(6, t + c), (fc-lt, c); (Ic, -Ic), (-Jt, 1<>), (\b + c, ib + c). 
0 . (o, 0°), (a, 60°;, (a, 120°), (a, 180°), &o. 7. 231. 

0. (oo' + W0^'v'((i’ + i'*j(<*'* + 6'’). 10. (-1,7;, 2^/0. 

14. (Ja, Ja). 15. 15. 10. (y — b/ — r*. 

10. + — — Gy = 0. 20. ascc*^; ahec^0; = 4a.c. 


8 . 150 . 

13. Jtt, 2a . 
17. 5. 

21. a:b. 


22. .f = 0. 23. 30^ 24, x-y - c cosec cu. 

26. I ^ 1 . 26. { {2ab)/(a + b),0}. 28. 3 : 1 . 

20. Ja®; |(15v^8 — 7;a*. 33. xy — 35. a + ^^c. 36. st. line. 

38. {iCa^i + Xj + Xs), UVi + f/^ + l/s)}- a: + y = i. 

42. i (xj Xj) (2/1 -f y^) sino;. 44. Equality. 45. x — 4i/-fl8~0. 

47. (34, 51); 4:-3. 

40. (iii) 2:1, (iv) 3x ~ 1/ ; 5x ~ 3y ; 3x ~ 2 ; 9x == 7 y. (v) 30, IG5, 15, 12^. 
50. fiTjiSin — d^)-hr.^r3bin + — ^ 0. 61. 2 :1. 

52. (x — 3)*+ (y — 4y2 ^ 25; circle. 53. 2ax-\-2ljy — a^ + ZA 
64. (Ix-a^-f (4y — 6/ = A 65. {3x— Xj-*x.^, 3y — y^— y.^j* 
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66. The orthogonal projection of a harmonic range is a harmonic range. 
8G. = A 60. 60®. 61. 3i/7. 62. 3ax-Sby+ab = 0. 

03. 6x* + 5t/® + 26ax + 6a® = 0 ; 0) (—5a, 0). 

64. {(x,+3Cj+ ... +«„)/», (»i+tfa+ ... +»»)/»}. 


II a. 

. 1. 3x—j/ = 3a— b. 

2. (a) x—y = 0. (b) 121—6^+39 = 0. (c) x + y = 1. (J) x—2y = 0. 

(e) x = 0. (f) {/ = 0. 

3. » = 0, X = 0. 5. (a) 120“. (b) 80". (c) 46°. (U) 136". 

6. (a) 30". (b) 120". (c) 90". (d) 46". 7. 2x+3y = 12, 2x + 3y = 0. 

8. (a) 80° ; (b) 90°. 

II b. 

1. (i) y—x = 0. (ii) y^/Z—x = 0. (iii) j/+xv^3 = 0. 

2. (3, 0), (0, 4), (-8, 0), (0, -4). 3. 136", 46", 90". 

4. 1, 18, - 2 V 2 , ia, 56 . 6 . 7t/-9a; « 126. 

0. (i) ac = 0, y = 0, x + j/ = a. (ii) = 0, \/Sy—x = 0, 2ac— a\/3 — 0. 

9. 30®. 10. 150® ; 150®. 11. x^+y\/2 

13. (i) x/i + y/S = 1, 3x/5 + 4i//5 = 12/5 ; y - -3x/4 + 3. 

(ii) X/4-2//2 =1, x/V'5-2y/>v/6 = 4/>/5; y = lx-2. 

14. 3, -J. 15. i/\/3-x-3-v/3 = 0, X « 0. 

17. (i) c/\/3, c. (ii) c, — c. (iii) c, c. 

18. The perpendicular from the origin on the line is 3. 19. + 1|. 

20. (i) y-v^S+x* 4. (ii) y\/3+x = — 4^/3. (iii) j/v^S+x - +10. 


lie. 


1. X— 2 + At (y — 1) *= 0. 2. 3x+4y + /* = 0. 

3. (a) x + 7y+fc = 0; (b) y+^ « 0. 4. 3x-f y— 5 + /4X 0, 

5. X cos (X + y sin a = +1. 0. y\/3— x+/i = 0, or x + /i = 0. 

II d. 


1. 3(x4 2)-(y-3) = 3x-y+9«0. 

(x + 2) + 3(y— 3) = x + 3y— 7 * 0. 

2. 7x— 4y =* 0. 

3. (a) x-2y + l » 0. (b) 4x+y + ll = 0. (c) x-y = a-b. 

(d) xco3l(0+<^)+ysin|(d+<^) ~ acos 

(e) 2x— (m+n) y + 2amn = 0. (f) (x — a) sin (y — b) cos^ »= 0. 

4. y cot 75® »= X — 5. 5. lOy+llx— 100 = 0. 

0. (a5"”35j) (Xj— Xj) + (y— yj) (yj— y^) = 0. 

7. (a'y— b'p)(ax + 6y+c)+(6p— ag)(a'x-f b'y+c') * 0. 

^ 5 (3 + 4\/3) x + (4 + 3‘\/8)y + 4 = 0. 9. 0(— 

10. xcos2a+y8in2a « 2p. 

11. c'(ax + by +c) — c(a'x+6'y+c') = (ac' — a'c)x + (bc' — b'c)y —O 

12. x\/3-fy— 4 = 0, X— yv^8 + 4 ~ 0, x\/3 + y*f 4 = 0. 

13. adx + bcyi-cd *» 0. 10. x— 2y = 0 ; x-|-y — 0; 2x + 6y = 0. 
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17. 2a; — 5y — 1, x-\-y ^2, G7a; + 622/ — 569. 

18. (i) 4(3a; + 5y-7)-3(4a; + 6?/-5) = 2I/-13 = 0. 

(ii) 6(3x + 5i/-7)-.5(4a: + 6i/-6) =-2a:-l7 == 0. 

20. = m'; Z' + m' = 0. 

II e. 

1. ^3, 2. 2. 10, 5\/2. 3. ?ia.r + n/»i/ = l)«A + (n — l)6/c+l. 

Ilf. 

1- (-J. S), (44, -5), (14, 80). 2. (3. -/S+l) or (3,3.24). 3. (3, -3). 

II g. 

1. 3. 2. 61x-20i/-l =0; 2^^. 3. (-8. 14), (-2, 1-4), .4. 

4. o6.^ V(«*sin»tf + 6’cos‘tf). 5. 66.i:-3.5j/+ 167 = 0; 5.T + 3y-13 = 0. 

6, 7, (ia + »w6 + n)^ = r* (Z*4-m^). 

a a; = 1, ?/ = 3, a: = 4, 2/ = 2. 9. (4, 4). 10. 31. 

11. I = 2, x-2 + v'3 (</-!) = 0. 

12. = a.^bi — a^b^ ; a^a^-^-b^bj = 0, 

14. }(25y2), tan-* J. 16. 100, 2-/5. 16. (^4, 1 ft) ; (2i>j, 1./,). 

17. (0, aA), a; - 0. 18. a. 19. 6a;+7y - 31. 

21. (1, ?mM4'/ + m4 n). 

23. bu^av — 0, bn + av — - 0, 2tt — a — 0, 2»—b — 0. 24. mu — v = 0. 

26. u + ?(; = 0, w — to = 0. 26. hy-^hx — 2xy, 


II h. 

1. 15. 2. IJ, 3. J or -J> 4. 775. 5. (ab+bc + ca, a-fb + c). 

6. + == 0. 7. .Jc^sino;. 

11. 3 (3a;-f4y — 7) + 5 (4x + 5// — 6) + 30(a;--y+l') ^ 0. 
lOx-t/ 0, 29x + 37i/-51 = 0, 39.r-18y+9 - 0. 

12. r — to = 0, to— 1< = 0, H — v 0, 2M + t7 + to — 0, 2r4-?o-f ?e — 0, 2jy + ?e + t? — 0 

13. ?t = 0, 0 = 0, to = 0. 

Hi. 

1. 2/-f-wia; = 0. 2. (; — m) (?i— p)/(i— 1?) (n— w). 3. + — 2a^ 

4. (p+9-2r)i/-(2i>g-jt)r-~^r)a; = 0. 

6. (^m 3 — ;3 7 ni) (i. 2 m 4 -l 4 m. 2 )-r — 14ml) (12^13 — 


II j. 

2 . *(6^3-3). 3. »;«-4j/+7. 

4. 76®46'; 21x-77v+63 = 0; obtuse. 6. -J, i !,4 + 2^3;. 6. J. 

8. 4x-3tf+7 = 0, ix + Zy + \ =0. 10. 7:4. 11. 2x + 2j; = 19. 

12. i(16v/3). 13. (2, 60°). 14. 8*+6» = 8, Zx + Zy = 8. 

16. (i) (m + n)t/— 2x = 2am?i. (ii) x+mny = (w + «" <». 

(iii) x/a cos i {6 -^ip) + y/b 9in i (0 +<p) *« cos J(^— 0). 

16. 2x—y = 5, x + y = 6, 6x + 2y = 28. (3f, 2J). 

17. 17x + lly+9 = 0, x + 4y + 5 = 0, .r + y+1 = 0. (i, -IJ). 

L 1 
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18. ab/(asin0r4-&cosO(). 30« 21. 7i*+fey « a*. 

22. x*/h* + y*/k* « c»/(7i + k)». 28, (-V, ¥)• 24. (fc-l)/*c. 

25. xVa* + yV6* « 1. 26. {a (b^}/)/(h-hb') ; 2l!>l//(6+50}* 

27. x* + y* = o*. 28. 20. x+a = 0. 

30. (30, 86). 31. (1, 6). 32. (0, -m>i/p). 

33. rco3 2^ = a cos 34. /9, tan**' (l + ecos0t)/6sin (X. 

36. r «= /)C 08 (6— (X). 

36. d® + 2prfcos/3~a}, tan*"' (/jsina + d8ini8)/(/)cos a + f7cos/3). 

37. (i) 6 = J(0C+i3) or 4tr+^(a+6). (ii) r (costf + sin^) = p + 7* 

(iii) 6 = iir + i(/3~a); 6-»+j(i9-a)- 

(iv) rco8(^— J(X) == pcos JCX; rsin (^ — ^a) ^ psin^tX. 

38. Six*— 34xy— 31y* + 44x+92y = 0. 39. ^p*sin0t. sec®CX (1 +sin 20(). 

43. (i) r'cos(6'— a)— p. 

(ii) {r' (cos^' + ccosd'— (X) — 7} -r- {V^ (1 +2ccos(X + fi*)}. 

44. (-7, 3). 45. 120x-35y + 12 = 0. 

48. (i) 4ax + c* = 0. (ii) x*4-!/* *= c*— a®. 49. 1 : — 3, 

51. (i) 2x + y+5 ^ 0, x — 2j/+10 = 0. (ii) 68x = 67 y ; i2x — S^y. 

52. Escribed to third line. 53. 147x— 121y + 670 = 0. 

56. c*(a'* + 6'») = c'*^a* + 6*). 

57. (3^/3, iir), v^r cos^ + 2rsin e±2v^ = 0. 

.V^8,>'COsS + 2rsintf + 6-v/3 “ 0. — ^tr. rsintf = Sa/S. 

68. »* + »*-2ay = a». 60. x + 2 = 0, 7x + 24tf + 182 -= 0. 61. ,7, 9). 

63. (1,7), -1. 64. 19x-2»+19 = 0. 66. j;* - 4 «.t. 

67. o* = 4xy. 68. xVa* + sV*>“ = *“»• 

71. me— MW? « 0, wie + nw; = 0. 72. w + 3v = 0, 

73. x + j/coso? >= p + 7COS<y, xcosoi + i/ =pcoscii; + (?, x p, y « 7- 
75. rsin Csin (^ + .4) — dsin 5 ; .4 pole ; r sin 0 = e? given line. 

77. (x— a)(x — 6)c = X 7 (a— 6) where 0^ « a, OB = b, PQ = c and .4J9, LM are 

axes of reference. 

78. (i) 2hx + 2ky *= /i* + A;*. (ii) (xA-fry-A*-/.*)* -» iky{h^ + k^). 


Ill a. 

3. (x*-y*) (x*-.a*) (v»-a*) « 0. 

4. {(x— y)*— 2a*} {(x+y— 2a)* — 2tt*} (x— o)(y-tt) » 0. 

6. x = a, x»-o, » = o, t/ = -o. 7. x*-»»-0. 

8. x* + 2/pcy— y* s= 0; the given lines are perpendicular. 

9. (a) x*+y* + 2xysec2^ = 0. (b) x* + y*— 2xysec 2(1 - 0. 

10. (i) X— y = 0, X — v'8y == 0, x+-v/3y = 0 ; 45®, 30®, 160®. 

(ii) y « xtan(X, y = xtan (Oc+60®), y « x bin (OK + 1*20°) ; (X, (X + 60®, 0( + 120®. 

11. The lines w — me = 0, u + mv =^0; these are harmonic conjugates of u = 0, 

e — 0. 

12. (a) X*— 3xy + 6y* = 0. (b) x*— 8xy+6y*— 6x+9y + 9 = 0, 

18. a(y-a)*-27i(y-a)(x-b) + 6(x-6)* - 0. 14. 0. 16. M*-e* « 0. 

16. (4,0), (-2,0); (0, -IJ), (0, -4); (6, -6), (2, -2). 

X— y «* 4 ; 3x+4y + 6 »= 0. 

17. a + 6«0. 

18. (a) a/b * b/c - c/d. (b) (6c-ad)* » 4 (bd-c*) (ac-b*)c 
(c) a+c « 0, b + d « 0. 
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19. (i) x*tan8^— + ** 0. 

(ii) x*tan^+x*y (2 tan^ tan2d— 1)— xy*(2tan 2d + tnn^) + y* « 0. 

20. a* — a* c — 6 ad* -fed* « 0; d®-f d*6— 6a*d~a*6 0, 

21. x*-fxy-f 2y* « 0. 22. a*2*-f a*m* * 1. 

28 . x^ — 4x*y cot4d — 6x*y*-f 4xy*cot4d-f y^ « 0. 

Illb. 

1. Oxa-f 12xy-f4y*~6x-4y-fl - 0. 2. tnn-H~ W)- 

3. (x-f y taiia)(x-ycota) = 0. 5. 3 A. 7. vA). 

8. 8x+y ^ 0, x~3y « 0. 11. 

12. (i) (a6'-a'6)* « 4(6/i'-6'/0(«V-a'^). 

(ii) (fc6'-aaV + 4(bV-fa'/i)(;t6'4-a/i') -0. 

13. x*-f 2xy-fy* « 0. 14. x*~2xy--y* — 2x — 6y - 7 - 0. 

10. a tan* a - 2* tan 0( -f 6 » 0. 17. 60®. 

21. 2p \/6* — ac/(rt sin* CX — 2 6 sin (X con CX 4- c cos* CX). 

22. a + 6 — 0 and A(Z**-m*) = (a-6)/m, 

or a/*-f 2Aim-f 6m* = 0 and (a-f 6)*-f 4 (a6--/i*) a. 0. 

28 . (a'a — aV) x* + (a' 6 — ab') xy-f(6V — 6' /») y* * 0. 

26. 1/{(Z* — m*) sin CX-f 2ZmooaCX} ; x* — 2xy cot CX— y*-f A posec Ol 0. 

20. ab' + a'b 2hh' ; a6' + a'6-2M' « 6 (^'®-a'6'). 

31. 2cV{(^* — ab) (1-f 2mco8o;-f m*)} -f* (a + 2/im-f 6m*). 

lllo. 

1 . 0 . 

2. 4jr*+8jrr-f8r*-f8.r-f2r-6«0; 

2J"+r-l-0; 2jr+8r-f6-0. 

l lld. 

1. Jr*-f r* « a*. 2 . 2xr+a* * 0. 3. 2^7-c*-f a*-6* « 0. 

4. JT (a cos* ^ + 2 sin ^ cos ^ -f 6 sin* ^) + 2 xr (6 - a sin ^ cos 9 -f /i cos* ^ — A sin* $) 

-f y*(asin*^ — 2Asin^ cos^-f 6cos*^) -» 0. 

6. X-J9 - 0. 0. 2^, y* -= x*tan*tf. 

7. Jr*(i+v'8)+r’(i-v'8)-2xr- 0. 

l lle. 

1. (i) AA'-hBB' == (w4^' + jBu 4') cosw. (ii) a + 6 * 2^cos<w. 

2 . (tel + myi’+ n) sin cu 4* V(i* + m* - 2 cos ew). 3. x* -f y*. 

4. X* (^ — aoosw)— xy (a — 6) — y* (A — boosw) = 0. 

l llf. 


1. ax + Ay+y « 0 ; any number. 

3. If ax + Ay-f y « 0 ; Ax + 6y+/- 0 Jhave a finite solution ; one way ; 

4. Yes, when (by— /6)*< (ab — A*) (6c— /*). 

6. (a) btan*^ + 2Atand + a = 0. (b) atan*tf — 2A tan^-f 6 * 0. 

(c) tan 20 = 2A/(a— 6). (a) and (b) if A* < ab. (c) Always possible. 

0. ab sss A*. 
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Illg. 

4. (a) -W-. (b) -H. (c) m- (d) » or (o) 12 or 48. 

0. (a) C = 0 and A et 0. (b) a+i = 0 and A — 0, 

10. I*— 8y’ = 0 or Sx*—y* « 0. 11. x*— y* •« 0. 

21. The pairs of harmonic conjugates are x’+2xy— V® — 0, x®+6xv + 6y* »- 0. 

26 . AA{A.»+xi+6+C?} =0. 

29. {o(o' + 6’+2A')-J>(o' + 6'-2V)}« 

+ 4 {o(a'-6')-A(«'+6'-2A')} {b(a'-b')-h{a'+b'+2h’)} = 0. 
32. K — 0, or oo. 


Va. 


1. (i) (1, 2), 2. (ii) (3, 0), 3. (iii) (-a, -6), c. (iv) (i,4), i. 

(v) {.ia, ib), (Vi) 4); 727/14. 

2. (i; x® + y*-6x*-8y = 0, (0, 0), (7, 7), (ii) + 6y + 12 *= 0. 

(iii) x®4- — 4xcos^ — 4i/sin^ * 0, {2 (sin ^4- cos ^), 2 (sin d + cos^)}, (0,0;. 

(iv) 4x* + 4i/’-12y + 5 - 0. 

(v) x2-f * a\ ia/\/2f ajs/'i), ^a/\/2). • 

4. (a) x^ + xy+y^ + bx + 7y + 9 = 0, (b) x*— xy + j/*— x + Oy + S * 0. 

(c) x* + V^2xy + y® + (2 + 3 V^2) X + (6 4* ‘V^2) y + 6 + 3 \/2 «= 0. 

6. 60^; (3,2), v/l3. _ 

0. (i) (*-8)*+(» + {)* = (i761)«. (ii) (x-2;*+»’ = 2». 

(iii) (*-})*+(»-J;» = (l/72;* 

8. (i) x*4v’ ^ 4. (ii) x® + y’ ■= 2. (iii) x* + y* — c*. (iv) 9(x* + y*) — 1. 

(v) 4 (x’ + y’; •= + i>®. (vi) l‘96 (x* + y*) - 27. 


Vb. 

1. x’ + y*+12x— lOy + 9 — 0; x’ + j/®— 6x + 8y— 9 = 0. 4. ( — 1,1). 

6. x» + y»-6x-8y + 20 = 0; 76; (2,2;(2,6); (2, 2) {6, 5). 

0. x*4-2yx4-c = 0 ; x* 4- 4- 2/y — = 0. 7. /* *= c. _ 

8. x*4-y*-“ax — ty = 0. 9. + 10. (4, 1 ), V^5. 

11. (x— /i)*4-(y-A;)* = a’, (A, /c), a. 12. x2 4-y* « 4a^- 

is. (1,2) (4, 3); \/l0. 14. 3x*4-3y^4-10ax4-8a* =* 0, (— 3a, 0) ( — Ja, 0) 

15. xa4-y®-ac~6y + 4 «= 0. 

10. x*4-y’4-12x4-16y4'75 =. 0, outside, ( — 3, — 4)( — 9, -12;. 

17. 6x5 + 5y2-8x+4y-6 = 0. 18. 8i»-28/+ 10 = 0 ; 23 + 7209:16. 

10. x24-y* — 3x4-1 «= 0, x®4-y^-5x4-4i^4-9 = 0. 

20. x®4-y^— (a4-cV^/ + + ^1* 1/ ~ 1- 

22. (-i,i), iTio, (-2i, J), 7i 

23. (i) (x-a)®4-(y-&;^ = (A-a)2 4-(A:-6y*. (ii) x*4-y*-2ax-2ry 4-a* = 0. 

(iii) x*4-y*~2fx-2ry4-»’* = 0. 

26. xa4'y*-(a+^)(®+y)+a/3 - O. . 20. x4-y-7 « 0. 

27. Circle through B and C. 28. x*4-y*— lOx = 0. 

29. ah {fl + m*) - am 4- W. 
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Vo. 

1. x + y + 6 « 0. 2. y— 4 = 0 ; 8x + j/ + 2 = 0 ; 8x + 4y « 10* 

8. 4x-3i/= ±10. 4. 3x + 4y=:0; (|, -2*). 

5. Inside; 9x— 2y— 6 * 0. 6. (2, 1). 7. 7/\/2 8. 2x + 5j/ -- 29. 

9. 8x-y-8 * 0, 8x-y+2 = 0. 10. 2x-5y+ll *= 0. 

11. xHy*--2x~2y + l * 0; ix* + y*-l?x-12y + 86 « 0. - 

12. (8 cos d-f 1^3 Bind + 2). 14. 10x^17; y — 2 

16. 8x— 4y— 5 = 0; 8x— 4y+15 = 0. 10. Circle ; straight line; circle. 

17. Circle; 3 (x» + y^)-14 (x + y) + 26 « 0; (1, 8). 18. xHy* = 25. 

20 . xcosa+y aina =* ±r. 21 . 2 (a^ — x -f 2 (6^ — tj) y » ai* + V “ ‘* 2 ® “ V* 

22. Concentric circle. 23. (x® + y*— /tx— /cy)® - c*(.x* + yV> (/», /c) fixed point. 
24. x*-f*y*— 30x+30y + 225 * 0 ; x* + y®— 6x + 6y+9 = 0. 26. 8r. 

27. (x» + y*) (y* +/* - c) = (x* + y* + yx +/y)*. 


Vd. 


1. IfH. 2. (10, 5) (^6, 10); (5, 15). 3. (3, 4), (4, -8). 

5. X si 11 OK — y cos a = ±a. 8. 3f. 13. x*— y* =» 0. 

14. x* + y*4*«y--<»x = 0. 

Ve. 

19. PA is a diameter. 


Vf. 


1. X— y — 5 — 0, X— y*f3^0. 2. (x — a) sina— (y— b) cosa - ±r. 

3. x**f y* *= 2 ; x^-f-y* == 49. 

4. (x^ + y®— ax— by)* = (rx + Ky— i2b)‘‘* + (i?x— ry— iif'i)*. 0. 2x-2y~8. 

7. (x® + y®— ox— by)* = r*(x*+y*). 8. x*+y‘‘' » 2r (xcusa — ysin a). 

0. The concentric circle 3(x*+y*) — 4 (i2* + Br+?*). 


Vg. 

0. n(x®*f y*) 2y5a. 7. { (x— r) (x— ii) + y®}^ - r® {y* + (x— iJ)® j, 

10. {2rcos^ cos<^sec^— </>, rsin^+i^sec^— <^>j. 

12. xcos(a+i8 + 7 + 5)+ysiu (a + /3+7 + b) 2r cos OK cos /3 cos 7 cos 5, 

13. If B is the origin and circle x*+y* 2rx, locus is x*— y® — 2rx, 

14. A straight line. 

Vh. 

1, (i) /c(x* + y*— a*) = y (/i* + /c*— a*), (ii) x*-fy*— 2ay « a* ; x® + y®+ 14ay - a*. 

(iii) x* + y* + 2v^8ay— a* — 0. 

3. X* — y® + 2A;xy = a*. 4. x® + y*— 4ax + a* 0. 

8. (i) 9x® + 9y® — a* - 6ttycot a. (»i) x* + y®— a ^ — 2aytania. 

(iii) x* + y* + 2aycota = a*. 

Vi. 

1. (8, 0), (-2, 0). 

2. x« + »*-a(X»+X-»)a:-2o(X-\-‘) J/-3a> = 0. { -ft, o(X-A-‘)j. 

3. x> + v’-<a:-21»+12a = 0. 4. x« + »»-«x-4tf+8 = 0 ; (4, 4), (2, 0). 

6 . » 0 . 


L 1 3 
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Vj. 

1. (x* -f V* ~ r^) ('i* *f /c2 - r2) (/IX 4- fcy - r®)*. 3. 90°. 

4. *®4-|/®4*2fjra; + 2/y4-2c— = 0. 5. 8x® + 8f/®-f 12x — 18y-|-86 =- 0. 

7. 3a;-f4!/- 7. 

MisoellaneouB, p. 174. 

1. gx4-/i/+c «= 0. 2. j/®-a|/~3c+4 «= 0. 3. (15,20), 

5. 2x + y 0 ; :r — 2j/ = 0. 7. A circle. 

8. a;®4-I/* *= + where (±rt, 0) are the given points. 

10. A straight line. 

13. 8a;® — 8i/® + 2a]y\/3-3a® = 0, where vertices of triangle are ( + o, 0), (0, 

16, (0, mn/p) ; p (x®4- j/®)+p (n— m) x+ (wn— p®) i/— mnp = 0. 

2 p (x® -f- !/®) — (»a — n) px — (?Mn 4-p®) y - 0. 

16. (xi®4-yi*-a®)(x2®-f Va^-a®) - + 

18. A circle touching a line parallel to given line at the given point. 

20. -1, -3. 22. r®-(a® + fc® + c®)r-2a6c«0. 23. xx' + yv'-a*- 


Vk. 

1. K = 1, x±2\^2y - 3. 2. 6x« + 6 v’-18!rv + 22x + 60j^- 166 = 0. - 

3. x* + y® + 9x + 7y — 6 « 0. 4. x®*f y®-|-4x + 4y— 1 « 0. 

6. x® + y® «= 1, x® + y* - 81. 6. X — 24 - ±2*>/2y, 

7. 10x®4 10y® + 18x-30y-8 “0. 

0. (x* + y® + 2y.ic4-2/i/ + c) (al + bm— 1) = (a®4*l>® + 2ytt + 2/64-c) (Ix + wy— 1). 

11. .xa4.|/a4.8y4-9 - ±lOV^y. 13. A+p « 0. 

18. 16(x®4-y®) = 57x; 8 (x® + »/®) = 57x. 

20. X® + y® - 2 (aj (Ca 4- «>®) (<* 1 4- aj)“» 4- 6® 0. 

21. 2(a|— a 2 )x 4 - 2 ( 6 i- 6 .a)y ^ a|®4"&i®— a,® — 62 * — c*co8®0(4*c®co8®/8. 

22. A circle. 

28. (x> + i/»-c) { I (J-f) -m{g-y')}-2x (/-/') + 2» (j/-!,') + 2 (/s--//) - 0. 
24. (aa + 6®) (®®4-y®) + 2c (a»4-&y) 0. 


VI. 

1 . (8, 2), x®4-y®-6x-4y-14 = 0. 2. 19x4-8y-12 - 0. 

8. {a4-&, + J »Hy*~(2x4-y)(a4-6)4-a® + 8at»4-b* = 0. 

4. (-2, -1), (0, -8). 6. y/r^-aO + bK 

11. ( — y4-lA/a, — /4-wA/a) where A® (i® 4 . m®) 4-2 A (yi4*/w- an) 4- y® 4-/® — c = 0. 


Vm. 

1 . (x-l)(y-l) = 0; (x4-y)(x + y-4) = 0. 2. 66x4*17y-6 - 0. 

8. Circle. 6. 0»-2)a4*(y-8)® = 6. 

0, (2/tm— /a4‘i&)x4*(2/W4-wa — m6) y4“P 0. 

7 . x*4-y®— 86x— 46y4-824 -» 0, 26x®4-26y® — 80x — 494y4-64 « 0. 

8. x®4-y® — 2 (fc4-A')x4 2fcA'y/ci4-2A/c'— d® « 0. 

0. x®4-y®46x-10y-7 « 0. lO. 91x®4*91y®-240x-866y4*604 - 0. 
18. 4 (na® — 2 ma& + ?&*) (m* — /n) 4 4* { (1 — n)® 4* 4 m* } . 
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13. 4x* + 4y*-llaj-lly-28 -0. 

14. The angle in a semioirole is a right angle. 

10. 2 (/9, q) ( 7 , 0 sin y) = 0. 

17. 2(o* + 6®)(a6— c®)(6a; + cy-fa)(ca; + ai/4-2^) - 0. 21. uv « w^. 

22. u 4- I'w = 0. 


Vn. 

1. r* — rrj cos (^ — ) — rr^ cos (0 — 0^) + rj r.^ cos — 0^) = 0. 

2. rcos(d — a) « R. 3. rcos(2di — d) = 272co8®^, . 

6. r® + 4arcos0 — 12a® — 0 ; 4a. 

9. (i) (Srco8^-2R)®sin®(X + 9f®8in®dcos®a « i?®sin®2a. 

(ii) 9r®-“12Rrcos^ + 4R*sin®7 *= 0. 

11. 2R7'COH0 -- /c®. 12. rcos^ + f? =9; [ — rf + 2arf, 0°}. 

13. A circle. 

17. The circle circumscribing Wj, u^, Ug is 

r cos di cos ^2 cos ^3 « aco8(d--^i — ^2 — ^j). 

The centres of such circles lie by fours on circles of which one is 
2rcosdico8d.^cos03cos04 — acos(0—94 — 02—03 — ^4). 
There are 6 such circles, Ac. 


Miscellaneous, p. 217. 

2. (a, 0), (a 2 ^ 4 nig, 0). 

4. The poles of x + = 0, te— v = 0 w. r. t. the circles lie on x + 2c « 0. 

Eliminate I between the equations of the pairs of tangents from these polos to 
the circles. 

11. {afc®/(a2-t-&2-c®), 6A;a/(a® + ?/2-c®)}, A:3c/(a® + 

12, Two coincident lines through the origin. 

14. x® + y®+X2/“-2cx + V^5ci/ + c® = 0. 19. x® + 7/® + ax\/2 = 0. 

22. x® + 2/®— px — <7?/ = 0. 

25. X = (a® + ^^)/f, if — a® is the circle, (f, 0) the fixed point. 

28 A”?/® = r(;c~x), (kj 0) is the mid-point of AB, 30. 6. 

35. y® (49x^ + 49x®7/®--4t/*) - 0* 38. Circle. 39. x®4-i/® + 2gfx-f «® ~ 0. 


VI a. 

1. (i) Parabola, (ii) Two real straight linos, (iii) Ellipse, (iv) Two parallel 
straight lines, (v) Hyperbola, (vi) Two imaginary straight lines. 

2. (-4, 1), (-64, 3), 2x®+ 16x4-27 = 0. 

5. (1, -2), (3, 6), (0, 0), (4, 4) ; 2x4?/ = 0; 2x4?/ = 12. 

0. (/® — &c) >, =, or < 0. * 8. //x4&v4/= 0. 

9. (a42A4&)2/*42(flr4/)y4c = 0. 

VI b. 

1. Parabola. 2. Hyperbola. 3. Circle. 4. Two straight lines. 

6. Hyperbola. 0. Parabola. 7. Hyperbola. 8. Ellipse. 

9. Two parallel straight lines. 10. Hyperbola. 11. Ellipse. 
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2. No centre, (-I/,, -A), (4, -2), no centre, (-1A. - A). (0. !)• 

3. 1 , V'i* 4. (*+A'>*+(l/-A)* = 

8 . (!r-l)» + (v-2)* = (8»+4v)«. 

e. (ii) a*+4xy+!/*— 2*+2j/+2 — 0. (v) (2x+»— 2) (*+2y— 2) — 0. 

(vii) (x-y) (7*+») «= 0. (x) (*+y— l)(8*-y+l) - 0. 

8. (Tib) (4) 2 A (6) jv^, 2V'^. ( 7 ) iA 

(8) \/ 27 Ii. (10) (11) l/v'7{24 + 8v'2}i 

9. (vib) (8) »*+ll»* - 2. (11) (3-v^)*»+(8+V^)»* *= S, 

10. tan 2^ ar 2^/(a— 6). 12. Centre and line at infinity. 

13. X ■■ 1, no value, positive, negative, v^l ^ A. 

15. ^^/ 8 , 2; (*, -J) ; (1, -1), (2*, |): *-v-2 =. 0, 3x+3y-4 - Oj 

8a;»+12ay + 8y*-6a5-18i/+2 - 0; a;4-|/~l - 0, ac-f « 0. 

le. (2, 0), (0, 1), i^/E. 17. a/* + hg^-2/gh ~ 0. 

18. (f -1»), 6x+3»+l = 0, x-2y-i = 0. 

19. (i) am«-2Alm + W* « ab-h\ 

(ii) (aft — A*)(a2* + 2AZm+2>m*) -* [A(i*— tn’) — (a~b) Im]^. 

20. (H, n) ; (0, 0), (2|, 8J) ; ix^Sy « 0 ; 8a:+4|/ « 10. Ix + y « 10 ; 

«— 7y+10«0. 8a;+4i/— 6»0; 8a: + 4y--16 « 0. 

21. — y*) = (<i— b)xy ; (ao — A*) — (o + b)r® + l « 0. 

22. 2a;— 8y— 2 = 0, 3a5 + y+2*0. 23. V|. 

25. (-Hi, -A\), 20a;-86y-l « 0. 26. $ 7 (v) 2a;+y « 15, 2a;4-y * 5. 

27. Referred to 4a;— 8y+l * 0, 3a!+4y— 1 «= C as axes ; a;y « 1, 

28. (5/8, 18/8), 4*+4y-7 - 0. 

81. oV^, ^oV'S; x-y-0, x+y«0; (|oV2, Jr.%/2); fy^. 

87> The point of intersection. 

Vila. 

3. (acot*^, 2a cot ^). 4. oi*. 6. {+am* — 0. 

6. y* = 4ax(Ix+tnv). (i) 4ai = 1. (ii) J+om* = 0. 7. y'l^/ia. 

10. 90". 12. r* = 4by. 

16. (i) (-2, -H) ; x+2 - 0 ; (-2, -J), 4y+9 - 0. 

(ii) (81,1); y-1; (4,1); x - 3. 

(iii) (4, 8 ) ; x-4 = 0 ; (4, 7*) ; 2»- 17 = 0. 

(Iv) (J| ij); ®-»+l *= 0; (It 2); x+y-l = 0 . 

19. (acot*0, — 2aoot^). 20. x+y cos<>t+aco8ec*a> = 0. 

21. (4, 4), (i, -1), 2y-x-i = 0, 2y+4x+l = 0. 

26. (A. -A); 4x+8y+9 = 0. 

27. (i) In = am®, (ii) al®+2alm® + m®n = 0, x .. 0, y* — o(x— o). 

28. 16x»+24xy+9y*-140x+20y = 0; (1.6, 1.2), 4. 

32. ProTe sum of radii .i sum of perpendiculars from focus to tangent and 
normal. 

VII b. 

7. 2:1. 9. x(l+<’)+yt+a<* = 0. 

11. When orthogonal the envelope reduces to the focus. 

16. y*~4a(x+41). 
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1. y+tx-at-<te^ = 0. 3. -(«*+2V^- 

8. (*— (J<*)(<+cosfl») + (»— 2<#)(l + (oo8tt>) = 0. 

6. y*— a®— aA + 2a* = 0, rv + «*:“0« 7. !/’ •= 16 |(f — 2)/15}’. 

20 . = (a + 6)’(® + a). 28 . Jr-6a; -jr. 

VII d. 

1. 4oV^; (6a, — 2o) ; 4a\/2. 2. ®*+v*— 10a*+9a* — 0. 

8. Ax-By + a + idA^^Q. 6, (3a, ±20^8). 

Vile. 

1. as* + 2(sf + 2a)a5+2/^ + c = 0. 

2. {(3<+l)y~4x}* = 4a{(t»-2^+8)x~2<»(l + 0!/~4a«»}. 

8. + + Aa + 40X+16 0. 

6, x^+y®~20ax + 60a^ = 0. 

8. x*4-l/®-‘(3m* + l)ax + m(wi* — Sjay + Sa^m® = 0. 

10. 2ai/* =5 (a — A)*(x--a). 

12. x®-f — 3ax * 0. ' 

13. The point (—3a, 0). 

VII f. 

1. 8/125. 

2. (i) \/6j/* + x = 0. (ii) - x. (iii) j/® = 2x. (iv) lOv^lOy*- 7x. 

3. {/V(y*-l-d*), + 5. (ftx-ay)® + 2a6(;6x + ay)-8a26»-0. 

7. (8a, 0), (3ia,0). 9. -4ay/(a + 5)»; - } (ay (a + 26)}/{A (a + 6)®]. 

VII g. 

1. A straight line (2x/a + 2y/D— 1 = 0). 

2. A straight line (x/a+y/& — 1 == 0). 

3. A straight line 2 (6 + aoos<w)x+2 (a+5co8(w) ?/ == afe. 


Miscellaneous^ p. 299. 

3, aix+fely+a^ = 0. 16, x— 4a = Ary. 10. x+l+2y = 0. 

17, x* + y® — 6x— 4y — 8 = 0, x® + y® — 22x+12y+ 13 = 0. 

18. y^ + y®(x-2a)(x-c)— a(x-c)® = 0. 

21. a(x‘^+y') — (y'®-f2a®)x + y'(x'— a)y+ax'(2a— x') 0. Vide i 7, 

22. '*y® + x[x® + y® — 2Ax — ^ (ia— A)] = 0 ; if A =s a, (x + a) (x® + y®-3ax — 8a*) *= 0. 
24. k (y — fc)® f 2 (A -- tt) (x — ^) (y — /c) — Ac (x — h)^ « 0. 

45. Maximum or minimum according as the ordinate of the point is > or 
< 4 a. 

47. (i) 16a i^x — 2a) * y®. (ii) x-f-a — O. 

48. (a + a')®y® + 46® (a f a')x — 4aT'»»* = 0. 

60. y (y— fe) (»— A)+x (x— /i.)® + a (y— Ac)® — 0. To prove the second part, find the 
value of X for the foot of the perpendicular on the tangent at X, and then the 
condition that A should be real. 
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Villa. 


a. 2x— 8v— 1**0, 7x— 18y+l a 0. 9. divides in ratio 8 ; ^ 6. 

10. (aoosOl, tsinOl), (acosSOI, — 68in8a); (**+y*)’(o***+6*y’) “(«**’— 

11. { 4, VI. 13. {± V’VCA.+l), 0}, ac* ~ V. 

17. {o’»7V'6*ae'* + o’y'*, 

20 . a(x*+y»)-l. 21 . V'(o’-p*)(p»-6*)/l’- 

26. 10a:»+8v« - 187 j (0, ± ^1809/30) ; 20a!+21y = 0. 

28. If X : 1 is the ratio, 1 + 2/(X — 1) « 2 (l--e*)/(e® sin 2^), X greatest with 

sin 2 if/. 


VIII b. 

8. aM)*. 10. - (aa~b*)». 

17. (a* cos® a + 6* sin* a) i, (a® sin® a + 6® cos® a) K 

20. p. 822, Pole of chord joining feet of normals lies on director circle. 

28. a:®/a® + 2/®/6® = 1/2. 82. a®a;2/(a®4-&*)2+y®/46® « 1. 

87. tan®^ « (l-fl4)/(2e®-l). 41. (x® + t/®)® - 4 (a®a;® + &®i/®). 

43. t(2nir~a), where n == 1, 2, 8. 

44. a“ >/a“ - 2 - *>* i 6’ ■/2 a’ - 67'/“^ - 

Ail, The chord joining the feet of the other two normals is a;/x'+2//y'+ 1 0; 

then (a, lies on this. 

48. The fourtli normal from the point ; 

{hx cos 8 4- rty sin 5)® — 2 a6 {hx cos 8 — ay sin t) 4* a* 6® « 0. 


VIII c. 

3. (x®4“!/2)® =s a®x®--5®i/®. 4. (a®4'l>®)x — a(a® — l)®) (x®/a®— t/®/b*). 

6. The vertex (a, 0). 10. (a® 4- 6®) sec® ^/a, ~(a® + Z>®) tan»^/&. 

11. x±V±V"a®-b® = 0. 

12. (i) « 0, Wzh = -I- (ii) 2fi4-2^iJf3/3 *= 0. 14. x®-y® = o.tv^2. 

15. (i/, iy). 20. x2/a®-y®/6® = (a®4-Z^®)®/Ca®-5®)®. 

21. ax cosec B — iby sec ^ = a® -f &®. 23. (a® tan* 0 4- sec* B)\/db. 

24. b2x*-(a®-6*)y* = a* 6*. 

20. sin 0 cos J (^ — ^) 4- sin i(B + <f>) «= 0, {pc^/a ^ — y*/6*)® = x*/a® 4- y®/b®. 

32. xt/i— x^y « 0. 


VIII d. 

3. (x*4*y®)* = i4c*(x®— y®). 8. The hyperbola. 11. x*/a®— y*/?>* = + 1. 

12. ax— 5y = 0. 14. The centroid of iikfXT is P. 

27. a®b®(x®4-y*) = (a*4'b®) (b®irx,4-a®yyi) ; 4a*x* — 4b*y* = (a*4-^*)®. When the 
hyperbola is equilateral the centre of the circle is the point P. 

82. X® sin ^ cos 0 = /, where (x sin ^ 4- y cos ^)® = 4/8in ^ cos B, 


VIII e. 

1. 3*»(7±8v^)-4y»(2±V^) = 12. 2. *Sgec*CX-y*cosec9 0< = a«-b>. 

3. xV“* + »V6‘ = l/(o’ + b*). 6. Circle. 10. 

23. x2-y2-2xycot2a « c*. 
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Misoellaneous, p. 871. 

1. A circle touching the given circles at the point of contact. 

2 . ly*— mary-f na *» 0. (a) as *= 0, (b) nac = 0. (c) y =» 0. 

3. (i) =* 0. (ii) y* « Sax. 6. The line BD. 

10. (l+»iia)(m2-m3) :(l + ma^)(w3-mi) : (1 +^132) ( 7 «,-m 2 ). 

11. If the fixed point is the origin, (a + 6) — 2yX— 2/r+c(Jir*+ = 0. 

13. (y— l)(4a; + y— 8)+X(« + y~2)(6a;+4y+l) ; when Ak 4 the conic is an 
hyperbola. 

14. 2x2 -8y® + 3a:y— 6x4-20y — 12 « 0. 

15. x2 + y8+:cy — (a + b) (x + y) + a& a 0 ; x--y*=0; 8x-f 3y *= 2a + 2i). 

22 . tan-4«’(l-e2)-i. 

34. x* + y2 — cos ^ (2 a2 + sin* 0 + 6* cos* 0) %/a 

— sin 0 (2 6* + a* sin* 0 + 6* cos* 0) y/h + (a* + 6*) = 0. 
30. 3x68in 0 + 3yacoa0 = 2a6sin0cos0. 

39. (a/x + j9/y) (x*/a* + y*/6*) + 1 = 0. 

41. bisector of the angle between the sides. 

43. 9(a* + 6*)/2. 46. b*.x*+a*y* - a*6*e*. 47. x7a* + y*/6* « 1/2. 

49. (x*/a * + y*/6* — 1 ) (cos a — 7 — cos & cos 6) 

+ {xcosa/a + y sin CX/ 6 — cosiS} {xcos 7 /a + y sin 7 / 6 — cos 5} « 0 . 
60. (iii) Max. a*(x*/a* + y*/ 6 *— 1), min. when 0 P(^ a tangent. 

Min. 6 * (x*/a* + y*/ 6 *--l), max. when OPQ a tangent. 

62. ax — by = 0. 64. a*xyi + b*y.Xi = (a* + b*)xjyi. 

65. ax* + 6 y* « a/a' + b/b'. 

60. A common chord of the ellipse and circle is a diameter of the ellipse. 

06. x* + 2 /ixy — y* = 2 /y (rectangular coordinates). 


IX. 

7. Two through each focus ; 0 = cos”^ \/u/16. 

8. 11. Z*(ri*-2rir2 cosa + rj*) — 4Zrjr2(ri+?-2)3in7a( + 4r\*?-,*sin^^a =4 0. 

29. r* (1 — c*) + 2Zercos0 — i* = 0. 

30. cc'(l — e*)* + 2;e(c + c') (1— 6*) + i*(l + e*) = 0. 39. A circle. 

44. isec* = r+resec* i5cos0, i.e, a confocal conic. 

40. F is the focus of the conic, which is a parabola, ellipse, or hyperbola 
according as the distance of the B line from P is or > the radius. 

47. It touches at the point (X. 48. r* — 2rZeco.s0 + i* (e* — 1) - 0. 

49. c* = rr'cos(0— 0') ; r* — 2 rce cos 0 + c* (c* — l). 


Xa. 

4. ZjZj + miWj * 0. 5. tan''7""V^i)* 

0. tan”^ (li wia — + Wi wia). 

7 . (a) A point at infinity on kx — hy = 0. (b) A line through tho origin. 

8. — cosCX/p, — sina/p. 10. /,m 2 + ia»’^i = 9. 
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Xb. 


8 . tan~'(Iini, ^ /jtitj) sin a;/{lila+r»im,—(iim2+/2 mucosa;}. 

6. «i(tea+mya+n*,)+0j(tei+»iyi + n«i) = 0. 

8. ax+&y + l * 0, a'flf— ty-M *• 0. 0. [6 — 6', a' — a, a6'— a'6}. 

10. (pt-au 0). 11. (40 : 27 : 19). 


12 . 




■2Ci(J,C8. 


13. [-Vali + 6mi\ -mi/(a^i + 6mi)}. 14. {w,/(yj-awii), V(ami-6/j)}. 

15. ii(6— 6') • mi(a — a'). 16. x* + y* — a(a + a')-2/(6 + 6')+aa' + 66' - 0, 

17. (2a-il)l+(26~B)»n + l -0. 


18. 


«! 


19. c*(Z« + m«) «= 1. 


20. (l^, -1), (3«,6^). 


21 . {^i-^j + 6 (Zima-? 2 mi)}/{a(li-«j) + 6 (Wi-ma)} ; 

[mi - Wa + « (^2 ^ »W 2 )}/{« ~ ^ 2 ) + (^1 ■” "* 2 )} • 

22 . « a*, l‘ya^ + m^/b‘^ = 1 , = aZ. 

23. i+m+e = 0, J— m + c *= 0, al + dm + c *= 0, clm + l'I-w = 0. 

24. / («i+aa + a,) + m (64 + 6a+63)+3 — 0. 25. am* — 2 * 0. 

26 . 2 (ai-iaa) + m( 6 i — 26 a) — 1 ** 2 (aj + 2 a 2 ) + m( 6 i + 262 ) + 3 = 0 . 


Xo. 


1. — cosi (^+^)/rco8i((? — ; — sin J(^+0)Acos 1 

5. iJa+w26 + 8 *- 0, c/3. 6. a* + 6* = r*. 7. l/2a, ±l/2a. 

8 . ( 2 , 1 ); 2 . 10 . r* 5 *(p — g)* + = [(ps*— ^r*) i + .s*— r*]*. 

12. a*(/* + m*) — 1, circle. 13. The points are (0, +c), the centre (//, 0). 
18. Centre (c, 0), radius c, common point at the origin. 

10. * 1 (see Question 18). 


Xd. 


1 . a*6*(l* + m*) = a* + 6* ; circle. 

2. (1 + 4 oZ) tan* (X « 16a (am* — i) ; the point (4a, 0). 3. Q* + 2ap = 0. 

4. Circle. 6. A paiabolr. 7. A confocal parabola. 

8. (ap + tg + 1) = (a! + 6m4-l)(pH7wO J 

p/(pa + 564-2), g/(pa + gb-^2;, 

10 . - 1 *^( 1 + 2 i*), t-Va(l + 2 <*). 

11. A parabola whose focus is midway between the centi-es of the circles. 

12. A paitibola touching the given lines. 13. am* + i ~ 0. 

14. a*Jm (fil— Am) + l*+m^— A?— ;im 0. 

16. (i) c*lm « (aZ+ 1) (6/n+ 1), a conic touching OJ!', OY. 

(ii) (a + 6 + c) Im+l + m = 0. 

(iii) (a— 6+c)lm— 1 + m = 0, which are parabolas touching OX, OY. 

17 . 3a(?* + m*) + l(ai-l) = 0, (-a, 0). 
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18. a‘l*+M»n*- a*, { + ya«-6V<»> ®}- 

19. l,*iHCa«l*-6*»n*)-a*6»foi(l,*-n»,») - 

{b»»nj, 0} {b*I„ o»TO,, 0}. 

80. (*, 0) ; (0, 0); - 4(W+1). 

22. (4a, 0) if the focus is the origin. 23. » 0. 

27. Coaxal conics. 28. y2+4aa;+8a* * 0. 29. A point. 

32. (4 a, 0). 

XI. 

3. (a®3c® — 6®y®) a®y^) ** a®5*(a® — 6®)(x®— y*). 

6. (a-6)(sfx-/y) + 2fc(/x+yy) * 0; (/® -r (a/® + -* 2/a*). 

0. A conic. 18. x « 0, x + Sy = 0. 

18. 2(a*'~a'*)x + (a5'-a'6)y+2(fi/'-rt7) -0. 

(«/-a7)®* + 2 (//'-V/)xy + (6/'-600y* = 0. 

21. x®/a® + y*/b® = 1, ellipses. 23. (0, 0), (4^, I J). 

24. The hyperbola referred to the normal and tangent at the point is 
ox®— 2&xy + &y® = 2y. The vertex of the parabola is (Jb, — }6). 

20. x® + xi/+y® — (o + 6 + c) (x + y) + (a6+6c + ca) = 0. 

28. {aW — a' *) X® + (a' b — ab') xy + (*b' — b*') y® « 0. 

30. 4 (x® + 2xy + 2y® — 2x— 2y) +/c(x® + y® — 2x) ■= 0 where *® + 18* + 20 .» 0. 

82. C7 = x®/a® + yyb®-8; u8+86 r® « 0. 34. C*x+by)®-(ob-*®)y® = 2by. 

37. The tangential equation is (ai + bm + 1) (oi-f bm — 1) + A (i® + m®) = 0. 

39. fQ 1 gr. 40. 2/ix-2oy+/- 0. 

42. 2ab; {c/(l + c6sa;), c/(l + cos<w)}-, 2c®/(l + co8o;) where o+b * Jc. 

44, Xlf' + i'3f « 2m' •, 

{(l/a-l/o'):c-Cl/b-l/b')y}® 

+*®(Vo'-l/o)(l/b'-l/b) (x/o + y/b'-l)(x/a'+y/b--l) - 0. 

45. 4X® + Jif2-4i2® = 0. 

48. V^ld>+a+F), ^/2((**+0i»-8’) ; (Of, 8), (-Of, -8). 

Note that ob — =» —4c and use the tangential equation. 

61. AiCS-AC,8i«0. 

63. See p. 428. The conjugate diameter is a parallel to the polar of {%' y') 
through the centre. 

60. 8a\/i0/25. A parabola ABODE touching x « o at B(a, So), x«y at 
C(ia, io), x + y - 0 at i)(-a, a). A5(+ + -l), CZ)(-f--), 

). Axis, 15x+6y — 6a = 0. 

69. (i) (o-a')/®-2/y(*-*')4-Cb-b')y'' - 0. (ii) (*-*')* - (o-o') (b-b'). 

00. *® (x® — a®) + (*® — a®)y® « 0, where x® + y® — a® is the circle and x = * the 
fixed line. 

64. (AiCi-Bi®)x2-(^iC3 + AaC'i-2BiB3)xy + (A3C2-Ba®)y« =- 0, where Bj... 

^2 ®3 

are the minors of Oj, bi... in b^ bj bg . No. 

^3 

67. (oy± vbcx)®— 2 obex— o®(b+c) y -fa® be = 0. 

68. (i) Straight line, (ii) Circle. (iii) Circle. (iv) Ellipse and hyperbola, 
p — ian®^, where 20 is the angle between the lines, Jg = distance of their 
point of intersection from the point midway between the poles. 
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XII a. 

1- (i, i. I). (», -i, i). 2. (-4, 6, 0), (1, 6, -8). 3. (0, 1, 4). 

4. (i) (1, 8, -8). (ii) (4, - -i). 5. 2 : 3 ;4. 6. 18 : 2, 

7- (i) (4, h 4). (ii) (1, h ♦). 

8. {i(2a;i+®a), ii^yi + Vn), {i(®i + 2a:a), J(l/i + 2ya), J + 

0. (i) (1:1:1), (a:b:c). (ii) (-1:1:1), (-a:5:c). 

(iii) (cos ^ : COB B : cos C), (sin 2^ : sin 2 J? : sin 2 C). 

(iv) (sec ^ : sec B : sec C), (tan A : tan B : tan C). 

10. (0 : 6 : c), (0 : 6 : -c), (0:1: 1), (0:1: ~1). 


XII b. 

1. 26*-f — 62: * 0. 2. cy--bg =» 0, az — cx » 0, hx-^ay = 0. 

3. aOL — b0 = 0, ft/S — C7 ^ 0, cy-aOi == 0. y — s « 0, s' — ac = 0, x^y =» 0. 

4. my + ws ** 0. 6. l(m'y-\-n' s) -= T (wi/-f 9u). 

6. /9 + 7 0, 7±a « 0, O(±0 = 0. cy±bz = 0, as + ca: = 0, hx±ay = 0. 


XII c. 


9. ( 

p±fZ) x+ (7 + d) 1/4- (r + d)s = 

0. 


p 7 r 1 

1 1 1 

10. 

V\ Qi n 1 = 12. 

Pi 7i ^i 


Pa 7a »’a i 

Pa 73 >*3 


1. 2 S cos il cos B cos C. 2. 8 i?/mn -5- (6n -f cm) (an + cZ) (^am + hi ) , 

3. a:co8-4sin(B— C) + i/co3J5sin(C-->l) + 2COsCsin(.4— B) « 0. 

4. a + /3-7 = 0. 

6. »— (m-1) 2/ — (n-1) s = 0 ; {0, (n~l)/(n — m), (m — l)/(m— n)}. 

6. Br^sin iB^Ccoseoi/l-r V{R^-2Br}. 7. ICBS^-afec. 


0, 5(7, — ri)((72-r2)cotyl = 0. 


13. (i) Mid-point of JiC. (ii) ‘ Point at infinity ’ on i>’C. 

(iii) Foot of perpendicular from ^ to BC. (iv) Centroid. 
15. a cos-4 —/3cos B — 7Coa C = 0. 16. accos-d » ycosB, 

17. 3(pa; + 9?/ + r2!) ~ (p4-74-r) (ac + y + s) ; 2/4-s -= 0. 

18. -v/(l - 8 cos A cos B cos C). 


= 0 . 


B 7 

7i = 0. 

IC08-4 — ZcosC n—ZcosB — mcos J 
24. xsin (B—C)4-(2/~2) sin-4 = ±\x, 0(sin(B-C) + BsinB— 78inC -= ±/*a. 
20. xcot4l + ycotB + scot 0 = 0. 

27. x(cot JB+cot JO)— i/cotiB— scot J(7= 0, &c. 

Points lie on xcot J-4 + i/cot JB+scot JC = 0. 

29. (X — 0, BcosB— 7C03O = 0. 

31. BBi = 77u 77i = Ota, = BBi; (a : 6 : c). 

36. (0 : n* : — m^), (n^ ; 0 : — Z^), (m^ : — Z'-^ : 0) ; Z^x+m^y + w'-^s = 0. 



OL 

B 

7 

21. (i) 


Bi 

7i 

(ii) 

1 

— cos C 

(X 

Oil 

— cos B 


z- 

mcosO— 

n cos B 
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XII d. 

1. a^yz^b’^zx-\-c^xy ^ hcx{x-\-y-\-z), 4. acos-^-ycosC = 0. 

6. \/{a&c/(,6 + c—a)}, &c. 0. y cot jB— scot (7 -- 0. 

8. a/9y4-67a + ca/8 + (CX-f/84-7)(aa + b^4-c7) ^ 0. 

9. aV(v + 3~a:) + bV(« + ‘'*^-!/) + cV(x+i/~s) = 0. 

10. x/a* = j//(4 — a* ) -f s/(4 6® — a‘^). 14. ( 2 + m) — mlr : mh^. 

16. 2y2(oo8 J3 — cosC) = 0. 10. {ap, 6g, cr}‘^ « &c. ; x/a-^-ylh^z/t = 0. 

XII e. 

2. A conic; + + — 2i/s— 2sa;--2a;y — 0. 5. \/pix(y + s--x)+ + ~ 0. 

9. ^HrH4^ycosec25« c>r+^r; 2\/2cos2J3/v^4^Tin’^. 

10. PiCgi'-'-ri*):?! (n2-/>i2):ri(Pi2-qr^2^. 

XII f. 

2. cos J — a*f sin iB\/i8 + sin j^\/7 *= 0. 4. /x -f yy + As 0. 5*(/:y:A). 

7. 2aV* + 22tcyAco8 A * 0. 

11. If P.4 and tho required harmonic conjugate meet PC in P, T\ then the 
pencil A (PC, Tr'] is liarmonic. The envelope is Spi/p-^i/ry — r,/r = 0. 

12. If (xi, y^, Sj) is tho fixed point, tho envelope is \/pxi + \/^yj + v/ra^ « 0, or 
Xi/x + yjy+zi/z « 0. 

XII g. 

2. % lx {my' — )iz') ~ 0. 3. {to + my)'^ + n (i 4* m) s* ~ 0. 

4. {mn(m — n) : nZ(n — 1) ;Zm(2 — m)}. 6. x'^/x-i-y'^/y^^-z^^/z ~ 0. 

7. 8x+8y-7a«0; x+16y + 2l2^0. 

8. A straight line, l^x-^m^y + n^s «* 0 whore (/, w, n) is the fixed line. 

9. An inscribed conic. 10. (a) 1. (b) 2. 11. (a) 1. (b) 2. 

18. A conic inscribed in the diagonal triangle of the quadrilateral. 

14. A conic circumscribing the diagonal triangle, it passes through the six 
mid'points of the sides of tho quadrangle. 

10. If the sides of the quadrilateral are (±Pi, ±7i, ±ri) and is the 

point at infinity on the parallel tangent, tho locus is 

Pi^ x/{mz — ny) + y/{nx ^h) + r^z/{ly — mx) ^ 0. 

18. x±y±z 0. 

19. If the conics are x^ + y^ + ^z ^ q, ^x^+wy^-fwa* = 0; <J(xi, y^, a^), P(xj, y^, a,), 
then the tangents at Q, R intersect on AB (viz. -y/i — m y = ^/n-lz) if 

(i-m) ; 

which, since x/^ -f y^^ + ^ 0 and Ix^ + my^ + nz^^ = 0, gives 

n{l — m) (xa a, - x^ aj )* - m (n - 0 (x, yj - Xj y^)*. 

Hence QR passes through one of the points {0 :^/m{n-l) : + \/n(7— m)j. 

20. x^x.i/fl ^ yxVi/^'^ =ZiZ^/nK 21. PiPa/1* = * r^r^jnK 22. 4. 

XII h. 

1. xy + ya + «x = 0. 

4. psin2A+y sin 2P + r sin 2C => 0, ap + b^+cr = 0, ap + lxjf + cr « 0. 

ptan A+(?tanP + ytanC =3 0, p + <z+r * 0, pa^ + qb^ + rc^ = 0. 

6. (i) 12x® + 4y*~8a- = 0. (ii) Parabola. 

(iii) x*6c COB A + a* ya « 0. 
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e. yz+zx-hxy miO, 7. (8in2^ : siii2B : Bin2C). 

8 . « 0 . 

11. a^/(« — a) + b^/{8 — h) + c*/(« — c) --0. 13. » y»+ sa: + Sxy. 

14. 87/i+'ya/»*+a;9/n - o. 

21. {262-c2:2a«-c2:2a‘H26«}, (262-.c2) a; + (2a*-c*) y~(a* + 62)5 « 0. 
(8aH6*-c*)x-(a2 + 35®-c*)y + (a2-.62)« « 0. 4SV(2a* + 262-c*)i. 

22. 2aCX{b*(»'-P) + c"(p-2)}/(3-r) = 0. 

32. (®+i/ + 3)5{(yiya~Si«2) (6""-c*)+a^(yiS2 + yj«i)}x+a*ya + b*2?xf « 0. 

34. ipx-\-qy+rz) {pa^yz-j-qh^zz+rc^xy) = 4^S^xyz, 40. (2a* :26* : — c*). 

44. xcot.4 +i/cot JB + «cot C *= 0. 

47. The directrices {SA - c.p) are (XcosiA±ficoBiB±ycoBiC « 0, then (§ 12) 
the conics are i0(*+wii3*+n7* = 0, where Jcos* J.4 + mcos* iB+ncos* JO ■= 0. 
50. The line through C parallel to AB is a diameter. 

54. If the conics are Sif then 2 81 + ^2 factorizes, and one factor is 
Sx/(m — n) ; the corresponding line touches Si and therefore Sg. 

50. 4 a6c 2 ax* coa JB cos (a* + 4- c*) % a* yz «= 0. 

63. The centre lies on the line bisecting BC at right angles. 

65. :ip^/U'--:Epq(l/lm'+l/l'm) - 0. 

08. The other conic is (^v + w)yz + (w-^u) zx+{u + v)xy = 0, which can be written 
5Mx(y + 0) = 0, so that at a common point St<x' « 0, whence, comparing the 
equations of tangents, the result follows. 

70. (a* ; c* : b*). 72. A* {vw'-^v'w) + p* (uw' + + v* (vtt'+ i/u) — 0. 

73. Use lqr + mrp-\-npq k{p(X~^qfi + ry) for conic. 

74. ay is, hy is, cyis. 

77. {/V®! : y*/i/i : where ( +/, +y, +/0 are the vertices of the quadrangle. 

78. Since x + y+a = 1, the terms of second degree, when C is transformed to 
Cartesians, depend only on the terms a’^yZ'{-h'^sx-^c^oi;y, Thus if a^yz-\-ly^zx^c^xy 
transforms into A (J'*+ T*— i2*), then C transforms into 

Now apply A = A'/2S* to both pairs of equations. 

82. xcosi(d + </>) + ysini(d + <^) = co8i(9— <^>). 

84. (aa + bjS + cy)*— 4bc)37 — 0. 

86. Focal chords are proportional to the squares of parallel diameters. 

80. 2 22xi i/j 5-4 5 a*p* + a6c 2 (Vi cot S’! cot (?—2Xi cot .4) Xi*p* = 0. 

90. SA = 2i2cos.4, Ac. .*. 2 xcob. 4 = 0 is the directrix, and this is the polar 
of the focus. 

01. a* = iSy. 

02. The tangent at the vertex is parallel to the polar of (1, 1, 1;, i. e. 
ux + vy + wz = 0, Its coordinates are (u-\-k,v-^k, w+k), which satisfy 

p^/u + ^/v^r^/w = 0 , 

and the vertex, i. e. the point of contact, is {l + /t/u : 1 +k/v: 1+k/wj 

03. (K4- ir-2F)/a* * {W+ U-2G')/b* = (17+ r-2if)/c*. 

04. See Ex. ii, p. 515. 

07. The circle of curvature at A circumscribes the quadrilateral formed by the 
tangent at A, the line at infinity, and the pair of lines A Cl, A Cl'. Hence its 
equation is of the form (7 = (aOt + biS + cy) (?n7 + >i/3) + A (/8* + 7* + 2j87cosX), 
and AS — C has my + n^ for a factor, where k is clearly unity. 

103. See Exx. 6 and 07. 
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Abridged notation — 

defined 52; quadrilateral 59, 64; harmonic pencil 63; circle 183; 
conics 198, 283, 412, 439. 

Angle — 

between two straight lines, 

cartesians 50, 90 ; polars 66 ; tangent ials 398 ; areals 466. 
between two tangents to, 
circle 149, parabola 260, central conic 311. 
between equi-conjugate diameters 442. 

at which line cuts circle 137, line cuts parabola 298, circle cuts circle 184. 
Anharmonio ratio— 

of range of points 61 ; of pencil of lines 62, 63, 93 ; of four points on a 
conic 440. 

Area — 

of triangle 19, 56, 94, 464; of polygon 20; of sector of ellipse 318, 
of hyperbola 330. 

Asymptotes— 

defined 240 ; equation of 240, 477 ; separate equations of 242 ; coordi- 
nates of 406, 479 ; hyperbola referred to 340 ; properties of 242, 338, 
343, 344. 

Axis- 

radical 189, 483; of similitude 193; of parabola 230, 505; of conic 
230, 504 ; length of axes 239, 435, 508. 

Bisector of angle between two lines 51, 91, 113. 

Boole on invariants 104. . 

Brianohon’s theorem 495. 

Central curves 229. 

Centre— 

of inscribed circle 48 ; of similitude 176, 193, 400 ; of conic 228, 477. 
Ceva’s theorem 462. 

Chord- 

defined 133 ; equation given mid-point 235 ; of contact 236, 477. 

Circle or Circles — 

auxiliary 306, 316, 415 ; circum 129, 130, 199, 482 ; coaxal 190, 483 ; 
director 238, 407, 501 ; inscribed 482 ; nine-point 153, 483 ; orthogonal 
184, 195 ; polar 173, 483 ; radical 193 ; of similitude 177 ; on given 
diameter 164, 186 ; equation of, polar coordinates 207, areal 479, tan- 
gential 399, 481. 

Coaxal and copolar triangles 53, 490. 

Common chord of — 

two circles 182,484; circle and parabola 280; circle and ellipse 325, 
353 ; circle of curvature and conic 280, 325, 348. 
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Common tangents— 

of two circles 178, 182 ; of two ellipses 312 ; of two conics 414. 
Conditions 

point lies on conic 4.02, 422 ; three points collinear 28, 458 ; four points 
on circle 198, 211 ; line touches circle 141, parabola 294, central conic 
306, conic 402, 421 ; two lines parallel 30, 110, 467, perpendicular 35, 51, 
467, 469 ; three lines concurrent 56; two pairs of lines harmonic conju- 
gates 63, 92; normals concurrent, parabola 273, ellipse 321, hyperbola 
331, 332, 346, circumscribing conic 491 ; two circles orthogonal 184 ; 

f eneral equation represents lines 107, 108, 226, circle 127, 48l, parabola 
26, 476, ellipse 226, hyperbola 226, rectangular hyperbola 240, 479. 
Confocal oonios 355 60, 416. 

Conjugate 

points 172, 308 ; lines 172, 308, 406 f diameters 229, 308, 317, 343, 502 ; 
parallelogram 318, 340; hyperbolas 338. 

Contact of conics 285, 287, 417. 

Corresponding points on confocals 359. 

Curvature 

centre of 281, 323, 326, 332, 347, 349 ; chord of 280, 325, 348 ; circle of 
280, 325, 332, 349, 437 ; radius of 281, 326, 349, 511. 

Diameter 228. 

Director Circle 238, 311, 411, 501. 

Directrix— 

of parabola 238, 248, 260, 293, 407, 411, 502 ; of central conic 304, 311 ; 
of conics 244, 247, 249 ; equation of conic, given directrices 444. 
Distance- 

between two points 13, 463 ; between foci 246. 

Double contact 281, 285, 288, 416, 417. 

Drawing conics 231, 243, 343. 

Eccentric angle 816, 330. 

Eccentricity 244, 247, 249. 

Envelopes 66, 68, 253, 392, 402, 413. 

Equi-oonjugate diameters 309, 442. 

Bvolute of — 

parabola 274, 281 ; ellipse 323 ; hyperbola 333 ; rect. hyperbola 349. 
Focus- 

defined 244, of parabola 258, 261, 294,411, 507 ; of central conics 245, 
303, 408, 506 ; of conic given by tangential equation 407 ; relative to 
circular points 250. 

Harmonic — 

conjugates 15, 92 ; range 15, 61 ; pencil 62, 68 ; property, of pole and 
polar 167, 287 ; of quadrilateral 64. 

Homogeneous coordinates 119, &c. 
in relation to circle 204, conic 241, general equation 421. 

Infinity- 

points at 121, 393, 397, 468 ; circular points at 203, 251, 398, 400, 468, 
484; line at 121, 205, 391, 467, 477; position of infinite part of 
parabola 243. 

Intersections of— 

two lines 49, 109, 393; line and circle 147 ; line and conic 237; circle 
and parabola 279 ; circle and ellipse 325 ; circle and hyperbola 332, 347. 
Invariants 102, 103, 432, 513 ; application of, 434, 435, 514. 

Inverse — 

points 172 ; of straight line 216 ; of circles 217 ; curve, defined 216. 
Ivory’s theorem 360. 
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IiatuB rectum — 

defined 257 ; of parabola 290, 435, 514. 

Iiength of— 

perpendicular to a line 33, 45, 47, 434, 465 ; perpendicular to pair of 
lines 111 ; tangents to circle 139, parabola 268, ellipse 319 ; normal 257 ; 
segmenta of a chord 165, 436 ; chord of parabola 266. 

Limiting points, 191, 209. 

Locus, defined 21, 150, 402. 

Maximum triangle inscribed in an ellipse 317. 

Menelaus* theorem 394, 462. 

Mid-points of — 

chord of parabola 267 ; chord of central conic 309. 
formed — 

defined 133; general equation of 236; of parabola 272 ; of ellipse 320; 
of hyperbola 331 ; of rectangular hyperbola 345 ; polar equation of, 381. 
Notation — 

for general Cartesian equation 108 ; for general tangential equation 405 ; 
for areal equation 475. 

Ordinate 257, 259. 

Orthogonal — 

points 397, 398 ; circles 184, 195, 212, 367 ; confocals cut orthogonally 
356. 

Osculating circle 280. 

Parabola referred to pair of tangents, 291-6. 

Parameter, defined 145. 

Parametric coordinates — 

circle 145, 156, 160 ; parabola 265, 292 ; ellipse 316 ; hyperbola 330, 342 ; 
conic referred to tangents and chord of contact 439. 

Pascal’s theorem 490. 

Pe^— 

line 154 ; equation of tangent to central conic 306. 

Point- 

equation of 393 ; of contact of tangent 405, 476 ; of intersection of line 
and conic 404, 423 ; of intersection of tangents at end of chord, 405. 
Point circles 191. 

Pole- 

defined 170; properties of 171 ; of line at infinity 205, 477 ; equation of 
405, 477. 

Polar — 

defined 170 ; of point 171, 236, 477 ; of centre of conic 205, 477 ; ])roperty 
of conjugate diameters 309 ; reciprocal 214, 441, 515. 

Quadrangle — 

coordinates of vertices 471 ; properties 420. 

Quadrilateral- 

equations of sides 471 ; conic circumscribing 198, 499 ; harmonic property 
64 ; properties 21, 59, 420. 

Hadical — 

Axis 189, 483 ; axes of three circles 193 : centre 193 ; circle 193, 
Rectangular hyperbola 240, 345, 349. 

Self-conjugate triangle 172, 262, 362, 497, 499. 

Similar conics 436, 479. 

Simson’s line 154. 
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Subnormal and subtangent 257. 

Systems of— 

circles 162, 188,367,402; conics through four points or touching four 
lines 499, 

Tangent — general equation 235, 475. 

Tangential equation - 

defined 392 ; of point 393, 461 ; of circle 399, 481 ; of conics 409 ; special 
forms of 412 ; oi general conic, 421, 475. 

Tangents— 

pair of to circle 166, 168, to conic 237,423, 477, to parabola 260, to central 
conic 311 ; polar equation of pair of 383 ; common to two circles 178, 182. 
Transformation of coordinates— 

Cartesian to polar 12 ; Cartesian, change of axes 97, See, ; trilinear to 
areal, 453 ; trilinear and areal to Cartesian, 456. 
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